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ADVERTISEMENT, 



In selecting materials for this treatise particular re- 
gwd has been had to the practical uses of the science ; 
at the same time the theoretical principles are rigorously 
demonstrated. Where the nature of the subject ad- 
mitted of it, the geometrical method has been pre- 
ferred, as being more perspicuous, and better adapted to 
most learners. There are many refinements in the 
later and more improved treatises not adopted in this, 
for the reasons above mentioned, and on account of the 
insufficient provision, as to time and preparatory studies, 
that is made in most of the seminaries of the United 
States for a text-book upon such a plan. 

The works principally used in preparing this treatise 
are those of Biot, Bezout, Poisson, Francoeur, Gregory, 
Whewell, and Leslie. In the portions selected it was 
found necessary to make considerable alterations and 
additions in order to give a uniform character to the 
whole. There has often been occasion, moreover, in 
appropriating the substance of a proposition or course of 
reasoning, to amplify or condense it, or to vary the 
phraseology. It became inconvenient, therefore, to dis- 
tinguish by quotations the respective portions taken 
from different authors. Bezout has been adopted, in 
substance, as the basis in what relates to statics, dynam- 
ics, and hydrostatics, although the matter is arranged 
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according to a different system ; and Gregory, with many 
changes and substitutions, has been principally used in 
that which is comprehended under hydrodynamics. 

This volume constitutes the first part of a course of 
Natural Philosophy. The second comprehends Elec- 
tricity, Magnetism, and Electro-magnetism ; the third 
Optics, and the fourth Astronomy. These subjects are 
treated in three different volumes. 

Cambridge, MasBachasetts, 
September SOth, J 834. 
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Prdiminary Remarks and Definiiians. 

1. Matter has been variously defined by philosophersi and Z 

some have even doubted whether we can be morally certain of its 
existence. It is not our intention, nor does it belong to the nature 
of our subject, to enter into discussions of this kind. Relying 
solely upon experiment, we give the name of matter or body to 
whatever is capable of producing, through our organs, certain 
determinate sensations ; and the power of exciting in us these sen- 
sations constitutes for us so many properties^ by which we re- 
cognise the presence of bodies. But among these properties, 
two only are absolutely essential in order to our having a percep- 
tion of matter. These are extension and impenetrability^ erf which 
tbe sight and touch are the first judges. 

3. The character derived from extension is self-evident ; when 
we see or touch a body, thb body, or, if you please, the power 
which it has of affecting us, resides in a certain portion of space. 
The place which it occupies is therefore determinate ; and by this 
very circumstance it is extended. 

3. When we pass our hands over the surface of a body, we per- 
ceive that the matter of which it is composed, is without us ; more- 
over, two distinct portions of matter can never be made to co- 
incide or identify themselves, the one with the other, in such a 
manner that the same absolute points of space shall at tbe same 
time give us the sensation of both. In this consists tbe proper^ 
of inqieiietrability* 

1 
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To show bow this property, together with that of exteosioD, is 
necessary to constitute a body, I will refer to familiar phenomena in 
which these properties are observed separately. 

If an object be placed before a concave mirror, there will be 
formed, at a certain distance from the mirror, an image of the object. 
This image, distinct from the parts of space that surround it, is 
extended but not impenetrable. The hand may be thrust through 
it without experiencing the smallest resistance, and the parts that 
come in contact with the hand, vanish instead of being displaced. 
A piece of wood or stone does not admit of being thus penetrated. 
Moreover, by means of a second mirror properly disposed, an 
image of another object may be made to occupy the same place 
with that of the first, without the latter being displaced, or in any 
way deranged. Indeed the same coincidence may be effected with 
a third, a fourth, or any number of images. These images are ex- 
tended, but not impenetrable ; they BrefarmSf but not sensible mai" 
ter. I say sensible matter, for we shall see hereafter that light 
which constitutes these images, is itself probably composed of ma- 
terial particles of an insensible tenuity, which move with amazing 
velocity, and only pass by each other in this case at immense in- 
tervals, by which tliey are separated from each other. 

4. It is here proper to speak of certain phenomena which seem, 
at first sight, to be opposed to what we have laid down with regard 
to the impenetrability of matter, but which, examined more atten- 
tively, only tend to confirm it. 

When a solid body is suffered to fall into any fluid, as water for 
example, it sinks and seems to penetrate the fluid ; but it in fact 
only separates and displaces the parts that compose it ; for if the ves- 
sel containing the fluid be formed with a narrow neck toward tlie 
top, like a bottle, the fluid will be seen to rise as the body enters, 
and to a greater or less height, exactly in proportion to the size of 
the immersed body. What has taken place therefore, is only a di- 
vision and separation of parts, and not strictly a penetration. The 
same may be said when an edged tool is forced into a block of 
wood, only the parts of the wood are separated with more difficulty 
than those of water. The same may be said also wlien a nail is 
driven into clay, lead, or gold, in which cases it only makes an open- 
ing sufficient for its admission. Indeed the mass thus pierced is not 
entirely separated, but the parts are nevertheless pressed and 
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crowded tc^ther ; and if we examine those which surround the 
opening, caused by the nail, we shall find sensible marks of this 
pressure. The nail in its turn may likewise be pierced by steel, 
and this again by other bodies. 

We hence infer that bodies, even the most hard and compacti 
are not composed of matter absolutely continuous, but of parts ag- 
gregated together, and placed at distances, which, under the influ- 
ence of external causes, may become greater or less. It is on 
this account that the dimensions of any given mass of matter are 
capable of being increased by heat, or diminished by cold, that the 
particles of salt admit of being separated and distributed, and as it 
were, lost among the particles of water; that mercury attaches 
itself to a piece of gold immersed in it, and insinuates itself into 
the interior of this compact substance. These mixtures and disso- 
lutions sometimes take place without any apparent augmentation of 
bulk, this bulk being estimated according to the exterior surface of 
the bodies in question, without regard being had to the void spaces, 
sensible or insensible to us, which may be found to exist among 
their parts. In all this there is only separation and mixture without 
any actual penetration of material particles. 

This want of material continuity in bodies is known under the 
general name of parosiiyj and we call pores the interstices or empty 
spaces by which these particles are separated from each other. 
Porosity seems to be a property common to all bodies, although it 
does not belong to the essence of matter, since we can conceive of 
sensible bodies which are entirely destitute of void space. 

5. Thus admitting that bodies may be considered as composed 
of smaller parts which constitute their essence, we may be asked, 
what is the form and magnitude of these parts. As to the magni- 
tude, it should seem that it is extremely minute ; for to whatever ex- 
tent we carry the division, in the case of gold, for example, by the 
processes of wire-drawing, filing, and beating, the smallest particles 
preserve invariably all the properties that belong to the entire mass. 
Crystallized bodies reduced to an almost impalpable powder, upon 
being examined with a microscope, are found to exhibit the same 
forms and the same angles which characterize the whole mass of 
the crystal. We have examples of a division carried to a still 
greater extent in odors, the sense being afi^ted in this case by par- 
ticles proceeding from the odoriferous body that are absolutely in- 
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▼iflible and impalpable. From these few iostaneeSy and a tboasand 
others that might be mentiooed, it is evident that a body without 
changing its character, without ceasing to be of the same identical 
nature with the largest masses that surround us, may be divided 
into parts, the smaUness of which eludes the power of the senses, 
and almost that of the imagination. 

6. The question has been much discussed, whether matter be 
infinitely divisible ; but it is now pretty generally agreed that the 
dispute is about words. If the point in question relate to abstract 
geometrical divisibility, there can be no doubt of the truth of the 
affirmative ; for however infinitely small we suppose a particle, from 
the very circumstance of its being extended, we can always con- 
ceive this extent divided into two halves, and each of these into two 
others, and so on without end (Cak, 4). But if we mean by the 
question an actual physical divisibility, nothing can be decided ab- 
solutely one way or the other. It seems however by all we can 
learn, that we should at some stage of the division arrive at materi- 
al particles which would not admit of being broken, or altered, or 
transmuted the one into the other ; for to whatever chemical opera- 
don they are subjected, into whatever combinations they are made 
to enter, however they may be brought to constitute a part of living 
beings, they always return to their former state, with their original 
properties unchanged. The infinite variety of processes of this 
kind through which the same material particles have been made to 
pass since the world was created, does not appear to have produced 
the smallest alteration. 

7. But how can such a system of particles exist collected to- 
gether in the form of solid and resisting masses, as we see they are 
in a great number of bodies, in all indeed when they are properly 
examined f This state, as we shall see hereafter, is produced and 
maintained by the natural powers with which all parts of matter are 
endued, and which cause them to tend toward each other, as it were 
bff an attraction* But if there existed only forces of this kind, the 
particles would continue to approach till they came into actual con- 
tact with each other, that is, until they were arrested by the impen- 
etrahili^ of their parts, which would not admit of the contraction 
and dilation which are constantly observed in bodies. We accord- 
ingly infer that there is a general cause of interior repulsion in bod- 
ies, by which the attractive forces are continually balanced. This 
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cause, which resides iirail bodies, seems to be Teferable to the prin- 
ciple of beat. The particles of each body, actuated at the same 
time by these two opposite forces, naturally put themselves id a 
state of equilibrium, resulting from a compensation of energies, and 
they approach and recede, according as the forces to which ihey are 
exposed from without, favor the attractive or repulsive principle. It 
is with, these minute bodies as.it is with the planets of our system, 
which are found to. move and oscillate, as it were, in orbits of varia- 
ble forms and dimensions, without the system being destroyed, or 
the general equilibrium being disturbed. From these different con- 
ditions of equilibrium arise, as we shall see hereafter, all the second- 
ary and changeable forms of bodies, such, for example, as are 
denominated aeriform, liquid, solid, crystallized, hard, elastic, &c. 

8. In all the phenomena which present themselves, the particles 
of matter act, or rather are acted upon, as if they were perfectly 
inertj that is, deprived of all power of self-direction. They can be 
moved, displaced, stopped, by causes foreign to themselves ; but we 
never have been able to discover the least trace of any thing like 
choice or will, proper to the particles themselves. If the ball which 
roils upon a billiard-table, in consequence of the impulse that is given 
to it, loses by little and little its velocity, and at length comes to a 
state of rest, it is entirely the effect of the continual resistance that 
it meets with from the roughness of the cloth with which it comes 
in contact, and from the particles of the air through which it passes. 
Make the cloth more smooth, or the air more rare, and the same 
impulse would keep it longer in motion ; substitute for the cloth a 
marble slab highly polished, or a band of stretched wire, the elas- 
ticity of which is still more perfect, and the ball would continue its 
motion for a much longer time ; from all which it is to be inferred, 
that if the obstacles were completely removed there would be no 
diminution of the velocity first communicated, and the motion would 
never cease. A stone thrown from the top of a tower, and urged 
at the same time by the impulse of the hand and by gravity, will 
come to the ground after proceeding a certain distance, losing at the 
same time its horizontal velocity, by imparting it to the particles of 
air against which it impinges. But let us suppose the air removed 
or annihilated, and the projectile force (in the direction of a tangent), 
to be sufficient to carry the stone as far from the earth as gravity would 
cause it to descend each instant, and the stone would describe a circle 



round the earth, and if there were nothing to stop or obstruct it, it would 
thus continue to revolve without end. We have indeed this principle 
exemplified in the motion of the moon, which revolves in a void 
about the earth ; we see moreover the same renewed, perpetual 
motion in the planets, which pass in like manner through spaces des- 
titute of all material resistance. We are hence lead to believe that 
matter is incapable of effecting any change in itself, either with 
respect to motion or rest; and, once put into either of these states, it 
would continue in this state so long as it should remain undisturbed 
by any cause foreign to itself. This indifference to motion and rest, 
this want of all power of self-direction, has obtained the name of 
inertia. There is one class of bodies, however, that seems to form 
an exception to this law of matter. It comprehends those which 
we call animated^ which put themselves in motion or stop themselves 
by an act of the will ; but even in these the material elements which 
constitute their parts or members, and these members themselves, 
are perfectly inert. It is their union or combination that possesses 
the quality of life. Separated, they have no longer this power, 
but return to the condition of ordinary matter. We are entirely in 
the dark with regard to the cause of this remarkable difference in 
the bodies that surround us. As to what constitutes a state of life, 
we can pretend to no knowledge whatever. But seeing matter 
under all other circumstances destitute of the power of self-direc- 
don, and knowing also that in living beings it loses this faculty by 
death and by sleep, we are led to regard it as foreign to the essence 
of matter, and to consider the volition of animated beings, as the 
act of an immaterial principle which resides within them. We are 
unable to say in what part this principle is seated, or in what it cod- 
^sts, and still less how, being immaterial, it is capable of acting 
upon matter ; but with the litde attention that we have paid to our- 
selves and to the objects about us, these obscurities, unfortunately too 
common, in which our imperfect knowledge has left us, ought not 
to be made the grounds of an objection against the essence of things, 
with which we must be contented to remain unacquainted. So that 
we here proceed philosophically, according to the rule adopted in 
other cases, by bringing together things that are analogous, and 
making the motion of animated beings to depend upon a cause for- 
eign to matter ; matter being found inert tinder all other circum- 
stances in which we have been able to examine it* Another rea- 
son is given in the schools of phibsophy for attiributing spontaneous 
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motion to an immaterial principle ; namely, that the will, by the 
very nature of its acts, can proceed only from a simple being, and 
that consequently it cannot belong to a substance essentially com- 
pounded, or at least divisible and decomposable, like matter ; but 
this metaphysical argument would carry us too far from our subject. 
We content ourselves with merely suggesting it ; for all experimen- 
tal purposes, it will be sufficient to consider the Immateriality of the 
principle of volition as a distinction founded upon analogy, and the 
inertia of matter as a general property in the actual state of the 
world. 

9. We are moreover made acquainted by experiment, with 
several other properties of matter which are also accidental, that is, 
which seem not to be absolutely necessary in order that material 
bodies may manifest themselves to our senses, but the co-existence 
of which with the primitive conditions of materiality is important to be 
known, since it supplies the want of other evidence, in a great num- 
ber of cases in which the essential properties do not admit of being 
recognised. Such, for example, is gravity. Among natural bodies 
which we can see and touch, none is to be found which is not heavy, 
that is, which does not tend to fall toward the centre of the earth when 
left to itself; and since these properties are always found to accompa- 
ny each other, the presence of the one is with respect to us, always a 
sufficient ground to infer the existence of the other. Thus, although 
we can neither see nor touch the air, as we can see and touch other 
bodies, still we believe it to be a material substance, because it is 
heavy, capable of being confined in vessels and of exhibiting other 
phenomena, all similar to those which belong to a heavy fluid. A 
careful examination of these properUes teaches us at length that 
there are airs of very different kinds, which are all so many sub- 
stances differing essentially from each other in the action which they 
are capable of exerting on other bodies, and which is exerted in 
turn upon them by these bodies. 

10. Moreover attraction is one of those contingent properties 
which supply what is wanting in the evidence furnished by the im- 
mediate testimony of the senses. I have said that the particles of 
all known bodies exert upon one another attractive and repulsive 
forces On the other hand, when we can demonstrate the existence 
of these forces in an unknown principle, we infer that this principle 
is material. Thus, light is not tangible ; it is not, so far as we can 
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perceive, extended ; it has no weight, or at least noae capable of 
being appreciated by our balances. It is so subtile as to elude all 
the ordinary methods by which matter manifests itself to the senses. 
But by causing it to pass through transparent bodies, as glass, 
water, bo., it deviates from a direct course in its passage, and is 
bent precisely as if it were repelled by a force proceeding from the 
surface, and attracted on the other hand within by the particles 
which compose the transparent body. We know also that it em- 
ploys a certain time, very short indeed, but yet capable of being 
estimated, in passing from luminous bodies to us. In fine, by 
subjecting rays of light to certain tests, we find that transparent 
bodies attract and repel them differently on certain sides from what 
they do on others. From these properties, taken together, we are 
led to conclude that light is a material substance, composed of 
particles extremely small, the form of which is symmetrical on 
certain faces, which are susceptible of particular attractions and 
repulsions, and which move in free space, and through transparent 
bodies, with a given and determinable velocity. 

11. There are still other principles which act upon material 
bodies without being either visible or tangible, or susceptible of 
being weighed by our balances, which even present much fewer 
indications of materiality than light, and which notwithstanding are 
believed to be material substances. Such is the unknown principle 
of electricity. Nothing absolutely material has yet been detected 
in the cause of electrical phenomena, nothing indeed which does 
not admit of being explained without the supposition of matter. 
Still in its distribution over bodies, in its passage from one to the 
other through the obstacles which separate them, this principle acts 
in a manner so exactly conformable to the laws of equilibrium and 
motion which belong to fluid substances, that we can on this hy- 
pothesis calculate with the utmost precision, and in all their details, 
the phenomena that are to take place under given circumstances. 
It seems extremely probable, therefore, that the principle in ques- 
tion is a fluid, and that it is accordingly material. The same 
reasoning is applicable to the principle of magneiismj which mani- 
fests itself in several metals. 

12. We have still less evidence of any thing material in the prin- 
ciple of heat. Not only does it want, like the preceding, the sen- 
sible properties by which matter is characterized, but the laws of 
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its motion and equilibrium not being completely known, we can- 
not arrive at the same probable conclusion in this case as in the 
former. By following it however in our experiments, we find that 
it difiuses itself in bodies, passes from one to another, modifies the 
disposition, the distances, and attractive properties of their particles. 
But all this does not prove incontestably, that the principle in ques- 
tion is itself a body. The strongest argument in favor of its ma- 
teriality is derived perhaps from certain analogies, lately discovered, 
between the radiant properties of heat and those of light, which 
lead us to believe that one of these principles may change itself 
gradually into the other, that is, they may acquire and lose suc- 
cessively the modifications by which they are respectively distin-> 
guished. The developement of these analogies furnishes a most 
important subject of investigation. 

13. It will be perceived from what has been said, that all bodies 
of a sensible magnitude, the materiality of which can be immediate- 
ly determined, consist in the grouping together of a multitude of 
material particles of extreme minuteness, in which a difiference in 
the mode of aggregation is the only circumstance that constitutes a 
body solid, liquid, or gaseous. There are moreover strong reasons 
for believing, as we have seen, that these particles are inert masses, 
incapable, from any inherent power of their own, of modifying them- 
selves, and susceptible only of obeying causes from without ; whether 
this want of choice and self-direction is, in fact, as observation 
seems to prove, a general and essential characteristic of matter, or 
whether we so regard it intellectually for the purpose merely of con- 
sidering by themselves those properties which remain to matter, 
after it is deprived of this. Now, material particles being considered 
as in this inert state, there will hence arise, in the phenomena 
which their aggregation presents, certain necessary conditions, 
which are applicable to all bodies, independently of the chemical 
nature of their constituent parts, being the simple consequences 
of their materiality. Such are the general laws of equilibrium 
and motion, which are deduced indeed mathematically from the 
smgle property of inertia. 

14. We have already used the words rtst^ motum^ and forct^ 

as making a part of ordinary language. It now becomes necessary 

to fix their meaning with precision. We begin with defining the 

place in which the phenomena under consideration are supposed to 

Mech. 2 
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occur* In order to this, let us conceive of space without bounds, 
immaterial, immovable, and of which all the parts, similar among 
themselves, are capable of being penetrated by matter without op- 
posing the smallest resistance. Whether space in this sense exist in 
nature or not, is of little consequence ; the definition presents to us 
merely an abstract extension. Now imagine in this space the par- 
ticles of which we have been speaking, the material elements of 
bodies ; and let us first consider with respect to them the mere cir- 
cumstance of their existence. This simple fact will be capable of 
two distinct modifications ; it may be that the same particle shall 
remain without change in its actual place, or that by the influence 
of external causes, it shall leave its place to pass to some other part 
of space. The first of these states constitutes absolute resij and the 
second motion. 

15. But we can conceive further, that two or several particles 
are displaced at the same time, and impressed with a common mo- 
tion, preserving with regard to one another their respective posi- 
tions. Then, if we consider them with reference to immovable 
space, they will actually be in absolute motion ; but if we consider 
them simply in their mutual relations to one another, these will con- 
tinue the same as if the whole group had remained at rest ; and if 
there were upon one of these particles an intelligent being who 
should observe all the others, it would be impossible for him to de- 
cide from this observation alone, whether the whole system were 
in motion or not. The permanence of these relations in the midst 
of a common motion, is what we understand by relative rest. 
This will be the condition of a number of bodies placed in a boat and 
abandoned to the course of a smooth stream. This is indeed the 
condition of all the bodies about us, so long as they remain fixed to 
the same point of the terrestrial surface. They are at rest among 
themselves ; but the earth, which turns daily on its axis, impresses 
upon them a common motion and at the same time bears them all 
together in its orbit round the sun, which perhaps in its turn carries 
the earth and the whole system of planets toward some distant 
constellation. Relative rest, therefore, is really the only kind of rest 
which can actually take place among the objects to which our attention 
is directed. It is at least all that we can ever be certain of observing. 

16. We are hence led to make a similar distinction with respect 
to motion, and to separate the absolute motions of bodies, considered 
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with reference to immovable space, from the relative changes of 
position which may happen among them. These last therefore may 
be called relative motions^ whether that body of the system to which 
tliey are referred, be itself in motion or at rest. The changes of 
place, for example, among the heavenly bodies, which we observe 
from the surface of the earth, are not absolute but relative motions, 
because the earth to which we refer them, as a fixed centre, has 
actually a motion of rotation on its axis and a progressive motion 
about the sun. Even when by calculation we have inferred from 
these observations the actual motions of the heavenly bodies as they 
would appear, if seen from the sun, we cannot affirm positively that 
these are absolute motions, since it may be that the sun and the 
whole planetary system have a common motion in space. 

17. According to the idea of inertia which we derive firom 
experience, we must regard the state of motion and that of rest, 
as simple accidents of matter, which it is incapable of imparting to 
itself, and which it can only receive from without, and which, once 
received, it cannot alter. When therefore we see a body passing 
from one of these states to the other, we must regard this change 
as produced and determined by the action of external causes. 
These causes, whatever they may be, are denominated forces* 
Nature presents us with an infinite number of them which are at 
least in appearance of difierent kinds. Such are the forces pro- 
duced by the muscles and organs of living animals, the exercise of 
which, for the most part, depends solely on the will. Such are also 
the forces of physical agents, as the expansion of bodies by heat, 
and their contraction by cold, 8cc. There are moreover others 
which seem to be inherent in certain bodies, as the attraction of the 
magnet for iron, and that which is manifested among electrified 
bodies. * 

From the very nature of matter as thus presented to our con- 
sideration, it will be seen that a body once put into a state of nuh- 
tion or rest^ by any cause whatever y must continue in that state for 
erer, if no new cause is made to act upon it. If it cannot give itself 
motion when at rest, it cannot stop itself when in motion, for this 
would be equivalent to giving itself motion in the opposite direction ; 
neither can it change its velocity or direction, for this would equally 
imply a new force. Thus, motion is naturdtty equal or uniform 
and rectilinear. 
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18. Wbea several forces are applied at 4he same time to a body, 
they are mutually mo(li6ed by tbe coanexion which exists among 
the difiereot parts of the body, and which prevents each from taking 
tbe motion whicti the force exerted upon it tends to produce. If 
these forces happen entirely to destroy each other, so that the body 
remains at rest, we say that the forces are in equUUfrium, or that 
tbe body is in equilibrium, under the action of tliese forces. 

19. Mechanics is the science which treats of the equilibrium 
and motion of bodies. That part, tbe object of which is to dis- 
cover the conditions of equilibrium, is called statics* We give the 
name of dynamics f to the other part, which has for its object to 
determine tbe motion which a body takes, when the forces applied 
to it are not in equilibrium. The general laws of statics and dy- 
namics are applicable to fluids ; but, on account of the peculiar diffi- 
culty attending the consideration of this class of bodies, we are ac- 
customed to treat them separately. That part of the mechanics of 
fluids which relates to their equilibrium is called hydrostatics^ \ and 
that which comprehends their motions, hydrodynamics. % 

20. In our inquiries on these subjects, we first proceed upon 
tbe supposition that there are no other bodies, and no other forces, 
in nature, except those under consideration. Thus all bodies are 
supposed to be destitute of weight, and free' from friction, resistance, 
and obstructions of every kind. Regard is afterwards had to these 
causes ; but to estimate their effects, it is necessary to begin by in- 
vestigating each point separately. 

• From untifiif I stand, t From dvvafug, power. 

f From vd»Q, water, and Xattifit. § From vd»g and ^vwtfUQm 
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Of Uniform Motion* 

31. A body is said to have a uniform motion when it passea 
continually 0T«r the same space in the same time. 

In order to compare the motions of two bodies which move 
uniformly, it is necessary to consider the space which each d&^ 
scribes in the same determinate time, as one minute, one second, &ia 
This space is what is called the velocity of the body. 

32« The velocity of a body therefore is, properly speakings 
only the space which this body is capable of describing unifiMrmly in 
the interval of time which we take for unity* 

Thus in the uniform motion of two bodies, the time being reck- 
ooed in seconds, if one passes over five feet in a secoad, and the 
other six feet in a seoood, we say that the vdocity of the first is 
five le^, and that of the second six feet. 

23. But if, the second being always taken as the unit of time, 
I am told that a body passes over 100 feet in 5 seconds, 100 feet 
does HOC express the velocity, since this space is not that which 
answers to the unit of time, a second ; but it will be perceived, that 
ki each second it woukl pass over a fifth part of this 100 feet, or 30 
feet ; that is, is order to find the velocity, I divide the number 100, 
die parts of the space passed over, by 5, the number of units in the 
elapsed dme. Hence universally, the velocity ia eqml to the epau 
divided by the time ; for it is deiur, tisat if we divide the whole space 
into as many equal parts, as there are units in the time elapsed, 
each part will be the space described during this unit of tjme^ and 
will consequently be the velocity according to our definition. Thus* 
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calling V the velocity and s the space passed over in any pordoa of 
time denoted by tj we shall have 

this is one of the fundamental principles of mechanics. 

* 

24. The equation t' = -7 gives not only the measure of the 

Telocity, hut also that of the time and space. Indeed if we con- 
sider t and i as unknown quantities successively, we shall have, 
.by the common rules of algebra, 

V 

Thus, to find the timsj we divide the space by the vdodty; and^ to 
find the space^ toe multiply the velocity by the time. 

If, for example, it is asked what time is required to describe 
200 feet, when the body in question has a uniform velocity of 5 
sfeet in a second ; it is evident that it would require as many seconds 
as there are 5 feet in 200 feet ; that is, we should have the tinae 
sought, or the number of seconds, by dividing the space 200 by 
the velocity 5 ; we shall find for the answer 40 seconds ; or, in 
other words, a number of seconds equal to the quotient arising irom 
dividing the space by the time. 

> 

In like tnanner, if it is asked what dpace would be described in 
'fiO seconds by a body moving with a constant velocity of 5 feet in 
fl second ; it is manifest that it would describe 20 times five feet ; 
ihat is, it is necessary in this case to multiply the velocity by the 
time. 

Thus, although we have here employed algebraic characters, it 
16 not because they are necessary to the investigation of these fun- 
damental truths, but because, by means of them, the propositions, 
and their dependence, the one upon the other, are more concisely 
expressed, and more easily remembered. Indeed it will be seen 
by the above example, that the first principle, expressed algebraic- 
ally, being once fixed in the mind, the two others are readily de- 
duced from it by the most familiar rules. 

25. It will be easy now to compare the uniform motions of two, 
or of a greater number of bodies. If it is asked, for example, 
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what is the ratio of the velocities of two bodies which describe the 
known spaces #, s', in the limes /, <' respectively ; by calling v, t/, 
the velocities of these two bodies respectively, we shall have 

» = — , and V = y, 
whence 

that is, the velocities are as the spaces divided by the times. 

In a word, if it is proposed to compare the velocities, the spaces, 
or the times, the principle above laid down, will give the expression 
for each of these particulars with respect to each body ; we have 
therefore only to compare together these expressions. For ex- 
ample, if we would compare the spaces, the fundamental propo- 
sition V = --, gives s =^ vt; we have in like manoer for the sec- 

end body s' ziz v^ f ^ whence 

s : s' : : V t : v' t\ 
thai IS, the spaces are as the velocities multiplied by the times. 

26. Of these three things, namely, the space, time, and velocity, 
if we would compare two together,^ when the third is the same for 
each body, we have only to deduce from the same fundamental 
theorem, the expression for this third particular, with respect to 
each body, and to put these two expressions equal to each otherr 
If, for example, we would know the ratio of the spaces whea the 
velocities are the same, we should have 

» = -~, and t/ = --; 

s s' 
whence, since by supposition « = t/, we have ~ = --ry and ac- 

cordingly 

s I ^f i\ t : If *j 

that is, the velocities being equals the spaces are as the times. It 
will be found in like manner that, the times being equals the spaces 
are as the velocities ; and that, the spaces being eqttal^ the velocities 
must be inversely as the times. Indeed we have in this last case 
I = o /, and sf -zzxf V \ from which we obtain, when s z=,sfj 

V iv' ::tf :t. 
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Tbos the single propositioa v = — furnishes the means of com- 
paring all the circumstances of uoiibrm motbo* 

Of Forces and the Quantity of Motion. 

27. The sum of the material parts of which a body consists, is 
called its mass ; but in the use we shall make of the word is to be 
understood the number of material parts of which the body is com- 
posed. 

Force, as we have said, is the cause which either moves or 
tends to move a body. 

As forces interest us only by their effects, it is by the effects of 
which they are capable, that we are to measure them. Now the 
effect of a force is to cause in each particle of a body a certain ve- 
locity. Accordingly, if all the parts receive the same velocity as 
is here supposed, the effect of the moving cause has for its measure 
the velocity multiplied by the number of material parts contained in 
the body, that is, by the mass. Therefore, a force is measured by 
the telodty^ which it is capable of impressing upon a known mass, 
multiplied by this mass. 

28. The product of the mass of a body by its velocity is called 
the quantity of motion of this body. Forces are therefore measured 
by the qtiantities of motion which they are capable of producing re- 
spectively. Thus, if we designate the above product by j9, the mass 
by m, and the velocity by v, we shall have p z:z m v. This equa- 
tion gives © z= -£-, and »i = -^ ; from which it will be seen that, 

° m V ' 

1. The moving force of a body and its mass being knoton, toe 
shall find the velocity by dividing the moving force by the mass; 

2. The moving force and the velocity being knaumy we shaUJind 
the mass belonging to this velocity and mx>vingforce^ by dividing the 
moving force by the velocity ; 

3. ffthe moving forces are equals the velocities are inversely as 
the masses. 

The truth of these propositions is easily shown by putting suc- 
cessively the value of m equal' to mf^ that of v equal to i/, and that 
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of p equal to j/ ; the equatkms thus obtained, reduced and cooTert* 
ed ioto proportions, form the several propositions above stated. 



Remark. 

29. The mass, or number of material parts of a body, depends 
upon its bulk or volume, and what is called its density^ that is, the 
greater or less degree of closeness or proximity among its particles. 
As all bodies have more or less of void space within them, their 
quantities of matter are not proportional to their bulks ; since, under 
the same bulk, the quantity of matter is greater according as the 
parts are more crowded and compressed together. A body is said 
to be more dense than another, when under the same bulk it has 
more matter ; and, on the other hand, to be more rare than an« 
other, when under the same bulk it has less matter. 

Accordingly, by means of the density of a body, we are able, 
when the bulk is known, to judge of the number of material parti 
which compose it ; so that the density may be considered as repre- 
seoting the number of materia) parts in a given bulk. When we 
say that gdd is 19 times as dense as water, we mean that gold 
contains 19 times as many parts in the same space. 

30. By considering densi^ as expressing the number of material 
parts of a determinate bulk, taken as the unit of bulky it is evident 
that in order to find the mass, or total number of material parts, of a 
body whose bulk is known, we should simply multiply the density 
by the bulk. If, for example, the density of a cubic inch of gold 
be represented by 19, the quantity of matter contained in 10 cubic 
inches would be 10 times 19. Thus, designating the mass by m, the 
bulk by 6, and the density by d, we shall have 

m = & X D. 

It will hence be easy to compare together the masses, the bulks, 
and the densities of bodies. 

Moreover, as the particles of matter, of whatever kind, tend by 
the force of gravity to move with the same velocity, or exert the 
same power, the combined action arising from this cause will be 
proportional to the number of particles ; that is, the weight of a body 
is a^ its density, other things being the same. The relative weights 
of the diftrent kinds of matter under equal bulks, are called the 

Meek. 3 
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speeifie gravities of the bodies respectively, the weight of pure water, 
10 a vacuum, at a particular temperature, being taken as the unit. 
Thus, if a cubic inch, a cubic foot, he., of gold be 19 times heavier 
than the same bulk of water, under the same circumstances, as to 
temperature, be., the specific gravity of gold is said to be 19. 



Of Equilibrium between Forces directly opposite. 

31. We shall represent forces, as we have said, by their effects, 
that is, by the quantities of motion which they are capable of pro- 
ducing respectively, in a determinate mass. But, not to embrace too 
many objects at once, we shall consider each mass or body, as re-- 
duced to a single point, at which we suppose the same quantity of 
matter as in the body of which it takes the place. We shall see 
hereafter that there is in fact in every body a point through which 
motion is transmitted, as if the whole mass were copcentrated there. 
We shall, moreover, unless the contrary is expressly stated, consider 
bodies as composed of particles absolutely hard, and connected 
together in such a manner as not to admit of any change in their 
respeetive situations by the action of any force whatever. 

32. This being premised, let us suppose two bodies m, n, to be 
put in motion, the first from A toward C, with a velocity tt, the sec- 

^' ond from C toward A with a velocity v. When these bodies come 
to meet, they will be in equilibrium, if the quantity of motion in n 
is equal to the quantity of motion in n ; that is, if m u is equal to n v. 

Indeed it is evident, that if m is equal to fi, and the velocity « is 
equal to v, there must be an equilibrium ; for in this case, whatever 
reason there may be for supposing tn to prevail over n, might also 
be given for supposing n to prevail over m, since they are by hypo- 
thesis in all respects equal. 

33. Let us suppose now, that m is double of n, but that v, at the 
same time, is double of v, that is, that n passes over two feet, for 
example, in a second, while m passes over one foot in a second. 
li is clear that we may consider m as composed of two masses equal 
each to n ; and that, at the instant of meeting, we may represent the 
body n as having a velocity of one foot in a second, to which is 
added, at the same instant, another velocity of one foot in a second. 
We may then conceive, that, in meeting, the mass n expends one of 
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its velocities against a portion of the mass m equal to itself, and ' 
its other velocity against the remaining portion of m of the same 
magnitude. 

If now, instead of supposing the masses m and n in thb ratio of 
2 to 1, and their velocities in the ratio of 1 to 2, we suppose them 
in any other ratio, it is evident that we may always conceive the 
greater mass as decomposed into a certain number of portions equal 
each to the smaller, and of which each shall destroy, in the. smaller, 
a velocity equal to its own. We may therefore consider the fol- 
lowing proposition as established. 

Two bodies which act directly against each other in the same 
straight line, are in equilibrium when their quantities of motion 
are equal; that is, when the product of the mass of the one 
into the velocity with which it moves, or tends to move, is equal 
to the product of the mass of the other into its actual or virtual ve- 
locity. 

This proposition is to be regarded as general, whether the two 
bodies move freely and directly the one. against the other, or whether 
they act against each other by the intervention of a rod inflexi- 
ble and without mass, or whether ihey are considered as pulling in 
opposite directions by means of a thread m n incapable of being 
extended. And reciprocally. If two bodies are in equilibrium, we 
may conclude that their motions are -directly opposite, and that their 
quantities of motion are equal. 

34. We infer, moreover, that if three or a greater number of 
bodies m, n, o, &c., moving, or tending to move, in the same Fly, a. 
straight line, with velocities u, i;, tr, &;c., are in equilibrium, the 
sura of the quantities of motion of those which act in one direction 
is equal to the sum of the quantities of modon of those which act in 
the opposite direcuon. For, they being in equilibrium, we may 
always suppose that, m and n acting in the same direcuon, n de- 
stroys a part of the motion of o, and that m destroys the remaining 
part. Now if we represent by x the velocity that o loses by the 
action of n, we shall have o x, for the quantity of motion destroyed 
by the action of n ; we have accordingly 

nv =i X. 

The body m, therefore, wiU have only to destroy in o the remain- 
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mg quadlitjy namely, ow — oo;; we bare consequently 

or since o cp = n v, 
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Of Compound Motion, 

35. We still consider the masses to which the forces under 
sideration are applied, as concentrated each in a point. 
' We call compound motion that which takes place in a bodj, 
when urged at the same time by two or more forces having way 
given direction with each other. 

Fig. 3. If a body m moving in the line C0, receive, upon arriving at 
the point Aj an impulse in the direction AD^ perpendicular to CS, 
this impulse can produce no other efiect, except that of removing 
the body from CB. It can neither augment nor diminish the velo- 
city with which, at the time of receiving the impulse, it was depart- 
ing from AD. Indeed, since AD is perpendicular to CBj there is 
no reason why a force acting in the direction AD should produce 
an effect to the right, rather than to the left, of this line, and as it can- 
not act in both these directions at once, it can have no influence 
either way. 

The same reasoning will hold true, if we suppose that the body 
m, moving in the line ADj receives, upon arriving at A^ an impulse 
in the direction AB. This impulse will neither add to nor take 
from the velocity with which the body nt was departing from AB. 

^S' 4- 36. J^ iufo forces p and q, the directioni of which are at right 
angles to each other ^ ad at the same instant upon a body m, and the 
force q is such as by its sole and instantaneous action to cause the body 
to pass ofDer AB in a determinate time^ as one second^ and the force p is 
such as to cause the body to pass over AD in the same time^ we say 
that by the joint action of the two forces^ q and p, the body m tir»S 
in the same time pass over the diagonal AE, of the parallelogram 
DABE, which has for its sides these same lines, AB, AD. 

Since the two forces act at the same instant upon the given body, 
yre may suppose it moving in the line ADy and that at the in- 
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stant of its anrivmg at the pomt A, it receives the force qinn 
tion perpendicular to AD. Now, according to article 35, tbe force 
q can neither increase nor diminish the velocity with which it was 
at this moment departing firom AB ; if, therefore, through the pcnnt 
D we draw DE paraUel to ABj the body must at the end of a sec- 
ond be somewhere in the line DE^ all parts of which are equally 
distant from AB. 

The same reasoning may be adopted with regard to the force 9, 
by which it will be seen, that if, through the point J7, we draw BE 
parallel to «^D, the body must at the end of a second be some- 
where in BE. But there b only tbe point JS which is at the same 
time in DE and BE ; therefore at the end of a second the body 
will be ID E. 

It is also evident, that whatever course the body takes, by tbe 
instantaneous action of the forces, this course must be a straight 
line, since, from the instant that the forces are exerted, the body 17. 
is abandoned to itself, and there is no cause to incline it one way 
rather than another. Accordingly, as this body passes through A and 
Ej and without any thing to change its direction, the course must 
be AEf that is, the diagonal of the parallelogram DABE. 

We will add moreover, that the body describes AE with a uni- 
fonn motion, since, after the joint action of the two forces, it is left 
equally without any cause to alter its rate of moving. 1^« 

37. Since the two forces j» and f, acting simultaneously upon the 
body m, have no other effect than to make it describe the diagonal 
AEf we infer, that, instead of two forces whose directions are at r^ht 
angles to each other, we may always substitute a single one, pro- 
vided that this single one is such as to cause the body to describe the 
diagonal of a right-angled parallelogram, the sides of which would 
be described in the same time, each separately, by the action of the 
force of which it represents the direction. 

The single force AE^ which results from the action of the two 
forces ABj ADj is called tbe resultant of these two forces. As the 
lines AB, AD, represent the efiects which the forces q and p are 
singly capable of producing, and AE the effect which they are able 
to produce conjointly, we may regard AB, AD, AE. as represent- 
ing these forces themselves. 

We may thus con^der any single force AE, as being the result 
of two other forces AB, ADf the directions of which are at right 
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angles to each other, provided that, the first being represented by 
the diagonal AE, die others are represented by the sides AB, m^Dj 
of this same right-angled parallelogram. For the single force ^^E, 
therefore, we may substitute the two forces w2jB, AD, since these 
two will in fact only produce AE, 

33. In general, whatever be the angle formed by the directions 
Fig. fifi^ofihe two forces p and q which act at the same time upon a body m, 
this body toUl stUl describe the diagonal AE, of the parallelogram 
D ABE, the sides of which represent^ in the directions of the forces, 
the effects which they are separately capable of producing ; and the 
body will describe this diagonal in the same time in which^ by the ac- 
tion of either of the two forces^ it would have described the side 
which represents this force. 

Through the point A let the line FAHbe drawn perpendicular 
to the diagonal AE^ and through the points D and B, let DF, 
BH^ be drawn parallel, and DG, BI, perpendicular to the diagonal 
AE, Instead of the force p, represented by AD, the diagonal of the 
rectangular parallelogram FAGD, we may take the two forces AF, 

37. AG, For the same reason,- instead of the force q, represented by 
the diagonal AB^ of the rectangular parallelogram AHBl, we may 
take the two forces AH, AI, We may therefore, instead of the two 
forces p and q, substitute the four forces AFj AQ, AH, Al; and 
these cannot but have the same resultant as the two forces p and q. 
Now of tiiese four forces, the two AH, AF, contribute nothing to 
the resultant, because they act in opposite directions, and are equal 
to each other. Indeed it will be readily seen, that, from the na- 

32. ture of a parallelogram, the two triangles DGA, EIB, are equal ; 
therefore DG = BI, and consequently AF = AH. 

As to the two forces Al, AG (Jig, 5.), since they are exerted 
according to the same line, and are directed the same way, the re- 
sult must be the sum of the two effects AG,AI; and in^. 6, since 
AT, AG, are exerted according to the same line, and are opposed 
the one to the other, the result must be the difference of the two 
effects AG, At. But as the triangle EIB is equal to DGA, we 
shall have (Jig, 5.) 

AI+AG=zAI+EI = AE; 

and (fg, 6.) 

Al — AGz:zAl — EI^AE. 

We conclude, therefore, that the four forces AF^ AH, AG^ AI, 
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and coDseqaentlj the two ibices AD, AB, haie «o odier c&ct, tina 
the ibrce AE, represeoted bj the dias:ooal of the pan^ekcram 
DABEf of which the two sides AB, ADj deiaoce the krces f « p. 
This propositioo is kiiowD by the name of the paraUdjgrmm ^\r;>ms. 

39. We have, io what precedes, represemed the two tbrces 
Pj q, by the lines AD, AB, which thiy are capib«e of makisc :beF%.4>. 
body m describe m the same time, that is, by the itriociucs which 



they would communicate; although, according to what we have 
said, the true measure of any force b the quactltr of mcooo that 
it is capable of producing. But as the quantities of moun are ia 
the ratio of the velocities, when the mass is the same, as is tbe £Kt 
in the present case ; we may always, as we hare now dooe, take 
the velocities AD, AB,^ representlog the two forces. 

But if, instead of having immediately the velocities which the 
two forces p, q, are capable of giving io die body a^ we had the 
quantities of motion which diey would produce io Iodowh 
we should take AD, AB, m the ratio of these quaochies of 
If, for example, I know the forces /», q, oohr by ihts drramstaace, 
that the force jy is capable of pving a known velocity «, lo a kooww 
mass tt ; and that the force q is capable of givii^ a vebcity a fo a 
known mass o ; I should take 

AD : .iS :: WW : oflL 

For, according lo what has been dwwn, AD, AB, are to be takcw 
in the ratio of the vekxuties which they are capable of giving to the 
body «. Now the first being capable of producii^ the quantity of 

motion II tf, is capable of giving to the body fli the velocity . For IBL 

the same reason the second, or the force q, h capable of givicg lo 

the body m, the vek)city — . Hie Eoes AD, AB, are 

qaeotly to be taken according to the following proportion ; 

AD lABii—i^z 



bat 



9. 



We see therefore, that AD, AB, most be m the ratio of the qaaiH 
thies of motion nu,ov, which are the measores respectively of the 
forces p, q. 
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What has now been remarked, will be found useful io compar- 
ing the effects of differeot forces applied to difiGereut bodies. 

38. The general proposition abo\re demonstrated is of the greatest 

importance, as almost every thing we have to ofier, consbts in 
an application of it. 

40. From what has been said, it will be seen that it is imma- 
terial whether we regard a body as urged by the combined action 

Fif. 5,6. of the two forces ABj AD, which make with each other any as- 
sumed angle, or whether we regard it as urged by the single action 
of a force represented by the diagonal AE. 

And reciprocally, it amounts to the same thing, whether we 
consider a body as urged by a single force -4E, or by two forces 
represented by the two sides of a parallelogram of which the sin- 
gle force AE is the diagonal. Let a body, for example, be sup- 
posed to pass from ^ to £ by a uniform motion in one second, or 
let it be supposed to move through AB at such a rate as to describe 
it in one second, while in the same time this line is carried parallel 
to itself along AE ; in this case, as in the former, the body wiU 
merely describe the line AE. 

41. The two forces AB, AD^ meeting at the point A^ are ne- 
Geom. cessarily in the same plane. Since, therefore, they have for their 

I 3^* resultant the diagonal AE, which is in the plane of the parallelo- 

gram, we may infer generally that any two forces which unite in the 
same point are always io the same plane with their resultant. 

Of the Composition and Decomposition of Forces. 

42. Not only is it possible, by the principle above established, 
, to reduce two concurring forces to one, and to decompose one into 
I two others ; but we can in general reduce to a single force, as many 

other forces as We please, when they are in the same plane, or 
^ when they unite at the same point; and reciprocally, we can 

I decompose one or several forces into as many other forces as we 

please. 

43. But before we proceed to explain this, we must observe 
Fig. 7. that when a force p acts upon a body either by pushing or by 

drawing it, it is of no consequence at what point of the direction of 
this force we suppose the action to be applied. For example, let 
the force p be exerted upon the body m by means of a rod 



Composition and Deamporition of Forces. 25 

inflexible and without masS) or by a thread inextensible and 
without mass, it is the same thing, whetlier the force p be applied 
at the point jB, or at the point C, or whether it be of such a nature 
as to adroit of being exerted at any point D, on the other side of 
the body. So long as its action is employed in the same direction, 
the effect will be the same. Distance can have no influmice, 
except so far as the action of the power transmits itself by the aid 
of some instrument, as a lever or a cord, the matter of which would 
partake of the action of the power, all which instruments we at 
present leave out of consideration. 

Thus, if two forces p and q^ exerted in the same plane, according rif . & 
to the lines JSC, DB, draw or push a body by the two points JEJ, D, 
this body is urged in the same manner as it would be, if the two 
forces were both employed at their point of meeting A^ the direc- 
tions being supposed to remain unchanged. 

This being premised, we proceed to the consideration of the 
composition and decomposition of forces. 

44. Let there be four forces, p, 9, r, cr, directed in the manner Fig. 9. 
represented in the figure,* and all in the same plane. Let us imagine 
the direction of the force p, prolonged till it meets that of the force 
f in the point A ; ADj AE^ being supposed to be the spaces that 
tbe forces p, 9, can respectively cause the same body to describe, in 
a determinate time, as one second ; if we form the parallelogram 
AEID, the diagonal Al will represent the resulting efibrt of p 
and J, and may consequently take the place of these two forces. 

Let us conceive now that Al prolonged, meets in B the di- 
rection of tbe force r, and having taken BL equal to AIj if we take 
BF for the space that the force r is capable of making the same 
body describe in a second ; the force Al beiog supposed to be 
applied at B9 since this force is represented by BL = AIj from 
its action combined with the force r =: BF^ there will result a 
single force represented by the diagonal BO, of the parallelogram 
BLGF. This force, therefore, will take the place of the forces r 
and AIj that is, it will take the place of the three forces r, j, and p. 

Lastly, let us imagine that BG prolonged, meets in C the 
direction of the force 9, and let us make CK =: BG. Let CH 

* The direction of a force is indicated by the figure of an 
urow. 
Meek. 4 
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represent the space which ihe force sr is capable of making the 
same given body describe in a second ; then by supposing the force 
BG =: CKj applied at C in the direction CGr, from the union of 
this force with the force vr there will result a single effort represent- 
ed by the diagonal C/V, of the parallelogram CHNK. Xhis 
force, therefore, will take the place of the forces tsr and CK^ or of 
<r and JSGr ; it will consequently take the place of the four forces 
Pi 9, r, fir, and is accordingly the resultant of these four forces. 

It is evident, therefore, that any number of forces, when exerted 
in the same plane, may be reduced to a single force, and the 
manner in which this may be done is also manifest. 

45. It will be seen moreover from the above example, how we 
may always substitute for a single force as many others as we 
please, and what are the requisite conditions for effecting this. 

Instead of the single force BG, for example, we may, by form- 
ing the parallelogram BLGF, of which BG is the diagonal, take 
•the two forces represented by BF, BL ; and as we may suppose 
each of these two forces applied at any such point of their directioos 
respectively as we choose, we can transfer BL to •/?/, (the point A 
being at any assumed distance from B,) and form upon .^i, another 
parallelogram AEID ; then for the force AI may be substituted two 
forces represented by AE, AD; so that for the single force 
BGj we shall have the three forces BF, AE^ AD^ the effect of 
which will be equivalent to that of BG, 

46. We remark here, that, since there is no other condition re- 
quired for determining the forces AD, AE, except that they be 
expressed by the sides ADy AEj of the parallelogram ADIE of 
which Al is the diagonal, which condition may be fulGlled in an in- 
finite number of ways, whether the parallelogram ADIE be in the 
same plane with the parallelogram FBLG or in any other plane, 
we can decompose any force whatever BG into as many others as 
we please, and which shall be in such planes as we please. We 
shall see hereafter the use that may be made of this method of 
compounding and resolving forces. 

47. From what is above said, it will be perceived that we can 
require certain forces to pass through certain given points, and even 
to be of certain determinate magnitudes, to be parallel to certain 
given lines, in a word, to satisfy certain given conditions. For ex- 
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ample, if we bad a force represented by the line AB^ and we Fig. lo. 
would substitute two others, of which one should pass through the 
point D, (in a direction parallel to a line LX, whose position is 
given,) and which at the same time should be of a certain magni- 
tude Lf, that is, such as would cause a given body to describe 
LKj in the same time in which the force represented by AB would 
cause this same body to describe the line AD\ the principles 
above established will enable lis to solve the problem. 

Through the point /), we draw IC parallel to LX, and meeting 
AB produced in some point I) we take IC = LJT, and IE = AB ; 
then joining CJB, we draw through the point /the line ifi parallel to 
CE, and through E the line HE parallel to IC-^ IC will be the 
force required, and ifl will be the force which, combined with 
ICy would take the place of IE or of AB. 

The solution we have given will always be applicable, except 
when the line LX is parallel to AB, and we shall see soon what is 
to be done in this case. 0^ 

48. We remark further, that, the two component forces p, y, 
being represented by the two sides AD, AB^ of the parallel©- Fij. 5, 6. 
gram DABE, their resultant must necessarily be represented by the 
diagonal AE of the same parallelogram ; by calling ^ the resultant, 
we shall have 



that is, 



pig:: AD : AE, 
q : Q :: AB : AE\ 

q : q :: AD \ AB I AE, 
:: BE : AB : AE. 



Now in the triangle ABE, we have , 

BE : AB : AE :: sin BAE : ^n BEA : sin ABE. ^ ^^ 
But on account of the parallels BE, AD, the angle BEA = DAE, ®~™- 
and the angles ABE, BAD, being supplements to each other, oJom. 
sin ABE = sin BAD; hence Si „ 

BE : AB : AE II sin BAE : sin DAE : sin BAD; 

^d consequently 

p : J : p : : sin BAE : sin DAE : sin BAD; 
from which it will be seen, that if we suppose the force p expressed 
by sin BAE, the force q will be denoted by sin DAE, and the 
force ^ by sin BAD ; that is, the two component forces and the re- 



^. 
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syltant may be repretented each by the sine of the angle ecmpre- 
hended between the directions of the tvoo others* 

In representing forces, therefore, we may employ indifferently 
either the lines taken in the directions of these forces, or the sines 
of the angles comprehended between these directions, provided ivre 
take for each the sine of the angle comprehended between the di- 
rections of the two others. 

This last method of expressing forces has its peculiar advan- 
tages, as we shall see in what follows. 

Fif- 11* 49. If from the point .4 as a centre, and with any radius ACy 
we describe an arc of a circle HCG^ meeting in O and H the di- 
rections of the forces p, g, and let fall from the point C upon AD^ 
AB^ the perpendiculars CF^ CI, and from the point H upon AD 
the perpendicular HLj it will be readily seen that CF, CI, HL^ 
are the sines of the angles OAE, BAE, BAD, respectively ; we 
[gve accordingly 

p : q : ^ :: CI i CF : HL. 

« ' Fig. 18» 50. Let us suppose now, that while the directions of the two 
^^ forces p, q pass through the two fixed points JT, JNT, their point of 
meeting A is removed further and further ; it is evident that the 
^nes of the -angles BAE, DAE, BAD, will approach more and 
more to a coincidence Tvith the arcs CCf, CG, HO ; if therefore 
the point A is removed to an infinite distance from the fixed 
points K, JSTj CF, CI, HL, will coincide with the arc HO, 
which in this case becomes a straight line perpendicular to the 
two lines AK, AN, which are then parallel to each other and to 
. Gmol the line AE; and, since we have always 

*^ p : q : Q : : CI : CF : HL, 

HL=CI+ CF {Jig. 13). 
Hi = CI— CF {fg. 14). 

^ff- ^9 We conclude, therefore, that when twO forces p, q, are exerted in 
parallel directions, 

5'- 

1. That their resultant is in a direction constituting another 
parallel; 

2. That if we draw a line FI perpendicular to these directions, 
each of the forces unU be represented by the part of this perpeniieu^ 
lar comprehended between the directions oj the two others ; 
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fit 
3. TtbU tk$ restdtant is equal to the sum rf the iuto eomponenU 

when these act the same way^ and to their difference^ when their oc- 

tion is opposed the one to the other. 

51. Since we have 

p : q : g :: EI : EF : FI, 

we have 

p : q :: EI : EF^ and p : g :: EI z FI; 

that is, of two parallel component forces and their resultant, either 
two are to each other reciprocally, as the two perpendiculars let 
fall upon their directions respectively from the same point in the 
direction of the third. 

52. If we draw arbitrarily any line ABCj we shall have i^' 

BC : AB : AC :: EI : EF : FI, 

and consequently 

p : q : g :: BC : AB : AC; 

that is, if a straight line be drawn at pleasure^ cutting the direc- 
tions of two parallel forces and their resultant^ each of these forces 
unU be represented by that part of the straight line which is compre- 
hended between the directions of the two others. 

53. It will hence be readily perceived bow we ought to pro* 
ceed in order to find the resultant of several parallel forces ; and ' 
reciprocally, bow we can substitute for a single force, any number 
whatever of parallel forces. 

If, for example, it were proposed to reduce to a single force 
the two parallel forces p, f, which act the same way; any straight f^^. k^ 
fine .^jBC being drawn; as the resultant g is equal top -|-^, it is ^^ 
only necessary to find the point B through which this resultant 
must pass. Now we have 60. 

p : g II BC : AC, 
that is, 

p : p +q : : BC : AC. 
We have therefore only to take between the two points A, C, a 

point B such that BC shall be equal to ^--^-^-r — . gw"* 

If the two parallel forces are opposed to each other, the resultant T^g, 16. 
will be equal to their diftrence p — jf, or q^^p* Suppose p 90. 
greater than q. Having drawn the line AC at pleasure, it will be 
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ja^essnrj to prolong AC beyond Aj with respect to Cj by a quan* 
U^ ABf such that we shall have 
^' p : Q :: BC I AC 

or 

in other words, it is necessary to take BC equal to - ^ — . 

If } is greater than |7, the point B will be in .^C produced be- 
yond C with respect to A. 

Fig. 17. 54. If we had a third force r, we should first find the resultant ^' 

' of the two forces p, q^ and then seek the resultant ^ of the two forces 

^ and r, as if there were only these two ^ that is, we should proceed 

in precisely the same manner as we have done in the preceding 

article. 

Ffg. 15, 35. Hence, reciprocally, if we would decompose any force ^ 
^^* into two others parallel to it, we should take arbitrarily a line AF 
parallel to the direction of q ; and having assumed this line as the 
direction of one of the components, we take arbitrarily for the value 
of this component any quantity p smaller than ^, if it is proposed 
that the two components should act on opposite sides of the force q ; 
the second component q must in this case be equal to 9 — p; and 
in order to find its position, it is only necessary, having drawn any 
straight line CBA^ to take in AB produced the part jBC, such as to 
give the proportion 

qipiiABiBCj 

then through the point C we draw /C, parallel to £jB, and this will 
be the direction of the force q. 

But if the two component forces are required to be on the same 
side (in which case they will be directed opposite ways), then we 
take for p any quantity, whether greater or less than p, and if it be 
greater it will be directed the same way with p, and if less, it will 
have a contrary direction with respect to q. Having drawn a line 
AF parallel to EB^ as the direction of p, we take upon any as- 
sumed line BA C the point C, such as will give 

p — ^or^ — p : q 11 AB : AC 'y 

and C will be the point through which the force q must pass par- 
allel to the given force q ; and the point C will be beyond A with 
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respect to B^ when p is greater than g ; and it will be between A 
and B when p is less than ^. 

56. Since what we have now said of the force g with respect 
to the components p, q, may evidently be applied to each of these 
latter forces, it will be seen how we may substitute for any single 
force, as many others as we please, the directions of which are 
parallel. 

« 

Cf Moments and their Use in the Composition and Decomposition 

of Forces, 

57. The propositions we have established, are sufficient for the 
composition and decomposition of forces, whatever be their magni- 
tudes and directions, provided they act in the same plane. But the 
different kinds of motion which we have to consider, require more 
simple and more expeditious means for determining the resultant 
of forces, and its direction. 

58. If from any point F taken in the plane of any paraUelo- Fig« 18, 
gram ABCD, toe let fall upon the contiguous sides AB, AD, and 

the diagonal AC, the perpendiculars FE, FH, FG, the sum of the 
products of the two contiguous sides by the perpendiculars respective- 
ly let fall upon them^ wUl he equal to the product of the diagonal by 
its perpendicular, when the point F is neither in the angle BAD, F»«' l®* 
nor in the vertical angle KAL. If on the contrary , the point F is pig. lo. 
either in the angle BAD, or in the vertical angle KAL, the differ- 
ence of the products of the two contiguous sides by their respective 
perpendiculars will be equal to the product of the diagonal by the 
perpendicular let fall upon it. 

Produce the side BC till it meets in I the perpendicular JRH, 
and join FA, FB, FC, FD. The triangle 

FAC=FAB + ABC + FBC=iFAB + ADC + FBC. Fig. is. 
Now 

1. The triangle FAC= ^^ ^ ^^ . ^^ 

^ 176. 

2. The triangle FAB = ^^ ^ ^^ . 

3. The triangle ADC having AD for its base, and iH for its 
altitude, 
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4. The triangle FBC = ?^^J^= ADxJl 

^ 2 2 

Whence 

ACxFG _ ABx FE , AD x IH , AD X FI 

2^2 + 2 "* 2 • 

Now IH + Fl=: FH; therefore, by doubliDg the whole, we 
have 

AC X FG = AB X FE + AD X FH. 
Fig. 19. With respect to the triangle FACj we have 

FAC = ABC — FAB — FBC = ADC — FAB — FBC, 
that is, 

i4Cx /'g i4Z> X Jg ABx FE BC X FI ^ 

2^2 2 2 ^ 

or, since BC = AD, and ifl — Fi = FH, the whole being dou- 
bled, 

AC xFG = AD X FH — ABx FE. 

59. Since we have before shown that any two forces and &eir 
resukant may be represented by the sides and diagonal of a par- 
allelogram, formed upon the directions of these forces, if /?, q^ be 
two forces, represented by the lines AB, AD, in which case tbek 
resultant g would be represented by AC, any point F being taken 
in the plane of these three forces without the angle BADj and 
frithout the vertical angle KAL, we have always 

gXFO = pxFE+ qXFH; 

and when the point JP is taken in the angle BAD, or in the vertical 
angle KAL, we shall have in like manner 

gX FQ=zqxFR—pxFE. 

60. The product of a force by the distance of its direction from 
a fixed point is called the moment of this force. Thus q X FH is 
the moment of the force q ; and q X FG is the moment of die 
force q. 

61. As a force is estimated by its quantity of motion, that is, 
by the product of a determinate mass into the velocity which it is 
capable of giving to this mass, the moment of any force has for its 
measure the product of a mass, by its velocity, and by the distance 
of its direction from a fixed point. 

62. If the perpendiculars FH, FG, FE, are considered as 
lines inflexible and without mass, connected together and fixed to 
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the point F, ia such a manDer as to admit only of tbeir turnio^it 
about this point ; and we suppose that the forces p, 9, and tbeir 
resultant ^, are applied at the extremities £, jQ, 6, we shall see 
that these three forces tend each to turn the system in tlie san^e 
direction about the point F ; and that the two forces 9, q, tend to 
turn the system in a different direction from that in which the 
force p tends to turn it. 

We infer, therefore, that the moment of the resultant, taken with 
respect to any fixed point F, is always equal to the sum or to the 
difference of the moments of the two components, according as these 
components tend to turn the body or system in the same direction, or 
in opposite directions, about this fixed point. 

C3. We conclude, moreover, that in general, whatever be the 
number of forces p, q, r, m, fyc, and whatever their magnitudes and^- 
directions, provided they act in the same plane, the moment of the 
resultant of all these forces, taken with respect to a fixed point F, 
assumed at pleasure in this plane, will always be equal to the sum of 
the moments of the forces tending to turn the system in one direction 
about this point, minus the sum of the moments of those which tend 
to turn it in the opposite direction* 

Indeed, if we suppose that g is the resultant of the two forces Fig. 20. 
p, q, (f that of q and r, and q that of q and is*^ if we suppose, 
moreover, that ^ represents the moment of q, and ^i that of q", then 
by letting fall the perpendiculars FA, FE, FG, FD, FB, upon the 
components p, q, r, w, and their resultant q, we shall have 

1, ^ = p xFA + qxFE, 

2. f/=z(i — r X FG, 

2. q X FB = ii—isf X FD; 

adding therefore these three equations together, and suppressing 
those quantities that cancel each other in the two members, we shall 
have 

q X FB=:pX FA + qX FE — r X FG—rsfX FD; 
from which it will be seen, that the moments of the two forces 
r, ig, which tend to turn the system from right to left, are of a con- 
trary sign to that of the forces p, q, which tend to turn it from left 
to right* 

64. If the point F were exactly in the direction of the resul- 
tant, the moment of this force would be zero ; but, since it is equal 
Mech. 5 
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•^to the sum of the moments of the forces which tend to turn the 
system in one direction, minus the sum of the forces tending to 
turn it in the opposite direction, we conclude that the difierence ^ 
these two sums of moments, taken with respect to any poiot what- 
ever in the direction of the resuhant, is zero. 

And reciprocally, if the sum of the moments of the several forcts 
which tend to turn a system about a given pointy minus the sum (f 
the moments of those which tend to turn it in the opposite direction 
about this same point, is zero ; it must he inferred, that the restdiani 
passes through this point. 

65. As these propositions hold true, whatever be the aogl^ 
formed by the directions of the forces, they are applicable, when 
these angles are infinitely small, that is, when the directions of the 
forces are parallel. 

66. We may thus derive a very simple method of obtaining the 
position and magnitude of the resultant of any number of forces, 
when they all act in the tame plane. 

Let us suppose, in the first place, that they are all parallel ; and, 
not to make the problem more complicated than is necessary, let 
us suppose that there are only three forces ; it will be easily inferred 
how we are to proceed in case of a greater number. 

Fig. 21. Accordingly, let there be the three known forces p, q, r, the 
two first being directed the same way, and the third having a coi>- 
trary direction. Having drawn arbitrarily any line FABC, perpen- 
dicularly to the directions A p, B q, &£c., we will suppose that D is 
the point through which the resultant q is to pass. Then, having 
taken at pleasure a point ^in FABC^ we shall have, according to 
63. what has been demonstrated, 

p X FA + q X FB — r x FC=zg x FD. 

Now the distances FA, FB, FC, and the forces p, q, r, being 
known, it will be easy to deduce from the above equation, the value 
of the distance FD, through which the resultant would pass, if the 
value of this resultant q were known. In order to find it, we take 
another point 9 in AF produced, and by proceeding as above, we 
have 

p X g>A + q X q>B — r x 9C=p X g^U. 
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If from this second equatioa we subtract the first, recollecting that 

ipA — FA = <pF, g>B — FB=zq>Fj 
fpC—FC=zifFj q>D — FD = q>F, 

we shall have 

p X ^F+qX g>F—r X y^ = ^ X yF ; 

that is, the whole heing divided by 9F, 

p + q — r=:g. 

If we examine the process now pursued, we shall see that it 
does not depend in any degree upon the number of forces, but that 
it is applicable, whatever this number may be. We must infer 
therefore, that the resultant of any number of parallel forces is 
equal to the sum of those which act in one direction minus the sum 
of those which act in the opposite direction. 

If now in the equation 

p X FA + q X FB — r X FC=zg x FD, 

found above, we put for g its value p + ? — *■> just obtained, we 
shall have 

p X FJl + qX FB — r X FC = {p + q — r\x FD, 

from which we deduce 

pj)_. P X FA +qxFB — r X FC ^ 

P + q — r ' 

or, bearing in mind, that the process by which we have arrived at 
this result, does not depend upon the number of forces employed, 
we infer, as a general conclusion, that in order to determine at what 
distance from a given point the resultant of several parallel forces 
passeSf from the sum of the moments of the forces which tend to 
turn the system in one direction^ we must subtract the sum of the mo^ 
ments of the fjrces tending to turn it in the opposite direction, and 
divide the remainder by the sum of the forces whidi act in one direc" 
iion, minus the sum of those which act in a contrary direction.* 

* We must take care not to confound the forces which act in 
opposite directions, with those which tend to turn the system in 
opposite directions. Two forces which act in opposite directions 
often tend to turn the system in the same direction. This depends 
apon the point'to which the rotation, or the moments, is referred. 
The two forces q, r, for example, act in opposite directions, bat Tig, 91* 
they both tend to turn the line EC in the same direction, aboat a 
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67. If the point F, assumed arbitrarily, should happen to be so 
taken as to fall in Dy through which the resultant passes, the dis- 
tance FD being zero, its value 

p X FA + q X FB — r X FC 

p + q—r 

since the force p tends to turn the system about the point ^ ia a 
direction opposite to that in which the force q tends to turn it, 
becomes 

—pXDA + qX DB—rX DC 
P + 9 — ^ ' 

and is equal to zero ; we have consequently 

—pXDA + qX DB—r X DC = o, 

or 

qxDB=ipxDA^rX DC. 

44. Moreover, as the point P, taken arbitrarily, may be higher or lower, 
as we please, the point D has not been supposed to be in one point 
of the direction of the resultant rather than in another ; it follows, 
therefore, that the moments of several parallel forces^ taken with 
respect to any point whatever in the direction of the resultant^ are 
such, that the sum of the moments of the forces which tend to ivm 
the system in one direction, is always equal to the sum of the mo- 
ments of those which tend to turn it in the opposite direction. 

68. Therefore by taking with contrary signs the moments of the 
forces which tend to turn the system in opposite directions, and by 
taking also with contrary signs the forces which act in opposite 
directions, we may infer as a general conclusion ; 

1. That the resultant of any number whatever of parallel forces 
is always equal to the sum of all these forces ; 

2. That this resultant, which is parallel to the component forces, 
passes through a series of points each of which has this property, that 
the sum of the moments, taken with respect to this point, is zero. 

The above propositions are of the greatest importance. We 
-shall see soon with what facility they enable us to find the centre 

point taken between B and C; and if we consider the rotation 
with reference to the point F, the force q tends to turn FC in a 
direction opposite to that in which the force r tends to turn it. 
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of gravity of bodies* We proceed now to the consideratioo of 
forces the directions of which are inclined to each other. 

69. Let there be any number of forces p, g, r, &c., all exert- *'*«'^ 
ed in the same plane, let the force p, acting according to AE^ be 
represented by AE^ and let the force g, acting according to BO, 
be represented by BO^ and the force r, acting according to CL, be 
represented by CL. Through a point F^ taken arbitrarily in the 
plane of these forces, suppose two straight lines FQ^ FB"^ mak- 
ing any angle with each other (and for the sake of greater sim- 
plicity, let this angle be a right angle) ; and let us imagine the 
forces p, g, r, or AE^ BGj CLj decomposed each into two others, 
one of which shall be parallel to FOj and the other to FJB'', and 
which will consequently be represented, each by the correspond- 
ing side of the parallelogram, the diagonal of which represents the ^• 
given force. 

It is clear from what has been said, that the forces AVj BH^ 66, es. 
CK, being parallel, will have for their resultant a single force DN^ 
parallel to AV, BHy &c., the value of which will be 

AV+BH^ CK* 

and which will pass at a distance D'D from JP(7, equal to the ex- 
pression below, namely, 

yvn ^ ^^X AA' + BHX BB'+CKx CC 

AV+BH+CK 

In like manner, the forces AI, BR, CM, parallel to FB", are 
reduced to a single one DO, parallel to AI, hc; and equal to 
AI + BR — CM, and which (by supposing that D is the point 
where the direction of this force meets that of the force ND) will 
pass at a distance D^^D from FB^', equal to the following expres- 
sion, namely, 

jym — ^^ X AA" + BRx BE" — CMx CO' 

AI^BR — CM 

* We must not lose sight of what was said art. 39. By the 
forces AE, BG, &lc., we are to understand that the Hues AE, 
BG, d&c, are to each other as the quantities of motion capable of 
being produced by the forces p, q, &,c,, in the masses to which 
they are applied. It is to be observed, likewise, with respect to the 
forces A V, BH, 6lc,, that we mean by them quautities of motion, 
which are to the quantities of motion represented by AE,BQ,&tC.^ 
«8 ilF, BH, &c., are to AE, BO, d&c, respeotively. 
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This being supposed, the forces p, 7, r, and their directions, 
(that is, the angles which they make with the known fixed lines 
jP(7, FB'\ or with their parallels,) being considered as kuown, we 
know in each of the triangles AEI, BGRy CLKy the bypotbenuse 
and the angles. It will accordingly be easy to determine the lines 
Trig. 80.^1, BR, KL, or CM, and the lines IE or AV, RG or BH, 
and CK. We shall consequently know the values of the two re- 
sultants AV+ BE + CK, and AI-^ BR — CM. Moreover, 
as we cannot but know the distances AA\ AA\ BB\ BB^'^ <&c., 
since the position of the points A, B, be., where the forces are 
applied are supposed to be given, we are acquainted with all the 
quantities which enter into the expression of the distances B'D, 
D**D. It will be easy, therefore, to determine the point I>, where 
these two resultants meet. Accordingly, taking 

DO = AI+ BR— CM, and DJV = AV+ BH+ CK, 

and forming the parallelogram DNTO, we shall have the diago- 
nal DT for the resultant q, of the two partial resultants, parallel 
to FO and FB'', that is, for the resultant of all the proposed 
forces. 

Of Parallel Forces which act in different Planes. 

Fig. 28. 70. Let there be three forces p, q, r, directed according to the 
lines Ap, B q, C r^ parallel to each other, but situated in difierent 
planes. 

Imagine a plane XZ to which the three straight lines A p, &c., 
are perpendicular, and another plane ZV to which they are par- 
allel, and let A, B, C, be tlie three points where these lines meet 
the plane XZ. 

Q^„^ The two forces p, r, are in the same plane, the intersection of 
886,824. ^hich with the plane XZ is the straight line AC. These two 
60. forces may therefore be reduced to a single one q\ equal to p -|- r, 
67. having a direction parallel to that of the components, and passing 
through a point D, such that p X AD = r X CD. 

The two forces q', q, are in the same plane, the intersection 
of which with the plane XZ is BD, These may accordingly be 
reduced to a single one q, equal to / ~|~ ?) ^^^ ^^9 equal to 

P + 9 + ^9 
having a direction parallel to that of (' and r, and passmg through 
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a point Ef such that q^ X DE = f X BE. It follows, therefore, 
from this and what is said above, that any nvmber of forces^ the 
directions of which are paraUel^ may be reduced to a single one^ 
eqval to the sum of those which act in one direction ^ minus the sum 
of those which (Kt in the contrary directionj whether the given forces 
are in the same or in different planes. 

Let us now inquire more particularly how we are to determine 
through what point the resultant passes. 

If from the points A, D, C, B, JEJ, we draw the lines AA^^ 
DD'y COi BB'i EE^ perpendicularly to the common intersection 
of the two planes XZ, ZV\ on account of the parallels AA'^ DZy^ 
CO J we shall have 

AD : CD:: AD' : CD', 

Now the equation p X AD = r X CD, found above, gives 

AD: CD :: r : p; 

hence 

A'D': CD' :: r : p, 

and consequently 

p X -4'D' = r X OD". 

In like manner from the parallels DD'^ EEj BB\ we ob- 
tain, 

DE : BE :: D'E : B'B\ 

and from the equation q' X DE == jr x BE^ we have the pro- 
portion 

DE : BE :: q : q\ 

therefore 



whence 



D'E : B'B :: q : q' 

:: qip + ri 



(p + r) X D'E = qx BE. 

Let us now take in the intersection ZF of the two planes, a 
fixed point F^ and seek ' the distance FE of this point from the 
point E^ corresponding to E^ through which the resultant passes. 
It is clear that 

A'D' znFD' — FA, OD' = FO — FD', 
D'E = FB — FD*, B'E = FB' — FE, 

Substituting these values for their equals in the two equations, 
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Vfe shall have 

p X Fiy —p X FA' =zr X FO — rX FD*, 

and 

{p + r) X FB — {p + r)Fjy = qX FB' — qX FE. 
The first of these two equations gives 

{p + r)xFD' z:^pXFA' + rX FO, 
substituting this value for its equal in the second equation, we 
obtain 

<f + r)x FEf—p X FA — rX FOz=qX FB' — q X FE'y 

or, the terms niuhiplied by FFH being collected into one factor, 

(p + ff + Xl^l?' = i>xF^'+? Xl^5' + rX FO^ 
*which gives 

■p-^ _ p X FA' ^ qX FW -^r X FO 

!' + ? + '• 

Now this expression for the distance FF! is precisely that which 
-we should have found for the distance at which the resultant passes, 
if the three forces jp, 9, r, had all been in the plane ZV^ and had 
passed through the points A^ (7, 3\ corresponding to the points 
A^ C, 5, through which they actually pnss. If, therefore, we 
imagine the straight line jPX perpendicular to the plane ZV^ we 
shall find the distance FE, of the resultant from this straight line, 
by taking the sum of the moments with reference to this line (as if 
the forces, retaining their' distances respectively from this line, were 
all in the plane ZF, to which this line is perpendicular), and di- 
viding this sum of the moments* by the sum of the forces. 

To determine the point E, therefore, it only remains to find the 
distance JE^jB, or (by taking El?' parallel to ZF) the distance FJE?', 
at which this same force passes, from ZF. Now it is manifest 
from what we have said with respect to the distance FEf^ that in 

* It must be observed, once for all, that by the general term, 
sum of the moments, is to be understood the sum of the moments 
of the forces that tend to turn the system in one direction, minaa 
the sum of those which tend to turn it in the opposite direction. 
By sum of the forces, also, is to be understood the sum of those 
which act in one direction, minus the sum of those which act in 
• the opposite direction. 
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order to find the distance FI^'j we have only to imagine a plane 
passing through ZFy perpendicular to the direction of the forces, 
and then to take the sum of the moments with respect to 2dF (the 
intersection of this plane with the plane ZT^), as if the forcesj 
witliout changing their distances respectively from the plane ZV^ 
were all in the plane XV, and to divide this sum of the moments 
by the sura of the forces. We should then have every thing which 
is necessary for fixing the point Ej through which the resultant 
passes. Top. 1. 



Of Forces the Directions of which are neither in the same Plane nor 

parallel to each other. 

71. Let p, g, r, be three forces directed in the manner repre- **"«?• ^• 
sented in the figure, and situated in three different planes. Sup- 
pose any plane XZ meeting in H the direction of p, in F the di- 
rection of q^ and in L the direction of r. As a force may be con- 
sidered as applied at any point whatever in its direction, let us 
suppose the three forces to be applied at the points jEf, Fj £», and 
to be represented by the lines HVj FTj LK^ prolongations respec- 
tively of the directions of the several forces below the plane XZ. 
Let us also imagine planes passing through the lines AH^ BF^ 
CL^ perpendicularly to the plane XZ, the intersections with XZ 
being represented by the straight lines GHN^ EFYy BLM. This 
premised, it is evident that we may decompose each of the forces 
in question into two others, one of which shall be in the plane X2^ 
and the other perpendicular to this plane. We can, for example, 
decompose the force HV into two others, one directed according 
to HN, and the other according to JfO, perpendicular to the plane 
XZ ; so that for the three forces HVy FT, LK, may be substituted 
the six forces 

HAT, FT, LM, HO, FS, LI, 
the three first of which are in the plane XZ, and the three last 
perpendicular to this plane. 

Now the three forces JI2V, FT, LM, may be reduced to a 
singje one, which shall also be in the plane XZ; and the three HO, 69. 
FS, LI, may likewise be reduced to a single one, which shall be 
perpendicular to the plane XZ Accordingly, whatever be the numr w. 
ber of given forces^ and whatever their direetionsy we may always 
Mech. 6 
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reduce them to two at the mat, tme being in the diredionrfa knmm 
plane, and the other perpendicvlar to this plane. 

Although the demonstration of this proposition may appear to 
be adapted only to those cases where all the forces meet the plane 
XZy it will he seen, with a little attention, that it has a general ap- 
plication. For, after having reduced all the forces that meet this 
assumed plane to two, we may conceive this plane, without ceasio^ 
to meet these two resultants, so placed as to coincide with the di- 
rections of those that were at first parallel to it ; and the givea 
forces must be either parallel to the assumed plane, or such as 
being produced will meet it. 

72. With respect, therefore, to forces exerted in di^rent 
planes, the result is not the same as that with respect to forces 
whose directions are m the same plane. The latter forces, as we 

70. have seen, may always be reduced to a single one. The Ibnoer 
are reduced to two, which do not admit of being represented by 
one, except in the case where the resultant of the forces which act 
in the plane XZ, happens to meet the resultant of the forces pec^ 
pendicular to this plane. 

73. We can accordingly, in the manner above explained, find 
the two resultants of any number of forces directed in different 
planes. But, although the method here pursued may be useful in 
certain cases, there are many in which it is not the most convenient. 
We proceed, therefore, to make known another. 

Fig. 25. Let j7 be any one of the proposed forces, and AB the line which 
represents it. From any fixed point X draw tlie three straight 
lines XZ, XT, XT, perpendicular each to the plane of the other 
two. These mutually perpendicular lines are called rectangular 
co-ordinates. If now, upon AB as a diagonal, we form the rectao- 
gular parallelogram ^D£C, having its plane perpendicular to the 
plane TXT, and its side BC parallel to XZ; and then upon BD 
as a diagonal we form the rectangular parallelogram DFBE, having 
its plane parallel to the plane TXT, and its sides BF, BE, parallel 
to the straight lines XT, XT, respectively ; it is evident 1. That 
for the force AB we may substitute the force J3C parallel to XZ, 
or perpendicular tathe plane TXT, and the force BD parallel to 
this latter plane ; 2. That for the force BD we may substitute the 
force' BE parallel to XT, or perpendicular to the plane ZXT, and 
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the force BF parallel to XT, or perpendicular to the plane 2XF; 
so that the force p, or AB^ is decomposed into three forces parallel 
to three rectangular co-ordinates, or (which is the same thing) into 
three forces perpendicular to three mutually perpendicular planes. 

Now what has been said of the force p is evidently applicable " 
to any other force not perpendicular to one of the three planes. 
If therefore all the forces like p, be considered as thus decom- 
posed ; and we afterwards reduce to a single force all the forces 
perpendicular to the plane ZXTy the same thing being done with ea. 
respect to all the forces perpendicular to the plane ZXY, and also 
with respect to all the forces perpendicular to TXT, it will be seen 
that we may reduce any number of forces, directed in different 
planes, to three forces perpendicular to three planes, these planes 
being perpendicular respectively to each other. 

If either of the given forces happen to be parallel to one of 
the straight lines XZy XF, XT, its components parallel to the two 
other straight lines, as obtained by the above method, would be 
each equal to z^ro. 

Such are the general principles pf the composition and decom- 
position of forces. 

Of the Centre of Oravity. 

74. Before we proceed to treat of the particular effects pro« 
duced by the forces whose general properties we have been con- 
sidering, it is necessary to speak of the centre of gravity, a subject 
of the greatest importance in all inquiries relating to the motion of 
machines and bodies of a known structure. 

By gravity, we mean the force which urges bodies downward 
in vertical lines, or directions perpendicular to the surface of tran- 
quil waters. If the earth, or the surface of these waters, were 
perfectly spherical, the directions of gravity tirould all meet at the 
centre. But although this surface is not perfectly spherical, the de- 
viation is so inconsiderable, that, for the objects we have more 
immediately in view, we may, without sensible error, regard tlie 
directions of gravity as meeting at the centre of the earth. 

The earth being considered as a sphere, its radius is estimat- 
ed at 3956 miles, or 20887680 feet. From this it may be read- 



44 Statics. 

ily inferred, that it would require at the surface of the earth an 
extent of about 100 feet to subtend an angle of one second at the 
centre. Thus, with respect to a machine of 100 feet in length, 
the directions of gravity at the extremities would want only one 
second of being parallel. Hence, on account of the great distance 
of the centre of the earth, compared with the dimensians of any 
machine, we may regard the directions of gravity as parallel. We 
may also for the same reason, consider the force of gravity y exerted 
upon different parts of the same body^ as the same in point iffsnagm- 
tudcy and capable of giving the same velocity in the same tisnsm 

75. By the centre of gravity of a body, or system of bodies (that 
is, any assemblage whatever of bodies), we mean that point through 
which passes the resultant of all the particular forces exerted by the 
gravity of the several parts of the body, or system of bodies, in 
whatever position the body or system is placed. 

Fig. 26. If, for example, in tbe actual position of the triangle ABC, Ae 
resultant force of all the actions of gravity, upon the several parts of 
this triangle, passed through a certain point G of its surface, and in 
another position a 6 c, it should pass through the same point G, 
this point is what we call the centre of gravity. We shall see here- 
after that the resultant in question passes through the same point io 
all possible positions of the given body. 

76. The centre of gravity is easily determined by means of 
what we have said upon the use of moments in finding the resul- 

61. tant of several parallel forces. 

« 

Fig. 27. Let there be any number of bodies m, n, o, whose masses we 
will consider for the present as concentrated in the points A, B, 
C, situated in the same plane. Let u be the velocity which gravity 
tends to give to each in an instant ; 

tt X »>, u X «, tt X 0, or ti m, u n, tf 0, 

will be the quantities of motion, or forces, with which the bodies tend 
to move according to the parallel directions A^'A^ B*'By O'C. h 
order, therefore, to find the position of th^ resultant, we take the 
sum of the moments with regard to any point jP, assumed at pleas- 
are, io a line perpendicular to the directions of the forces, and 
divide this sum by the sum of the forces; we have therefore for the 
66. value of the distance FG'\ at which this resultant passes, 

FG'' = ~-^ i^ii^^ + « « X FB'' + U0X FC 

u m-\' un + u ' 



Centre of Gravity • 45 

or, by suppressing the common factor ti, 

p^„ _ m X FA" + n X FB" + o X FC 

In like manner, if we draw the lines AA'^ BB\ COy parallel to 
FG^^f and terminating in the vertical FO ; and suppose moreover, 
that the point G, taken in the direction of the resultant, is the centre 
of gravity sought, by drawing G'G also parallel to PG'', we shall 
have 

FG'' = GG, FB" = JB'B, FA' = A A, FC = OC; 
whence 

Q,Q _ m X AA + n X B'B -h X CC ^ 

w 4" » 4" ^ ' 

that is (by considering the masses vi, n, 0, as representing the for* 
ces, the velocity « being common), the distance of the centre of 
gravity of several bodies from an assumed straight line^ is found by 
dividing the sum of the moments of these bodies {taken vnth respect 
to this line) by the sum of the masses. 

Let us now conceive the system of bodies m, n, 0, reversed in 
such a manner that FA'\ instead of being horizontal, shall become 
vertical, kc, ; it is apparent, that in order to find the distance of the 
resultant from the line FA'^ now vertical, it will be necessary to 
take the sum of the.moments with respect to FA'^ and to divide 
this sum by the sum of the masses ; which givesi 

G"G = "» X A" A +nX B'B + oX O'C 

m -\- n -{- o 

Having found the distance of the point G from two fixed known 
lines FA'y FOy the position of this centre G is evidently de- Top. 1. 
termined. 

It is here taken for granted that the distances AA^ AA^ B'B^ 
BB"^ &c., are known, since the point through which FA'^ FOy 
are drawn, is assumed at pleasure! 

77. If the distances A'A^ B^'Bj &c., are each zero ; that is, 
if all the bodies are in the same straight line FA'^ the sum of the 
moments with respect to this line is zero; the distance G''G is 
therefore zero. Accordingly, if several bodies, considered as points^ 
are in the same straight lineytheir common centre of gravity is also 
in tins line. 
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78. If the lines FA'% FOj are either of them drawo in such a 
manner as to have bodies situated on each side of it instead of the 
sum of the moments, we should say the sum of tlie moments that are 
found on one side, minus the sum of the moments that are found oo 
the other side. As to the denominator of the fraction which ex- 
presses the distance of the centre of gravity, it will always be com- 
posed of the sum of the masses, since all the forces, by the nature of 
gravity, act in the same direction. What is here said is applicable 
to any number of bodies, which, being considered as points, are sit- 
uated in the same plane. 

The lines FA^\ FO, are called the axes of the moments. 

79. If now we suppose the point F^ which we at first took arbi- 
trarily, to be in Cr, G'G and &'G become each equal to zero. 
Therefore the sum of the moments with respect to FA^', and the 
sum of the moments with respect to FOj must in this case be each 
equal to zero. 

Fir. 28. ^^' ^^ °^^ ^^7' ^^^^ ^^ ^^^ ^"™ ^^ ^^^ moments of several 
bodies with respect to the straight line TS^ passing through the point 
Of is equal to zero ; and the sum of the moments with respect to 
the straight line DJS, perpendicular to T5, and passing also through 
6, is in like manner equal to zero ; the sum of the moments mtb 
respect to any other straight line LH^ passing through the same 
point Gf will also be equal to zero. 

Indeed, having let fall upon the lines DjE7, TS, LH, the per- 
pendiculars AA\ AA"f AA'"} if we suppose that the point I is 
that in which AA^ meets LHy from the right-angled triangle GA^h 
we have 

sin GIA : GA' : : sm DGL : A% 
or 

cos DGL : AA^' : : sin DGL : A'lz^ ^^'""il^^ ; 

cos DGL 

whence 

COS DGL 

Now from the right-angled triangle lAA"', we have, radius being 
supposed equal to i, 

1 : ^i : : sin ALA!" : AA "' 

: : cos DGL : AA''' = -4/ X cos D6L\ 
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that is, substitutiDgibr Al its value above found, 

AA''' =1 AA' cos DGL — AA'' x sin DGL; 

hence, if we multiply by the mass m to obtain the moment, we shall 
have 

m X -AA'" = m X AA' x cos D6L — m x AAf' X sinDGL; 

in other words, the moment of the body m with respect to the axis 
LHf is equal to the cosine of the angle DOL, multiplied by the 
sum of the moments with respect to the axis D£, minus the sine 
of the same angle DGLj multiplied by the sum of the moments 
with respect to the axis TS. 

Now it is manifest, that with regard to any other body n, we 
should arrive at a similar result, with the exception only of the signs 
according to which the bodies are on the same or on different sides 
of LH, Consequently, if we take the sum of ail the moments with 
respect to the axis LH, we shall find that it is equal to the cosine 
of the angle DGL, multiplied by the sum of the moments with 
respect to jD£, minus the sine of the angle DOL^ multiplied by 
the sum of the moments with respect to * TS. But each of these 
two last sums is by supposition equal to zero ; consequently their 
products by the cosine and sine respectively of the angle DGL^ 
will be each equal to zero ; therefore, also, the sum of the momenis 
with respect to any axis whatever LH^ which passes through the 
centre of gravity G, is equal to zero, 

81. Hence we infer that the resultant action of all the partic- 
ular actions of gravity, which are exerted upon the several parts 
of a system of bodies, passes always through the same point of this 
system, whatever be its position ; for it is not with respect to the 
direction of the resultant that the sum of the moments of the 
several parallel forces may be equal to zero. 08. 

Moreover, although the inquiry hitherto has been only respect- 
ing bodies whose centres of gravity are in the same plane, the 
method is not the less applicable to the case where the parts of the 
system are in different planes. 

82. If the bodies, still regarded as points, are not in the same 
plane, let us imagine a horizontal plane XZj and from each of the Fig. S8. 
gravitating points jp, 9, r, let the vertical lines Ap^B q^ C r^ be 
supposed to be drawn ; and in order to determine the point Ej 
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through which passes the resultant g E, in the direction of which 
must be the centre of gravity, we take the moments with respect to 
two fixed lines FX^ FZ, assumed in the horizontal plane, perpen- 
dicular to each other ; we take, I say, the sum of the moments, as 
if the bodies were all in this horizontal plane ; and having divided 
I each of the two sums of moments by the sum of the masses or 
forces Pj q, r, we shall have the two distances £'£, E^'E. It 
will only remain, therefore, to find at what distance £6, below the 
horizontal plane this centre is situated. 

Now if we imagine the figure reversed, the plane XZ becoming 
vertical, and ZF^ horizontal, it will be seen that in order to deter- 
mine the distance £'Gr^, corresponding ^nd equal to EOj the 
distance sought, it is necessary, according to the method above pur- 
sued, to take the sum of the moments with respect to ZF^ as if 
the bodies were all in the plane ZV^ and to divide this sum h^ 
the sum of the masses ; we have then every thing that is requi^te 
in order to fix the position of the centre of gravity, 

83. Hence, by recapitulating what we have said, this problem 
reduces itself to the following particulars ; 

* 

(1.) When the several bodies, considered as points, are situated 

Fig. 29. in the same straight line, we take the sum of the moments witb 

respect to a fixed point £, assumed arbitrarily in this line, and 

divide this sum by the sum of the masses, and the quotient will be 

the distance of the centre of gravity G from the point F. 

(2.) When the several bodies, considered as points, are all in the 
Fig. 27. same plane ; through a point F, taken arbitrarily in this plane, we 
suppose two lines FA'^ FC\ to be drawn at right angles to each 
. other ; and having let fall perpendiculars upon each of tbese two 
lines from each gravitating point, we imagine that these gravitating 
points are applied successively to the lines FA'\ FC',-where their per- 
pendiculars respectively fall. We then seek, as in the case just stated, 
what would be the centre of gravity Q" in FA'^ and what would 
be the centre of gravity G' in FO ; drawing lastly through these 
two points the lines G'^G, G'Gy parallel respectively to FC, FA^^ 
and their point of meeting G will be the centre of gravity sought. 

(3.) When the several bodies, considered as points, are in 
Fig. 23. different planes, we imagine three planes, one horizontal, and tbe 
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two others Yertical luid perpeDdicular to each other« From each 
gravilatiDg point we suppose perpendiculars let fall upon each of 
these tlvree planes ; we then take the sum of the moments with 
respect to each plane, and dividing each of these sums by the sum 
of tlie masses, we shall have the three distances of the centre of 
gravity from the three planes respectively. 

84. It must he recollected, moreover, in what is above said, 
that when the bodies are on difierent sides of the line or plane with 
respect to which the moments are considered, it is necessary to take 
with contrary signs the moments of bodies that are found on oppo* 
site sides. 

85. We will here make a remark, that is suggested by what 
has been said, and which will enable us to abridge, in many cases, 
the process of finding the centre of gravity as well as the solution of 
other problems. 

Since the distance of the centre of gravity is expressed by the 
sum of the moments divided by the sum of the masses, if this centre 
happen to be in the point, line, or plane, with respect to which the 
moments are considered, the distance being zero, the sum of the 
moments must also be zero. Therefore, ihz ^m of the tnomente 
with respect to any such plane as may pass through the centre of 
gravity is zero. 

86. Hitherto we have considered bodies as so many points, and 
we have seen how the centre of gravity of all these points may be 
determined, whatever be their number and position. Now a body 
of any size or figure whatever, being only an assemblage of other 
bodies or material parts, which may be considered as points, it 
follows that, by the method above pursued, we may determine^the 
centre of gravity of a body of any figure whatever. 

Also, since the centre of gravity is simply the point through 
which passes the resultant of all the particular efforts made by the 
several parts of a body in virtue of their gravity, and since this 
resultant is equal to the sum of all these particular ejBTorts ; it follows, 
that we may in all cases suppose the whole weight of a "body united 
at its centre of gravity, and the weight would have the same eflfect 
upon this point, when thus united, that it would have in its actual 
state of distribution through all parts of the body. 
Mseh. 7 



60 SiaAes. 

87. When, therefore, it is propoied to find tbe eomnuMi eenlie 
of gravity of several masses of wliatever figure, we begin by seeking 
tbe centre of gravity of each of these masses, which b attended with 
no difficulty. Then, the weight of these masses being considered as 
united each at its centre of gravity, we seek the commoii ceotre 
of gravity, as if all these bodies were points situated where each 
has its particular centre of gravity. 

88. Accordingly, every thing which we have said hitherto upon 
tbe common centre of gravity of several bodies, considered as 
points, is equally applicable to bodies of whatever figure, if we 
take, in estimating the moments, instead of the distance of emch 
body, the distance of its particular centre of gravity. 

89. Hence, finally, if several bodies^ of sohaiever figure^ ham 
their particular centres of gravity in the same straight Itne, in' in the 
same plane ; their common centre of gravity wiU^ in the former eatSy 
be in the given straight line, and in the latter in the given plane* 



Application of the Principles of the Centre of Cfravity to particular 

Problems. 

Fig. 80. 90. Let AB be a straight line uniformly heavy. It will be 
seen at once without the aid of any demonstration, that the middle 
point P, of its length will be its centre of gravity. But in order 
to ilhistrate and confirm the theory of moments, developed in the 
preceding articles, let us seek the centre of gravity according to tbe 
principles of this method. 

We imagine this straight line divided into an infinite number of 
points, of which P p represents one } and that each is multiplied by 
its distance from a fixed point, as the extremity A for example. 
We then take the sum of these products, and divide it by the sum 
of the parts of which P pis one, that is, by the line AB. Ac- 
cordingly, if we call AB^ a ; APj x ; we shall have Ppz:^dx'y 
Cd. 7. and the moment of P p will be equal to x d x, which must be in- 
tegrated to obtain the sum of the moments. This sum therefore 

Cai. 82. will be equal to -^ ; and in order to have it for the whde extent of 

A 

the line, we must suppose « = a, which gives ^ for the entire sum 
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of the momeDts* Diriding this by the sum a of the masses, we 

« o a 

have o" °'' 5 ^^^ ^® distance of the centre of gravity from the point 88. 

^. Thus, the centre of gravity of a straigfU line^ un^ormly heavy y 
is its middle pointy as was before manifest. 

91. Hence, (I.) /u order to have the centre of gravity of the f-^^^ ^i^ 
perimeter of a polygon^ it is necessary, from the middle of each 

of the sides, to let fall perpendiculars upon two fixed lines ABj 
ACf taken in the plane of this polygon; and, considering the 
weight of each side as united in the middle of this side, to seek the ge. 
common centre of gravity of these weights in the manner already 
explained. 

92. (2.) !7Hc centre of gravity of the surface of a parallelogram 
is the middle point of the line which joins the middle of two opposite 
eideem For, by considering the parallelogram as composed ofFig«3SL 
material lines, parallel to these two sides, each will have its centre 

of gravity in the line which passes through the middle of these same 
sides. The common centre of gravity, therefore, of all the lines 
will be io the bisecting line. It will, moreover, be in its middle 
point, since this line, considered as sustaining the weights of all the 90. 
other lines, is uniformly heavy. 

93. (3.) To find the centre of gravity of a triangle ABC} we Fig. 88. 
draw from the vertex A to the middle D of the opposite side JBC, 

the straight line \D^, and from the point D we take DGr = ^ DA* 

Indeed, the straight line DA^ which divides BC into two equal 
parts at the point D, divides also into two equal parts every other 
line LNj parallel io BC; accordingly, if we consider the surface 
of the triangle as an assemblage of material lines parallel to JBC, 
the line DA^ which passes through the particular centres of gravity 
of all these lines, will also pass through their common centre of , 
gravity, that is, through the centre of gravity of the triangle. For n. 
the same reason, the line CJS, which passes through the middle of 
AB^ will in like manner pass through the centre of gravity of the 
triangle. This centre is consequently at the point of intersection G 
of the two lines CE and DA. Now, if we join J51>, it will be 
parallel to ^C, since it divides into two equal parts the sides AB, 
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geom. BC. The two triangles EOD, AOC, are accordingly sunilar, ts 
Geoou well as the triangles ABC^ EBD ; we have, therefore, 

^^ DG : AG :: DE : AC :: BD : BC :: I z 2; 

that is, DG \s half of AG^ and therefore one third of AD. 

94. Hence, in order to find the centre of gravity G of a trapt- 

Fig. 34. zoidf we draw KL through the middle points of the two parallel 

sides, and from these same points f , £r, we draw the lines JO, 

£fD, to the vertices of the opposite angles A^ D; then having 

taken 

KE=i KA, LF= I LD, 

we join JEIF, which will cut KL in G, the point sought. 

For, by reasoning as we have done in the case of the triangle, 
we shall see that the centre of gravity G must be in KL. More- 
over, since JE7, jP, are the centres of gravity respectively, of the 

98. triangles CAD, ADB, which compose the trapezoid ABDC, the 
common centre of gravity of the two triangles or of the trapezoid 

77. must be in EF; it follows, therefore, that it is at* the intersec- 
tion G. 

To find the distance LG, which we shall have occasion to use 
hereafter, we draw the lines EH, FI, parallel respectively to AB; 
and since 

JOE = i KA, and LF =z i LD, 

we shall have 

EH=ii ALy and jFI= ^ JED, 

or 

EH= i AB, and FJ = | CD. 

For the same reason, 

KH=\KL, LI=\KLy 
therefore 

jHI= \KL. 

Now the similar triangles GHEj GFI, give 

EH : GH :: FI : Gly 
whence 

EH+FI : GH+GI or HI ii FI i GI; 
that is, 

iAB + ^CD:^KL::iCD : GI; 
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tfaerefbre 

Of- ^KLXICD _ \KLX CD ^ 
lAB + iCD'^ AB -{- CD ' 

and, because jLjE? = LI -|- GI, if we substitute for LI and GI 
the values above found, we shall have 

_ iKL X {AB -h 2 C/>) 
iljB + Ci> 

We remark in passing, diat if the height KL of the trapezoid 
were infinitely small, and the difference of the two sides AB^ CD^ 
were infinitely small, these sides must be considered as equal, so 

that the distance LG would reduce itself to ^ o"Tn ^ 

^ KL ; that is, the centre of gravity in this case b equally distant 
from the two opposite bases. 

95. To find the centre of gravity of the surface of any po/j^on, F\g. 85. 
we divide it into triangles, and having found the centre of gravity 

of each triangle in the manner above shown, we determine the com- W. 
roon centre of gravity of all the triangles, by considering them as 
so many masses proportional to their surfaces, and concentrated each 
at its particular centre of gravity, agreeably to the method already M. 
adopted. 

It will hence be seen how we should proceed in determining the 
centre of gravity of the surface of any solid figure terminated by 
plane surfaces. 

96. In fine, it is not always necessary to have recourse to mo- 
ments in finding the centre of gravity. If it were proposed, for 
example, to determine the centre of gravity of the perimeter of a 
regular pentagon ABCDEy I should draw from the vertex of onerig.aa* 
of its angles A^ to the middle of its opposite side, a straight line 
AH'y likewise from the vertex of another angle £, to the middle 

of its opposite side, a straight line Ely and the intersection G of 
these Knes will be the centre of gravity. 

Indeed the common centre of gravity of the two sides AB^ AE, 
is evidently the middle c, of the line b a, which passes through their 
middle points. The common centre of gravity of the two sidea 
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BCj DEy is for tbe same reason the middle of the lioe EST wfaicb 
passes through their middle points ; and tbe side CD has its centre 
of gravity in H. Now it is manifest that the line ASC passes 
through the middle points c, e, and H; it accordingly passes tfaFough 
the common centre of gravity of the five sides. It may be sbown^ 
in like manner, that IE also passes through the centre of gravity ; 
therefore this centre is at the intersection O of AH and IE, 

97. By pursuing the same kind of reasoning which we adopted 
in the case of the triangle, it might be demonstrated that the point 
G is the centre of gravity of the surface of a regular pentagon. 

In general, it may be shown, by the same method, that the 
centre of gravity of the perimeter, as well as of the surface of any 
regular polygon, of an odd number of sides, is the point of in- 
tersection of two straight lines, each of which is drawn from the 
vertex of one of the angles to the middle of the opposite side. 
Fig. 87. And when the number of sides is even, the centre of gravity, both 
of the perimeter and of the surface, is the point of intersection of 
two straight lines drawn through the middle points of two pairs of 
opposite sides. We might also extend this mode of reasoning to 
the circle, by regarding it as a polygon of an infinite number of 
sides, and we should find that the centre of gravity of tbe circum- 
ference, and of the surfiice, is the centre. 

When the number of lines, surfaces, bodies, d^c, is not coo- 
nderable, tbe centre of gravity may be found by the method of 
Fig. 88. articles 53, 54. Let tbe three points A^ B, C, for example^ be 
the centres of gravity of three lines, or three surfaces, or three 
bodies, whose weights are represented by the masses in, n, o. 
Having joined two of these points, as B and C, by the line BC^ 
we divide jBC at CH^ in such a manner as to give 

n : : : CCH : BG* 
or 

n + o I n II CB \ C&\ 

and the point & thus found, will be the centre of gravity of the 
two weights n, o. We now draw &Ay and supposing the two 
masses n, o, united in &j we divide, in the same way, Cr'A in die 
inverse ratio of tbe two masses m and n '\- o, that is, so as to 
give 

n -f- : 11* : : AG : &&, 
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or 

n + o + m : m :: A& : GfG; 

and the point O will be the common centra of gravity of the three 
weights m, n, o. We might proceed in a similar manner with a 
greater number of bodies. 

98. It would be easy to deduce from what precedes an easy 
method of finding the centre of gravity of the surface and of the 
solidity of any cylinder or prism. Indeed it is evident that this 
centre must be the middle of the line that passes through the cen- 
tres of gravity of the two opposite bases, since bodies of this form, 
being composed of lamins or material planes, perfectly equal and 
similar to the base, may be considered as so many equal weights 
uniformly distributed upon this line. 

99. To find the centre of gravity G of a triangular pyramid 

S ABC, we draw from the vertex to the centre of gravity F if the Tig. 89. 
base^ the straight line SF, and take in this line, reckoning from F» 
the part FG = J FS. 

To show that G is the centre pf gravity required, from the 
middle D of the side AB, we draw DC, DSj to the opposite ver*' 
tices C, jS^, of the pyramid, and having taken DF = \ DCy and 
DE = ^ DSj the points jP, E^ are respectively the centres of 
gravity of the two triangles ABCy ASB* 9s; 

Tl)is being supposed, if we consider the pyramid as composed 
of material planes, parallel to ABC^ the line £F, which passes 
through the point JP, of the base, will pass through a point similarly 
placed in each of the parallel planes or strata. Thus the particular Geon. 
centres of gravity of the several parallel planes will all be in the '^* 
line SF. For the same reason the particular centres of gravity of 
the several planes parallel to ABS, of which we may suppose the 
pyramid in like manner composed, are all in the line EC. Ac* 
cordingly, the centre of gravity of the pyramid is the point G, 
where the two lines /SF, EC^ situated in the plane jSJDC, intersect 
each other. Now if we draw FjEJ, it will be parallel to CS^ since 
BF being a third of BC^ and DE a third of DSj these two fines 
are cut proportionally. The two triangles FEO^ GCS, are there- Gmoi. 
fore similar } and the two triangles DFEj DCi% are also similar ; ^^* 
whence 
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FG : GS :: FE : CS :: DF ; DC :: 1 : 3; 

that is, FG is a third of GS^ and coosequentty a fourth of jPjSI 

100. As any solid may be decomposed into triangular pyramids, 
knowing the centre of gravity of a triangular pyramid, it will be 
easy, by the method of moments, to find the centre of gravity of any 
body whatever. 

lOL Such is the general manner of finding the centre of gravity 
of bodies, the parts of which are independent of each other, or rather 
when we have not the expression of the law by which they are con- 
nected together. 

But when the parts of a figure or body have a relation that can 
be expressed by an equation, the centre of gravity may be found 
much more readily. 

Fif. 40. ^^^' ^^ *^ ^^ required to find the centre of gravity G, of any 
arc of a curve AM ; we imagine an infinitely small arc M m, and 
take for the axis of the moments any line CA*, parallel to the ordi- 
nates, which are supposed to be perpendicular among tliemselves. 
Suppose, moreover, that the distance of C from the origin A of the 
abscissas z=zh^ h being taken of any magnitude at pleasure. To ob- 
tain the distance GQ' of the centre of gravity from the axis C^^ we 
71^, must take the sum of the moments of the arcs M m, and divide it by 
the sum of the arcs Mm } that is, by the arc AM. Now the arc 
M m being infinitely small, the distance of its middle point n, from 
the straight line CJ>r, may be considered as equal to MN. We 
shall have, therefore, 

Mm X MK 
for the moment of this infinitely small arc. But, calling AP^ «, 

Cal. 97. 

and PJIf , y, we shall have Mmz=i ^d z^ -f- c( y\ and 

JlfJV=PC =A — a?; 



therefore (A — x) j^d z^ -^ dy^ is the moment of the arc ^ m ; 

and consequently J (A — x) y'rfaa-f- rfy«, or the integral of 

(A — ar) ^a z^ -j- c/ y^, is the sum of the moments of all the infi- 
nitely small arcs M m, of which the arc AM is composed. We 
have, therefore, 
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With respect to the arc AM^ which is a divisor in this quantity, 

we have given a method of determining it exactly, when that can Cal. 99. 

be done ; and another method of determining it by approximation* Caiaiii, 

By a course of reasoning similar to the above, we should 
find that the distance GCH'^ of the centre of gravity from the axis 



AP, is / ywf + ^y'. 

«/. AM 



Such are the general formulas which serve to determine the 
centre of gravity of any arc of a curve of which we have the 
equation, by means of the lines designated by x and y. 

103. If the arc of which we wish to 6nd the centre of gravity, 
is composed of two equal and similar parts AM^ AAf^ situated p^, 41, 
on each side respectively of the axis of the abscissas, it b evident 
that the centre of gravity G^ will be in the straight line AP; we 
have, therefore, only to find its distance from the point €• Now 
it is plain that the moments of the two arcs M m, M^ mfj with 
respect to the axis JWV^, being equal, the distance CG will be 
equal to 



MAW 

For example, let the arc MAM' be an arc of a circle ; we have -. 



y = \/ax — x^y a being the diameter. We shall easily find, andcu.' le. 
indeed we have already seen, that 

We shall have, therefore, 

= aj(h — x)dx {ax — «a) ^' 

Supposing now, for the sake of greater simplicity, that the point C 
is the centre, then •dC=A = ^a; we shall have, therefore, 
Meek. 8 
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= a ^ax — X*; 

«D integral to which do constant is to be added, because v^iea 
9 =s 0, this iQtegral becomes zero ; as indeed it ought, since the 
sum of the moments is then evidently nothing. 

We have, therefore, finally, 

2/ (A — x) A/dx^+dy^ = a \/ax—z\ 
and consequently, 

nn^^ \/«>^ — »*-i« V g \/fl»-"g'' _ Ci4 X MAT 
^^ WiW * MAM' Wa3P * 

which gives this proportion, 

MAM? : MM' :: CA : CO. 

Thus we obtain the following rule ; thai the distance of the eexirt 
of a circle from the centre of gravity of any are of this cirde^ tr e 
fourth proportional to the length of the are^ its chords and radHas* 

These formulas may be applied to any other curve. 

We pass now to the consideration of the centre of gravity of 
plane surfaces bounded by curved lines. 

Fig. 42. 104. Let it be required to find the centre of gravity of the sur- 
face APM; and let Gr represent this centre. In order to obtain 
the distance 60', it is necessary to take the sum of the mooients o( 
the small trapezoids MP f m, with respect to CJ^, and to divide 
this sum by the sum of the trapezoids, that is, by the surface APM* 
Now the centre of gravity F of this small trapezoid must be in the 
middle point of the straight line n JT, equs^lly distant from MP and 
mp, which point we can suppose to be in MP, on account of the 
infinitely small height Pp. We shall have, therefore, FL = CP\ 
and the moment of PpmM will be 

P pmM X CPy 

that is, (A — x)y dx, calling always CA, h, and AP, a?. There- 
fore the sum of the moments will be /* (A — x^y dx, and conse- 
quently the distance 

^^ "" AFM ' 
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It win be found, fikewisoi tbat the distance 

^^ "" APM • 



41. 



105. The centre of any plane surface may be found, in the 
same manner, by decomposing it into infinitely small trapezoids* 

For example, let the surface in question be the triangle ANJ^^ 
and take the base NN* and the height AC for the axes of the mo- 
ments; now calling AP^x^ MM\y^ and ACyh^ we shall have*'*' **' 
MM* mf m =i y dx; and the moment of this trapezoid, wuh respect 
to JV*C, will he{k'^x)y d x. Therefore, the distance G 0' of the 

centre of gravity from the base, will be amw * ^^^ ^"^ 

ing c the base, we have 

AC I AP :: JVA» .MM; 

that is, 

• ex 

A : d? : : c : y r= -^ ; 

a % d % 

therefbre/(A — x)y dx becomes/(A — x) — r — , or 



h 



•y {Jixdx — sfidx\ 



the value of which is -j^ (-^ gj or gx (^ * — ^ *)" ^^"^ 

the surface AMM is g or n ; therefore the distance 

GGr' of the centre of gravity of the surface from the base is 

wluch, when a? = A, becomes | A, to which this distance is therefore 
equal. Now if we draw the line AGL^ the amilar triangles ACL^ 
GGfXi, give 

LO I LA XI GO" I AC i: Ih : h :: I : 3 

therefore LG == \ LAf which agrees with what has been before 
^iemoQstrated. 
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106. Let us now apply the formulas to curved lines. Suppose 
that APM is a portion of a circle whose diameter is a, and whose 
Hf. 44. centre is C ; we have then h =i AC z:z \a. Now 



y z= y'a x — 



X 



9 



the quantity/ (A — x) y dx^ becomes therefore 



C«l. 88. / (i a — x) dxx/ax—x^, 

OTf{\a — a:) da?(oa? — a*) *, which is an integrable quantity, 

and being integrated, gives | (a x^^a^)* } a quantity to which do 
constant is to be added, because it becomes zero, when a? = 0; as 
it evidently ought. We have, therefore, 

''^ - AFM - AFM' 



With respect to OG^'j since y = \^a x — i*, we shall have, 

but ^ ¥ (^ * — 0?) dx^ox C\ {a X d X — a* rf «), 

is \ Qr-t) °' t'» ^ (3 a-2 «) ; 

we have, therefore, 

If the question related to the entire segment, since it is evident that 

^ff* ^« the centre of gravity £, must be in the radius CA^ which bisects the 

arc, and that it must be at the same distance from JVW^ as the 

centre of gravity of each of the two semi-segments APMj APM^ 

we shall have 

"" APM ■" APM "" APM 

that is, the distance of the centre of a circle from the centre ofgrav" 
ity of any one of its segments^ is equal to the twelfth part of the cube 
ofilie chord, divided by the surface of this segment. 

Ttg.4». 107. The centre of gravity of a sector CM AM may be easily 
found, by observing that JS, the centire of gravity of the segment 



93. 
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MAM'^ Q tbat of the sector, and F that of the triangle, are all in 
the radius CA ; and that, according to the principle of moments, the 
momeot of the sector must be equal to the moment of the segment 
plus tbat of the triangle. We have then 

CMAM xCG=z MAM' x CE + CMM? X CF. 

Now we have just found CE = \-irjSi ^hich may be changed 

"*° I™ =1^5 therefore CE X MAM = | 

We know, moreover, that CMM' = FM x CP, and that 

CF = i CP, 

so that CMM' x CF is reduced to | PM X W- Substituting, 
therefore, these values, we have 

CMAM' X CG = \7mP + i PM X CP 

= i PM {FXfi + ^P') 

= 4 PM X CJS^9 on account of the right-angled triangle CPM ; 
consequently, 

^^ - CMAM' • 
But the surface of the sector CMAM'j is equal to the arc MAM 

multiplied by -5-, therefore ^ao. 

rr _ jPMx CJp ^jPMx CM_ iM3f X CA 
^^ "" MAM' X CM "" MAM ^ MAM' ' 

2 

That is, the distance of the centre of a cirde from the centre of 
gravity of any one of its sectors, is a fourth proportional to the arc^ 
the radius^ and tufo thirds of the chord of the arc. 

The formulas above found may be applied to any other curve, 
as the parabola, kc. 

108. We now proceed to the consideration of curved surfaces, 
confiDing ourselves to those of solids of revolution. Reasoning, then, 
as in the preceding articles, it will be perceived that the centre of 
gravity of each elementary zone, is in the axis of revolution CAj and Fi^.46. 
that it must be regarded as at the centre P of one of the bases of 
this zone, considered as having an infinitely small breadth. But we 

have seen tbat the expression for this zone is2ny j^dafi + d y^ Cal. 97. 
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n represeDting the ratio of tbe diameter to the drcumfereiiee. We 
shall have, thereforci (denoting always by h^ tbe distance ACaf^ 
the origin of tbe abscissasi from JVJV'^, the axis of tbe moments) 2 m 

{h — x) y ^d cfl + d y^ for tbe moment of this zone ; froofi which 
it follows that tbe distance of G| the centre of gravity of tbo sur- 
face, from tbe point C, designating this surface by a, will be 

f 2n{h—t)ys/dz^ + d y* 

a 

109. Liet us suppose, in order to apply this formula, that it is 

proposed to find the centre of gravity of tbe convex surface of tbe 

Vii.47. right cone JJVW^ ; we denote AP by a?, PM by y, the height AC 

by A, CA" tbe radius of the base by o, and the sid& AM" by e. Ota 

accotmtof the similar triangles, ACJfy 3f f m, we have 

AC : AJf :: Mr : JIfm; 

that is, 

h I t II dx I s/d ai* + d y" = -r— • 

We have also, on account of the similar triangles, ACN and AFMj 

AC : CJV :: AP : PM, 



that is. 



therefore 



ax 



: a : : 0? : y =: -r-; 



/ 2 ff (A— «) y \/ds^ + df 
becomes y ^^ x (*-*) X ^ X '4^; 

of which the integral is 
2 9r a e 






^M^ Now, the surface of the pordon AMLMA, or a, is equal to 



528. 



-TP X circum PM^ and we have 



AC :AP ::AJf:AM, ^ d!L^^. 



tberefbre, 
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"— ^ZAC XcircttmfJIl^ __X— y— --^pr-» 

therefore the distance of the centre of gravity of the surbce 
AMLMAy from the point C is 

^ *^ , or \ (3 A — 2 *). 



fi ee 



Therefore, when a? = A, or .^P = .^C, we shall have the dis-^ 
tance CG, of the centre of gravity of the whole curved surface of 
the cone, 

that is, the centre of gravity is found in the same manner as that of 
the surface of the triangle ANN'. 

110. For a second example, we take the sphere. We now have Fig* 49« 
y =: ^a x-^if^a heing the diameter, and 

/ i a d z 



therefore^ 2 n{h — x) y j^d a* + rfy* will become 

J ^ n{k — x) \adx\ 

and this expression, C being the centre, which gives A =z | a, wiQ 
be equal io T n a {^ a d x -^ x d x)^ which, being integrated, b 
na{\ax^'^a^ornax(Jga — ^ x). Now we have found 
that the surface a of the spherical segment AMLMAy was tk e x ;car. 
we have, therefore, for the distance CQ of C, the centre of the 
sphere, from the centre of graviqr O » 



n ax 



(I a — !«) = ! a^J»= CA—iAPi 



n ax 

that is, the centre erf* gravity G is in the middle of the altitude AP 
of this segment. Hence we derive the general conclusion, that the 
centreof gravity of the iutf ace of a tpherieiU zone^ comprehended 
hetween two paraUel planes^ is the middle point of the altitude of 
this zone. 

111. We shall terminate this branch of oar subject, with the in- 
vestigation of the centres of gravity of solids. 



64 Staiict. 

Fig. 46. If we consider a solid as made up of laminae infinitely tbin, and 
parallel to each other, and represent generally by a one of the op- 
posite bases of each lamina, and by d x its thickness, we shall have 
a d X VLB the expression for each lamina; and consequently 
a{h — x) d X for its moment with respect to a plane parallel to these 
laminae, whose distance AC from the vertex^ we represent by &. 
Thereforci denoting by h the bulk ALMMA, the distance of the 

centre of gravity from C will be = •^— ^ — r — '- . Now the 

Cai. 100^ value of b is determined by methods which have been heretofore giv- 
en, and that of fa (h — x) d xis found by the same methods, when 
the value of a is known in terms of x. We shall thus obtain the dis- 
tance of the centre of .gravity from a known plane. We might find 
in the same way the distance of this centre from each of the two 
other planes, perpendicular to one another, and to the first; but we 
shall confine ourselves for the present to those solids, ofs which the 
parallel laminae have their respective centres of gravity all in the same 
straight line, as pyramids, and solids of revolution. 

112. We begin with pyramids. Let h denote the height ^C 

Fig. 4a. of any pyramid ; a? the perpendicular distance AP of any lamina 

from the vertex ; c^ the surface of the base ; we shall have the 

surface of the lamina situated at the distance x firom the vertex, bj 

J^""' this proportion 



we have, therefore, 






c« 2» 



whence J or (A — x) dx becomes 






(4A_3a!). 



Geoffl. But the pyramid which has x for its height, and for its base 
a or -jjf- is = - .^ ' ; the distance of the centre of gravi^r, there- 
fore, is 



% 

Cenire of Oramijf in pariieiUar Bodiei. 66 






or J (4 A — 3 a?) ; 

this quaDtity, when «r = A = w9C, is reducedto } Ai and we have 

the height CG'^ of the centre of gravity O^ above the base = | A. 

Now let G' represent the centre of gravity of the base ; the line 
AG^ will pass through 6, the centre of gravity of the pyramid ; and 
the parallels G''G, G'C, will give 

G'^CoriA : jiCorA :: GG' : JlG' ; 

whence GG' =z ^ AG' ] which confirms what we have before said, W. 
and shows that the centre of gravity of every pyramid, is one fourth 
of the distance from the centre of gravity of the base, to the vertex. 

113. With respect to solids of revolution, the general value ofOeon, 
a is 97 y* ; the general expression for the distance of the centre of 

gravity will thus be f. — • This formula may be 

applied to the sphere, the ellipsoid, &c., and by means of the 
ellipsoid may be determined the centre of gravity of masts. 

114* What we have said with respect to centres of gravity, 
will enable us to arrive at a solution in any case that may occur ; 
we shall, notwithstanding, point out particularly the course to be 
pursued in order to find the centre of gravity of the immersed part ^ 
of a ship's bottom, or rather of a homogeneous solid of this form. 

We may suppose the centre of gravity to be in a vertical plane 
passing through the axis of the keel, and we have only to deter- 
mine its horizontal distance from a vertical line drawn through a 
given point of the stem-post, and its vertical distance from the 
keel. 

For each of these objects we must begin by determining the 
centre of gravity of a surface ANDFPBy bounded by two par- 
allel lines ABj DF, and two equal curves, similar to wSiVZ), Fig. 60. 
BPF. 

If we had the equation of this curve, nothing would be more 
easy than to determine its centre of gravity 6, by the preceding 
methods. Bat not having it, we must conceive the line CE to 
JlfecA. 9 



94. 
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pass through C and JS, the middle points of AB^ DF, respective- 
ly, and that this line is divided by the perpendiculars TJBT^ KM^ 
be., into equal parts, so small that the arcs comprehended be- 
tween any two adjacent perpendiculars, shall not difier sensibly 
from straight lines. We must next take the moments of the trape- 
zoids DTHFj TKMHy be., with respect to the point R, and 
Qtom, divide the sum of these moments by the sum of the trapezoids, 
that is, by the surface ANDFPB. This surface, being composed 
of trapezoids, is readily determined. We have, therefore, only 
to find a simple expression for the sum of the moments. Now the 
distance of the centre of gravity of the trapezoid THFD^ bom 
the point £, is 

\IEx iDF + 2 TH ) 
I)F+ TH ' 

that of the trapezoid TKMH from the same point £, will be, for 
the same reason, taken in connexion with the equality of the Hoes 
IE, IL, &c., ^ 

jIEx {TH+2K3r) jj^ 4/^(4 TH + 5KM) 
TH+KM "^ ^^' °^ TH+KM 

In like manner, the distance of the centre of gravity of the 
trapezoid NKMPj will be 

ilEx{KM+2NP) , o nr nr i IEX{7KM+SNP) 
KM+NP -t--^^^,or KM+NP ' 

and so on. 

Geom. Now if we multiply each distance by the surface of the cor- 

responding trapezoid, that is, by half the sum of the two parallel 
sides, multiplied by their common height IE, we shall have for the 
series of these moments, 

in^ X {DF + 2 TH), iW X {^TH+5 KM), 

}I^ X {7 KM + 8 NP)y 

and so on ; the sum of which will be 

i ZB* X (DF + 6 TH+ 12 KM+ 18 NP + 

24 Q*S + 14 JIB). 

It may be observed, that if there were a greater number of 
divisions, the multiplier of the last term, which is here 14, would 
be in general 2 -|- 3 (n — 2) or 3 n — 4, n representing the 
whole number of the perpendiculars DF, TH, 8cc., mcluding AB, 



Centre of (Sratfky in particular Bodies. 67 

which may be zero. So that the general expression for the sum 
of the moments is reduced to 

W^(iDF+ TH+2KM+2NP + 4 qS^hc. . . 

+ (ULp^ AB). 

m 

But it is evident that the surface ANDFPB has for its ex- 
pression, 

IE X ii DF+ TH+ JEM + JVP + fee. . . 4- i AB) ; 
and hence the distance of the centre of gravity G, namely, 

~ IDF+ TH + JSJtf + JVP + aTc. . .+hAB 

This formula, expressed in common language, furnishes the 
following rule ; 

To find the distance of the centre of gravity G, from one of 
the extreme ordinates DFj , 

( 1 ). Take a sixth of the first ordinate DF ; a sixth of the last 
ordinate AB, mulfiplied by triple the number of ordinates less 4 ; 
then the second ordinate, double the third, triple the fourth, and so 
on ; which may be called the first sum. 

(2). To half the entire sum of the two extreme ordinates, add 
aU the intermediate ordinates, for a second sum ; 

(3). Divide the first sum by the second, and multiply the quo» 88. 
tient by the common interval between two adjacent ordinates. 

For example, if th^re were 7 perpendiculars, whose values 
were 18, 23, 28, 30, 30, 21, 0, feet; and each interval were 
20 feet ; I should take a sixth of 18, which is 3 ; and since the 
last term is 0, 1 should add to 3, the second ordinate 23, double 
of 28, triple of 30, 4 times 30, and so on, which would give 397. 
To the half of 18, J should next add, 23, 28, Sec., the result of 
which would be 141; now dividing 397 by 141, and multiplying 
by 20, I should have 

397 X 20 7940 .^ r . ; • u i « 

— rv| — or -rjT- = 56 feet 4 mches nearly.* 

When we once know how to determine the centre of gravity 
of any section of a solid, that of the solid itself is easily found. 

* See Boaguer, Traiti du Navircy p. 213. 
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Hence, by means of what is above laid down, we can detennine 
the centre of gravity of the hold of a ship, or of the space em- 
braced by the outer surface of a ship's bottom. Liet it it be pro- 
posed to find the distance of the centre of gravity of this space 
from the keel. We imagine it composed of several laminas par- 

Fiir. 51, allel to the section at the water's edge. The bulk of each laiXK 
ina will be equal to half the sum of the two opposite surfaces of 

^m. ^{3 lamina, multiplied by their perpendicular distance, and tbe 
centre of gravity will be at the same height in this lamina, as 10 tbe 
trapezoid ABCD, which is a section of this lamina, made by a 
vertical plane passing through the keel. We see, therefore, that 
tbe reasoning to be made use of here, in order to find the height 
GE, of tiie centre of gravity, is precisely tbe same as that io the 
last case, substituting only for perpendicular or ordinattj tbe woid 
section ; we have, therefore, this rule ; 

(1). Take a sixth of the lowest section; a sixth of the higkesij 
multiplied by triple the number of sections less 4 ; the second section 
from the lowest, double the third, triple the fourth, and so on ; and 
caU the result the first sum* 

(2). Take half the sum of the lowest and highest seeUoHMj and 
all the sections betufeen them, for the second sum^ 

8S. (3). Divide the first sum by the second, and multiply the quo- 

tient by the common distance between two adjacent sections. 

We may make use of the same method in finding the distance 
Fig. 61. of the centre of gravity from the vertical line XZ, drawn through 
a determinate point B of the stern-post, by imagining the bot- 
tom cut by planes parallel to the midship frame ; but as it would 
be necessary to measure the surfaces of these sections, it is better 
to make use of those which have been abeady measured, in tbe 
last operation ; accordingly we determine by the above method 
the centres of gravity G^, CH, of the several sections parallel to tbe 
keel. Their distances from the vertical XZ will be each the same 
as that of the centre of gravity G' of the corresponding lamina. 
We now multiply each section by the distance of its centre of 
gravity from the lines XZ, and regarding the several products as 
the ordinntes of a curved line, like those in figure 50, we add tbe 
half sum of the two extreme products, to tbe sum of all the 
mean products, and divide the entire sum by the sum of all the 
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mean sectionB, plas half the sam of the two extreme sectioDS, the 
commoo thickDess of the lamiDSd being suppressed as a common 88. 
factor to the dividend and divisor. 

With respect to the centre of gravity of the vessel itself, wheth* 
er laden or not, the investigation cannot be reduced to so simple a 
process. We must take into particular con^deration the difiei^ 
ent parts which compose both the vessel and its lading. Having 
found the moments of these different parts with respect to a hori- 
zontal plane, supposed to pass through the keel ; and the moments 
with respect to a vertical plane taken at pleasure perpendicular 
to the keel \ we divide each of these two sums by the whole weight 
of the vessel, and we obtain the height of the centre of gravity, 
and its distance from the vertical plane with respect to which 
the moments were considered; and as it must also be in the 
vertical plane which passes through the keel, we shall have its 
position. But it may be remarked, that in the calculation of these 
moments, we must multiply, not the bulk of each part, but its 
weight, by the distance of the centre of gravity of this part ; which 
centre is easily determined after all that has been said upon this 
subject. 



Proper^ of the Centre of Chravity. 

115. It is evident from what we have said upon the subject of 
the centre of gravity, and upon the resultant of parallel forces, 
that if the parts of a body or system of bodies have each the 
same velocity, or tend to move with the same velocity, it is evi« 
dent, I say, that the resultant of all these motions or tendencies 
would pass through the centre of gravity of the body or ^stem, 
and that consequently the system would move, or tend to move, 
as if the several masses were all concentrated at the centre of 
gravity ; and were together urged with a velocity equal to that which 
urges each of the parts. 

1 1 6. We must infer reciprocally, that if any force be applied 
at the centre of gravity of a system of bodies ; all the equal parts 
of this system will partake equally of this motion, and will all 
proceed with an equal velocity, obtained by dividing the quantity -q 
of motion applied at this centre by the entire mass of the system. 
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and this velocity will have for its direction that of the force applied 
at the centre of gravity. 

Indeed, whatever be the motions distributed among the part? 
of the system, we see clearly that they must have for a resultant 
the very force applied at the centre of gravity, since it is supposed 
that the system is free, and that there is consequendy nothiag to 
destroy any part of the force thus applied. 

117. Also, since several forces applied at the same point, re- 
duce themselves, by the preceding principles, to a single one, we 
infer generally, that whatever be the number^ direction^ and magm- 
iude of the forces which are applied at the centre of gravity of a 
t\jstem of bodies ; 

(1]« All parts of this system will have the same velocity ; 

(2). This velocity wiH be in the direction of the resultant <^ aB 
ike applied forces ; 

(3). It will be equal to the quantity of motion, which this resvl- 
iant represents, divided by the entire mass of the system. 

J 18. Whence we conclude, that while the forces which act upo» 
a body, are capable of being reduced to a single one, the direction of 
which passes through the centre of gravity, this body vnU not turn 
about the centre of gravity, 

119. But if the forces which act upon a body cannot be re- 
duced to a single one, or on the supposition that they ' admit of 
being so reduced, if the direction does not pass through the cen- 
tre of gravity, all the parts of the system will not have a common 
motion. Nevertheless die centre of gravity will move in the same 
manner as if all the forces were applied directly at this point, as we 
now propose to show. 

Fig. 68. 120. Let us in the first place suppose three bodies m, n, o, 
moving in parallel lines AA^\ BB*', CO', (situated in the same or 
in different planes,) and with velocities represented by the lines 
AA", BB", CO', respectively, the motion of each being uniform. 
L^t us suppose also, that G is the centre of gravity of these bodies, 
when they are in A, B, C ; and that CH' is their centre of gravity, 
when they are in A'\ B", O', where they will arrive in the same 
time, since their velocities are represented by AA", BB", CO' ; 
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joining G&^^ I say that this line will be parallel to AA'^^ BB*\ Sic., 
and that it will represent the course described by the centre of 
gravity during the supposed motion of the bodies m, n, o, and that 
it will be described uniformly. 

(]). It is evident that the course described by the centre of 
gravity will be parallel to the lines AA"^ BB'\ &c. ; for at what- 
ever point we suppose it at any instant, if we imagine a plane pass- 
ing through it, the sum of the moments with respect to this plane 
must be zero. Now if we conceive a plane parallel to the direo 
tions of the bodies m, n, o, and passing through G, the moments 
with respect to this plane cannot but be zero during the whole 
motion, for the bodies in their motion are supposed not to alter 
their distances from this plane ;• their distances are therefore con- 
stantly the same, and consequently these moments are also con- 
stantly the same ; but at the commencement of the motion, that is, 
when the centre of gravity is in GS the sum of the moments is 
zero ; accordingly, it is still zero in whatever part of their directions 
the bodies are ; the centre of gravity is consequendy in a plane 
parallel to the directions of the bodies and passing through the first 
situation G of this centre. And, as in the reasoning here used, 
the position of this plane is not otherwise determinate than that it 
must be parallel to the directions of the bodies m, n, o, and pass 
through the point G ; it may be shown, in like manner, that this 
centre is in any other plane parallel to the directions of the bodies 
and passing through the point G ; it is consequendy in the common 
intersecdon of these planes ; therefore the centre of gravity moves 
according to G&\ parallel to the directions of the supposed bodies* 

(2). The centre of gravity moves uniformly ; that is, if when 
the bodies m, n, o, 8zx;., have arrived at A\ B\ (7, &c., we sup* 
pose that the centre of gravity is in &, we shall have 

GG"' : G& : : AA" : AA' : : BB'' : BB' : : 8ic. ; 

in other words, the spaces described in the same time by the centre 
of gravity and the several given bodies will be as their velocides 
respectively. 

Indeed, if we conceive a plane represented by ZJL to which the 
directions of the several motions are perpendicular ; we shall havei 
by tlie nature of the centre of gravity, T«. 

mxHA + nX JB + oxLC=:{m + n + o)X KG} 
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and for the same reason, n^ien they are at Af\ B"^ O'^ 
my.'OA' '\^fiy.m' ^oy^LO' z=:^ (w + n + o) x KG". 

ir from the second of these equations, we subtract the first, bea^ 
ing in mind that BA' — HA = AA", IB" — IB = BB'^ &c^ 
we shall have 

m X AA' + n X BB" — o X. CO' i:^ {^J^n^o) y^ GG"-, 

and for the same reason, when they are at A^ B\ C, 

m X AA + n X BB' — o X CO = {m + n + o) X OC. 

Now since AA^ BB\ CO, are described uniformly io the 
same time, these spaces must be as the velocities, AA', BB'^^ CO'-, 
consequently 

AA' I BB" : : AA : BB', AA" : CO' : r AA : CO, 

which give BB' = :^^-^, Ca = :^ • 

Substituting these values in the last of the above equations, we ^afl 
have 

m X JiJr+ n X ^^^^^ — X ^^^ =(in+n+o) X GG' 

or, by making the denominator to disappear, 

(m X A A' + n X BB" — o x CO') X AA 
= (ot + n + o) X GG* X AA". 

This equation divided by that in which GG" enters, gives 
AA = ^^^^f^'\ or AA X GG" = GG' X AA', 

from which we have 

GG" . GG' II AA" : AA, 

which was proposed to be demonstrated. 

We remark that the equation in which GG" enters, gives 
GG" = ^ ^ AA" + n X BB"—o x CC^^ 

Now the lines AA", BB", CO', GG", are the velocities re- 
spectively of the bodies m, n, o, and of the centre of gravity G ; 
consequently m x ^^1^^^ n X BB", i&c, are the quaoddes of 
motion respectively. Accordingly, since the reasoning we have 
pursued does not depend in any degree upon the number of bodies, 
we iojferi as a general conclusion, 
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(1.) That, if any number of bodies describe paraOd lines, the 
centre of gravity describes a line paraUd to them ; 

(2.) That the velocity of the centre of gravity is equal to the 
sum of the quantities of motion of the bodies moving in one direction, 
minus the sum of the quantities of motion of those that move in the 
opposite direction^ divided by the sum of the masses. 

121. If any one of the bodies be at rest, the Telocity of this 
body will be zero, and the quantity of motion also will be zero. 
Thus it will disappear from the numerator of the fraction which ex- 
presses the velocity of the centre of gravity ; but the denombator, 
remaining unchanged, will in every case be the sum (^ all the 
masses. 

122. If the sum of the quantities of motion of the bodies which 
move in one direction, be equal to the sum of the quantities of 
motion of those moving in the opposite direction, the numerator of 
the fraction which expresses the velocity of the centre of gravity 
will be zero. This centre of gravity, therefore, will be at rest. 
Accordingly, whatever be the parallel motions of several bodies, 

' their common centre of gravity will remain at rest, when the sum of 
the quantities of motion of those that move in one direction is equal 
to the sura of the quantities of motion of those that move in the 
opposite direction. 

123. Since the quantities of motion represent the forces ; and 28. 
the resultant of any number of parallel forces is equal to the sum 

of those which act, or tend to act, in one direction, minus the sum 
of those which act, or tend to act, in the opposite direction ; we 60. 
conclude, that, tf any number of parallel forces are applied to 
different parts of a system of bodies, the centre of gravity of this 
system will move as if the forces in question were all applied directly 
at this point. 

124. Let there be any number of bodies moving according to 
any given straight lines. If we imagine three rectangular co- 
ordinates, we may always decompose the velocity of each body into 
three other velocities, parallel respectively to these three lines. 71. 
Now it follows from what we have just said, that the motion of 

the centre of gravity, in virtue of the motions parallel to one of 
Mech. 10 
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these lines, will be parallel to this same line ; it will also be unifann, 
and equal to the sum of the quantities of motion (estimated paraBd 
to this line), divided by the sum of the masses. If therefore we 
suppose that the motion of the centre of gravity, parallel to each of 
these lines, is thus determined, and that these three molioDs are 
afterwards reduced to one (which may be done, since they are al 
72. applied at the same point), we shall have the course of the centre 
of gravity in a single line. Also, as the elements here employed, 
are simply the forces themselves which the bodies have parallel to 
the three co-ordinates, and as the single forte of the ceotre of 
gravity is thus found to be composed of the resultant forces parallel 
respectively to these given lines, it cannot but be equal and parallel 
to the resultant of all the forces applied to the bodies in question; 
hence, whatever be the directions and magnitudes of the forces ap- 
plied to different parts of a system of bodiesy the centre of gravihf 
moves alwaySf or tends to move, in the same manner^ as if the fortes 
in question vjtre all applied directly at this point. 

125. In the foregoing article, we have said that we may always 
decompose the velocity of each body into three others, parallel 
respectively to three lines whose position is given. If the direciioa 
of one of the bodies, however, be parallel to the plane of two of 
the three assumed lines, or if it be parallel to one of these lines, it 
might seem that, in the first case, it would not admit of being de- 
composed, except into two forces, parallel to two of the three given 
lines ; and that in the second case, no decomposition whatever could 
take place into forces parallel to the two other lines. Notwithstand- 
ing this apparent difficulty, the proposition is true universally. We 
^ig' 64. see, for example, that so long as the line AB is not parallel to 
either of the lines XZ, XT, we can always decompose the force 
represented by AB into two others, AC, AD, parallel to these two 
lines respectively ; but we perceive, at the same time, that the more 
AJB approaches to a parallelism with XT, the more the force AD 
diminishes ; so that it becomes zero, when AB is parallel to XT. 
There is not, therefore, in this case, the less propriety in supposing 
a decomposition into two forces, because one of them is zero. For 
a like reason, we may, in the same case, suppose a decomposition 
into three forces, parallel to three given lines XT, XZ, XF, two of 
which are equal respectively to zero. 
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126. From what we have now said, taken in connexiOD ^th 
ibat of article 122, we infer, that the centre of gravity of a system 
of bodies will remain at restj tfj each of the forces applied to the 
several parts bang decomposed into three other forces pardUd re- 
spectively to three rectangular co-ordinates^ the sum of the forces^ or 
quantities of motion^ parallel to each of these three lines be equal to 
zero, the forces which act in opposite directions being taken with 
contrary signs. 

127. When aU the forces are in the same plane, it is eridently 
sufficient to decompose each force into two others parallel to two 
assumed lines, these lines being perpendicular to each other, and 
drawn in the same plane with the given forces; for the forces which 
are perpendicular to this plane being zero, the motion of the centre 
of gravity in virtue of these forces is also zero. 

128. In all that we have said, we have supposed each of the 
bodies which compose the system, to obey fully and freely the force 
by which it is urged. But the same principles hold true no less 
when the bodies are constrained in their motions, provided the ob- 
stacles do not proceed from a force foreign to the system, that is, 
provided there are no impediments except those which arise from 
the difficulty of yielding to these moUons by the manner in which 
they are disposed among themselves or connected with each other. 
This we propose to demonstrate after having first made known the 
general law of the equilibrium of bodies and the generallaw of their 
motion. * 



General Principle of the Equilibrium of Bodies. 

129. Whatever be the forces {acting or resisting)y applied to a 
hody^ to a system of bodies, to a machine, ^c, and whatever be the 
directions of these forces, if we conceive that each is decomposed 
into three others paralld respectively to three rectangular co^ 
ordinates, it is necessary in order that all these forces should be in 
equilibrium, that the sum * of the forces which act paralld to each 
of these co-ordinates, should be equal to zero. 

* By sum of the forces in what follows, is to be understood 
the sum of those which act in one direction, minus the sum of 
those which act in the opposite direction. 
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Indeed, whatever be the number and nature of the forces, ^ 
bare seen that thej may always be reduced to three, the directioos 
Tl. of which are parallel to three rectangular co-ordioates. If there- 
fore we suppose an equilibrium among all the forces of the systen, 
it is necessary that there should be an equilibrium aixiong tb^e 
three resultants, or that each resuUaot should be equal to zero. 
Now these resultants, being perpendicular to each other, can- neither 
86. increase nor diminish one another. But each is equal to ibe sum of 
70. the partial forces parallel to it ; therefore, there being an equilibriooi, 
the sums of the forces which by decomposition are found to act k 
a direction parallel respectively to three rectangular co-ordinates 
must each be equal to zero. 

130. If all the forces are exerted in the same plane, the sum 
of each of the forces which by decomposition are found to be 
parallel respectively to two co-ordinates, drawn in this plane, will be 
zero. Moreover, if all the given forces should happen to be 
parallel to each other, the sura of their forces must be zero. 
These two cases are evidently comprehended in the general propo- 
sition. 

131. It should be remarked, that this proposition holds tme, 
whatever be the case in which the equilibrium occurs ; but we 
should err by supposing that it is sufficient in order that an equiJibri- 
um may take place. The other conditions necessary for this eftct 
vary according to the particular qualities or disposition of the parts 
of the system or machine in question. 

132. The proposition, moreover, holds true, whether the forces 
which are applied to the difierent parts of the system are all active, 
or whether some are active, and others merely capable of resistiogy 
as supports, fixed points, surfaces, dLc, which oppose the action of 
forces ; for impediments by destroying motion are equivalent in this 
respect to active forces. 



IPAlemberi's Principle^ and eonduding Deductions. 

133. Whatever be the manner in which several bodies come to 
change their existing state as to motionj if loe conceive the motion 
xoUch each body would have thefoUounng instant ^ on the supposition 
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of its being Jree, as decomposed into two othen^ one of which is thai 
which the body aduaUy has after the change^ the second must be suehj 
that if each of the several bodies had had no other than this, they 
tffould have remained in equilibrium. 

This proposition must be admitted, since, if the second motions 
be not such that an equilibrium would result from them in the 
system, the first component motions cannot be those that the bodies 
are considered as having after the change, for these would neces- 
sarily be altered by such a supposition, 

134* Let us suppose now that several bodies, either fre0 or 
connected together in any manner whatever, come to receive certain 
impulses which they cannot entirely obey on account of a reciprocal 
restraint, the centre of gravity will move as if all the bodies were - 
free. 

Indeed, whatever be the motion which each part of the system 
has, we may always conceive that which is impressed upon it as 
composed of two parts, namely, that which it actually takes, and a 
second. But in virtue of these second motions, the system must be ^* 
in equilibrium ; if we suppose, therefore, these second motions de- |m 
composed each into three others, parallel to three rectangular co- 
ordinates, the sum of the forces which would result from this 
decomposiuon, parallel to each of the three co-ordinates, must be 
zero. Now the course which the centre of gravity tends to describe 129, 
in virtue of each of these forces, is equal to the sum of the forces 
parallel respectively to each of the co-ordinates, divided by the 
sum of the bodies. Consequently the course which h tends 120. 
to describe in virtue of the changes arising in the system 
from the reciprocal action of the parts is zero ; accordingly 
the centre of gravity does not partake of these changes, that 
is, it moves as if each of the several parts of the system 
obeyed freely, and without loss, the force by which it is urged. 
Therefore, the state of the centre of gravity of a body^ or 
system of bodies, does not change by the reciprocal action iff the 
parts of this body or system. 

135. Hence we infer ; (1.) That, (f a body or system of bodies 
^ttm about its centre rf gravity in any manner whatever, this essUrt 
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of gravity wHl remain conUnually in the iame ttatSy as if the boij 
did not turn. 

MoreoFer, from this same principle aod that of article 124 wt 
conclude, that 



136. (2.) If any body, whatever be its figure, or anj 
blage of bodieSi receive an impulse in any direction whatever as 

Fig. 55. ^B, which transmits itself entirely to the body ; the centre oF grav- 
ity O will move according to a line TS parallel to AB^ in the same 
manner, as if this force were immediately applied at the centre of 
gravity in this direction. And if several forces act at the same 
time upon different points of tliis body, the centre of gnviij wiC 
move as if all the forces in question were applied direct)/ at this 
point. 

137. If, therefore, at the instant the body receives an impulse Id 
the direction AB^ we apply at the centre of gravity in the op- 
posite direction SO, k force equal to that which acts according t? 
ABf the centre of gravity will remain at rest. Nevertheless it a 
evident that the other parts of the body would not remain at rest, 
since these two forces, although equal, are not directly opposite u> 
each other. Now the only motion which this body can have, its 
centre of gravity remaining at rest, is evidendy a motion of rotadoo 
about its centre of gravity. 



Therefore, if a body receive one or several impulses, in 
tions which do not pass through the centre of gravity ; (1*) 
centre of gravity will move as if all the forces were applied directly 
at this point, each in a direction parallel to that which it actually 
has. (2.) The parts of this body will turn about their centre of 
gravity, as they would do by virtue of the forces which are aoCuaUy 
applied to the body, if the centre of gravity were fixed. 

138. We infer, moreover, that if the state of the centre of gravity 
of a body undergoes a change, this can proceed only from the ac- 
tion or resistance of new forces foreign to this body ; and that con- 
sequendy this change is always determined by seeking the resultant 
which all the forces would have, if they were applied to the centre 
of gravity, each in a direction parallel to that which it actually has. 



Rope MaMne. 79 



of the Principles of Equilibrium to the Machines usual' 
ly denominated Mechanical Powers. 

139. The general object of machines is to transmit the action of 
forces* The end to be attained is not always to augment the action 
of which the power employed is capable, when applied, directly to 
the mass to be moved, or resistance to be overcome. Sometimes 
it is merely proposed to transmit this action in a determinate direc- 
tion. At other times the purpose to be answered is to cause a body 
to describe spaces regulated upon certain conditions, relative either 
to time or other circumstances, conditions which do not always 
require that the force employed should augment as it is transmitted. 
We have examples of this kind of machinery in clocks, watches, 
orreries, &c. 

The number and nature of the machines vary according to the 
object we have in view. But to be able to determine their effects, 
it is not necessary to consider them all separately. However com- 
pounded and varied they may be, they are merely combinations of 
a certain very limited number of simple machines. We coma now 
to make known the properties of these simple machines. We shall 
afterward proceed to show how these properties are to be applied in 
estimating" the effects of compound machines. 

There are now usually reckoned seven simple machines, namely, 
the rope machine^ the lever, the puUey, the wheel and axle, the in" 
dined plane, the screw, and the wedge. 

These machines, being considered simply with respect to a state 
of equilibrium, may be reduced to two, and indeed to one, namely, 
the lever. But in the case of motion, the nature of each leads to 
particular considerations, and requires a separate treatment. 



€f the Rope Machine. 

140. We proceed on the supposition that the ropes or cords 
ployed are perfectly flexible. It will be shown, however, in the 
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sequel, what aDowance is to be made for the want of this qnaiej. 
Moreover, cords are first considered as destitute of weight, regard 
being had afterward to their gravity. The greater or less diameie 
of the cords also is not considered as affecting the cominonicaiic: 
of forces ; since we may always substitute in imagination for these 
cords, considered as cylinders, a line or thread answering to their 
axes, the force employed being considered as acting by means d' 
this thread only. 

We employ cords to transmit the action of forces immediate/f, 
or in connexion with machines. But in order to judge of tbe efiects 
of |)owers applied to machines by noeans of cords, it is necessary d 
ascertain the effects of which these powers are capable, when tfaer 
act by means of cords alone. 

Fig.66. 141. Accordingly, let us consider three powers,/?, 7, r, as act- 
ing one against another, by means of three cords A p^ A q. At, 
united at .4 by a knot ; and supposing the directions Jl p, A ;. 
A r, to be known, we propose to determine the conditions necesst- 
r}' to an equilibrium among these forces, and the ratio of these 
forces. 

{!.) It is evident, in the first place, that they mast all three be 
in tbe same plane ; for if one, the force r, for example, were not io 
the plane of the two others, we could always conceive it decooi' 
posed into two forces, one in this plane, and the other perpendicular 
to ihis plane, and consequently perpendicular to each of the two 
40. forces p, q ; this perpendicular force would not act, therefore, la 
any way against the forces p, q ; and would accordingly have 
nothing to be opposed to it, and an equilibrium with respect to it 
could not take place. 

(2.) These three forces being then in the same plane, it is 
necessary, in order that they may be tn equilibrium, that some ooe 
of them, the force p for example, should produce two effi)rts, tbe 
one equal and opposite to the force j, and the other equal and op- 
posite to the force r. Now if, after having produced r.fl, jwJ, we 
take any line AD io represent the force p, and upon AD as a diag- 
onal we construct the parallelogram ACDBj the two sides ABj ACf 
will represent two forces, which acting conjointly according to these 
40. directions, would produce the same effect as the force p. Ac- 
cordingly, ABj ACy are the effi>rto thatp actually opposes to the 
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t^^o forces q and r ; hence, in order that there may be an eqai- 
librium, it is necessary that q should be represented by Rdwad r 
by Cw4, p by supposition being represented by AD. We hafe, 
therefore, the following proportions, 

p : q :: AD : AB^ and p : r : : AD : AC; 

that is, 

p : q : r :: AD : AB z AC. 

Such is the ratio that must exist among the forces p^ f , r, io 
order that an equilibrium may take place. 

142* Since the two forces j, r, must be equal to the two farces 
ABj AC J tvhich are the components of the force p, we infer that, 
when there is an equilibrium among three forces, any two of them 
must have the same ratio to the third, that two components have to 
their resultant. 

143. Accordingly we have the proportion, 

p I q I r :-. s\n BAC : sin CAD : sin DAB 

: : sin q Ar : sb r AS : sin q AS, 

p A being produced toward 5 ; that is, irAen three foree$ are in egv»- 
libriumj each i$ represented by the sine of the angle comprehended 
between the directions of the tm others ; these directions being pio- 
duced if necessary. 

144. Since the three forces j9, j, r, which are to be io equilibri- 
um, are represented by AD, AB, AC, or, which amoimts to the 
same thing, by the sides AD, AB, BD, of the triangle ABD, of 
which the angles ABD, BDA, DAB, are equal to tlie angles CA q, 
r AS, q AS, determined by the directions of the forces, it will be 
seen that all the questions which can occur with respect to the 
value and direction of the forces, requisite to an equilibrium, refer 
themselves to the subject of trigonometry. If, for example, the 
values of three forces p, q, r, were given, and it were proposed 
to find their direction, we should resolve the triangle DBA, the 
three sides of which would be known, and the angles thus obtained 
would give the directions of the forces required. If we bad giyen 
the two forces p, q, and the angle pAq,o( their directions, or its 
supplement qASr=: DAB ; then we should have the two sides AB 
AJi, and the contained angle DAB, from which we dbofM waiStf 

Mech. i I 
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determine the side DB^ or the force r, and the angle BOA, or hs 
equal r AS^ formed by the directions of r and p. If the angles 
Trif. 85. formed by the directions of the three forces were given, we coc: 
not thence determine the absolute values of the three forces, ba 
only their ratio to each other. In all other cases, the propositioc 
143. above established will be sufficient for a complete solutioo, wbeL 
three things only are given. 

145. If instead of having two forces, q and r, attached to vsn 
cords, these two cords were firmly fixed at q and r, or at any poJifi: 
respectively in their directions, AB^ AC^ would express the efibtts 
• supported by these points. 

Fi;. 56. 146. We have supposed the three cords firmly attached bji 
Fig. 57. j^jjQ^ ^^ gj^ jf ji^g ^Qj. J jQ which the power p is applied had i 

ring at its extremity A^ through which the cord q A r passed, ve 
should not be able to assign the directions of the three cords. 
Indeed it is not sufficient, in this case, that the effort ^S has the 
direction q A, and is equal to the force j, andt hat AC has the di- 
rection r A, and is equal to r ; it is necessary, further, that the rios 
should not slip upon the cord q A r^ which requires that the angle 
q AS should be equal to SA r ; that is, that the power p should be 
directed in such a manner, as to bisect the angle q A r. But ve 
have always 

p : q : r : : sin j .^ r : sin r AS : sin q AS ; 

and as r AS = q AS ziz \ q A r, this series of ratios becomes 
p : q : r :: sin qA r : sin \ q A r : ^n ^ q A r; 

so that the two powers q and r are equal. 

147. The same result would follow, if the cord q Ar, dnwa hj 
the two powers r, gr, passed over a fixed point A. The two powers 
r, q, must be equal, and the force exerted by them upon Che fiicrf 
point will be directed in such a manner as to bisect the angle qAfi 
and its magnitude will be with respect to each of these two powers, 
as the sine of 9 ^^ r is to the sine of half q Ar. 

148. The foregoing articles being well understood, it will be 
easy to determine the conditions of equilibrium among as m^J 
powers as we choose to employ, applied to different cords, 
united by the same or by different knots. 
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Ljet us suppose, in the first place, that each knot connects only 
three cords, and that they are all in the same plane, as represented 
in figure 58. 

The power p is exerted against the Ivvo cords A ^ , AB. Let 
the directions of these cords be produced ; having taken AF to 
represent the power p, we form upon AF as a diagonal, and upon 
the prolongations AEj AD, as sides, the parallelogram ADFE. 
The force g will be expressed by AEj and the tension of the cord 
SA by AD ; so that, denoting by a this tension, we shall have 

p : Q : a ::AF : AE i AD 

: : sin DAE : sin FAD : sin FAE 
: : sin g AD : sin FAD : sin FAE. 

Suppose the effort AD applied at Bj according to BIj in the 
same straight line with AD, and equal to AD. The force BIls 
exerted against the power q, and against the cord BC. By pro- 
ducing, therefore, as above, the cords q B, CB, and forming the 
parallelogram GBHI, BH will represent the value of the force q, 
and BO the tension of the cord CB. We shall accordingly have 
b denoting this tension, 

a : q '. b :: sin GBH, * sin IBG : sin IBH. 

Suppose the effort BG applied at C, according to CJT, in a 
straight line with BG, and equal to BG. The force CK is exert- 
ed against vr and against r. If therefore we produce r C, tir C, and 
form as before the parallelogram JliCLf, CM will express the value 
that must belong to the force r, and CL that which must be exerted 
by or ; whence, 

6 : r : lar : : sin LCM : sin KCL : sin MCK. 

If we would have immediately the ratio of the tension q of any 
branch q A oi the cord to the tension of any other branch, C cr, for 
example, it may be readily obtained in the following manner* 

r 

Of the series of ratios above found, if we take only those which 
relate to the tensions of the parts of the cord, q ABC sr, we shall 

have 

^ : a : : sin FAD : sin FAE, 
a : 6 : : sin GBH : sio IBH, 
6 : sr : : sin LCM : sin MCK\ 
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these being moldplied in order, we have 

^ : «r : : mFADsiu GBHsinLCM: smFAE&nlBH^n MCK. 

If we would have the ratio of the tension ^, to the tension ft, ic« 
should multiply only the two first proportions. The other ratio: 
may be found in a similar manner. 

If it were proposed to determine the ratio of the powers amoi^ 
themselves, we have only to deduce from the above series of ratfos 
the ratio of two consecutive powers to the tension of the same 
cord; thus, 



p : a 

a : q 

q : b 

b : r 



sin ^ AD : sin FAE 
sin GBH : sin IBG 
sin IBG : sin IBH 
sin LCM : sin KCL. 



Taking the product of the corresponding terms, and reducing, m 

have 

piriish^ADsinGBHsmLCMisinFAEsmlBHsmKCL 

To obtain the ratio of p to 5, we should multiply only the terms of 
the two first proportions. 

It will hence be seen how we ought to proceed when there is a 
greater number of powers, or when we would compare the tensioDS 
of the cords with the powers themselves. 

149. If the powers p, q^ r, bisect the angles ^ AB^ ABC, 
BC tj, respectively, the angles DAF, FAEj would be equal ; and 
the angles GBH, LCM, would have the same sines as the angles 
IBH, MCK, respectively ; whence, by means of the above ratios, 

* it will be seen that the different parts of the cord q ABC v would 
be equally stretched. 

150. If instead of the powers jp, q, r, we substitute in A, B, C, 
fixed points or pivots, the pressure upon these points arising from 
the tension of the extreme parts of the cords, would be directed 

147. in such a manner as to bisect each of the angles ; and the tension 
of the several parts of the cords q A, AB, &,c., would be equal. 
Accordingly, if two powers g, tar, are exerted upon a cord passing 
Fig. 69. round tlie periphery of a polygon or of any curve, the tension wifl 
communicate itself equally to every part, so that the two powers 
must be equal. 
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151. When the number of cords united by the same knot 
exceeds three, being in the same plane, or when, being in differ- 
ent planes, the number exceeds four, the directions being given, 
the ratios of the powers and of the tensions of the cords are not 
absolutely determinable ; that is, if a certain number of powers 
(not less than those just stated) be in equilibrium according to 
known directions, we can substitute instead of them a like number 
of other powers directed in the same manner, but which, having 
very difierent ratios among themselves, are notwithstanding in 
equilibrium. If, for example, the four cords A p^ A q, Ar^ Jl »,%• ^ 
are all io the same plane, and having taken AB to represent the 
force p, and having produced the cord vfA to C, we suppose the 
effort AB composed of two others AC^ AD^ the first of which is 
equal and directly opposite to the power cr, nothing can be inferred 
from the direction AD oi the action that is to oppose itself to the 
effi>rt of the two powers q^ r; nothing, I say, can be inferred 
from this direction, except that, produced, it must pass into the 
angle q Ar; 9l condition which may evidently be satisfied in an 
infinite number of ways. Accordingly, if AD be drawn in any 
manner whatever, within the angle formed by A q and A r pro- 
duced, and we construct upon AB as a diagonal, and upon the 
direcdons AC, AD, as sides, the parallelogram ACBD, and then 
upon .^D as a diagonal, and upon q A, r A, produced, as sides, 
we construct also the parallelogram AEDF, AB being taken to 
represent the value oi p, AC may be taken to represent that of 
sr, AF that of r, and AE that of q. This is evident, because 
the force AB is equivalent to the two forces AC, AD, the first of 
which, in order to be in equilibrium with m, must be equal to m, 
and the second AD is equivalent to the two forces -flP, AE, which, 
to be in equilibrium with r and q, must be equal to r and q respec- 
tively. But it will be seen at the same time, that by giving to 
AD a different direction, AC, AF, AE, will have different values, 
but such notwithstanding that, being taken to represent the powers 
acting in these directions, an equilibrium would be produced ; so 
that in this case, the directions remaining the same, there is an infi- 
nite variety of ways in which an equilibrium can be effected among 
the powers in question. 

J 52. The problem is of a similar character when the cords 
proceeding from the same knot, are in different planes, and amount 
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to more than four. But if the number does not exceed four, the 
directions being given, the ratios that must exist among the forees 
applied to these cords respectively, are determinate. For throud 
Fiff. 61. any two of these cords, bs Ap, A&f a plane may be supposed lo 
pass, which produced would meet the plane r Aq o( the \m 
other cords in some line DAE^ the position of which is deterroio- 
ed by the directions of the four powers. Then, the direction oA 
being produced, and AB being taken to represent the power p, 
if upon .^IB as a diagonal, and upon the directions AJff AC, as 
sides, we construct the parallelogram DACB^ AC will represent 
the value of the power t?, and AD the effort made by the poirer 
jp against the two powers q and r acting conjointly. Accordiogljt 
having produced q A and r A (which are in the same plane witi 
AD) to F and 6, if upon AD as a diagonal, and upon AF^ AG, 
as sides, we construct the parallelogram AFDG, AF, AG, wiE 
represent the values belonging to the two powers q and r. 

153. Finally, whatever the case may be, whether the cords 
are in the same plane or not, as a state of equilibrium requires 
that each knot should remain immovable, if the force or tensioB 
of each cord, applied to the same knot, be decomposed into ihree 
other forces parallel to three rectangular co-ordinates, it is ne- 
cessary with respect to each knot that the sum of the forces paral- 
lel to each of these lines should be equal to zero ; (it being well uo- 
129. derstood that by the word nim, as here used, is meant the sum of 
the forces that act in one direction, minus the sum of those wbicl 
act in the opposite direction.) If the cords united by the same 
knot were in the same plane, it would be sufficient to decomp^ 
the tensions respectively into two forces parallel to two liocs 
perpendicular to each other, and drawn in the same plane. Tii^ 
method would give in every case all the conditions of equilibriuiDj 
the cords being supposed to be firmly connected among tbem- 
selves. 

To give a simple example of this method, let it be proposed to 
find the ratio of three powers in equilibrium by means of three 
cords united by the same knot. 

p. ^2 ^^ "^ suppose for a moment that these three powers admit 
of being represented by the three lines AG^ ABj AF, and in or- 
der to abridge the decomposition, let the two powers p, q^ bo 
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decomposed in the roanoer indicated by the figure^ that is, each 
into tivo parts, one in the direction of p^ and the other perpendicu- 
lar to this direction. Then in the right-angled triangles BAC^ 
FAI^ we shall have, radius being unity, 

BC=:AD = AB sin y AC, Trig.w. 

FI=AE = AF smrAC, 
AC=zAB cos q AC, 
AI =zAF cos r AC. 

Therefore, according to the principle above referred to, we shall 
obtain, ^29. 

AB sin q AC—AF sin r -4C = 0, 
and AB cos q AC + AFcosrAC—AG = 0. 

The first of these equations gives 

AB sin q AC=:AFsm rAC, 
and consequently, 

AB : AF : : sin rAC : sin qAC, 
that is, 

9 : r : : sin r AC : sin q AC, 

which agrees with what was before demonstrated. If the value as, 
of ALF be deduced from the first of the above equations, and sub«* 
stituted in the second, we shall have 

jfD Jin I AB Bin q AC COST AC ^^ ^ 

AB cos a AC -{ -. j7= AG = 0, 

^ * sm r AC 

or 
.^IBsinr^Ccosy^C+'^lSsiny^Ccosr^C^^Gstnr^C 

But 

«n r ^Ccosy ^C+ sin q ACcosr AC= sin {rAC + ?-<^C)>THg.ii. 

= sin 9 ^ r ; 

therefore, 

AB sm qA r=: AO sin r AC; 
that is, 

AB : AG : : sin r AC : sin qAr, 
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or, 

9 : p : : sin r AC : sin 9 ^ r, 

14S. which agrees also with the proposition above referred to. 

154. We shall now inquire into the changes that take place i: 
the communication of the action exerted by the powers in coo- 
sequence of the gravity of the cords. 

Liet there be any number of powers applied to the same cord 
Fig. 68. Q ABCtj drawn at its two extremities by the two powers ^, tj^ sdc 
retained at two 6xed points g and vr. 

If we produce the two extreme cords g A^ is C^ until tbev 
meet in V^ it is evident that the resultant of the particular teosioos 
48. of these two cords must pass through the point V. And since an 
equilibrium is supposed, the resultant of the three powers p, q, ft 
and of the tensions of the two intermediate cords AB^ B C, roust 
also pass through the point V\ since, in order to an equilibrium^ tbi; 
resultant must be equal and directly opposite to the resaltant of ibe 
tensions of the two cords g A, tj C, But the resuhanc of the 
three powers, and of the tensions of the two intermediate cords, 
is nothing but the resultant of the three powers simply, hecsase 
each of the two cords AB^ BC^ has by itself no action whatever, 
and consequently no effect upon any part of the system. There- 
fore the resultant of all the powers J7, j, r, applied to the cord, 
passes through the point of meeting T^ of the two extreme 
cords. 

4S, ice. It has been shown how this resultant may be determined ; bat 
if the cords are parallel, as is the case when the powers p^ 9, r, are 
weights, since their resultant cannot but be parallel to them, its di- 
rection is found very simply by drawing through the point V a line 
parallel to one of the directions of these weights, that is by drawiog 
a vertical or perpendicular line. 

Accordingly, let there be any number of weights applied to the 
Fig. 64. same cord gABCDur destitute of gravity. The two extreme 
cords being produced, and a vertical VX being drawn through their 
point of meeting, we can reduce the equilibrium of the whole sys- 
tem to the case in which the three powers, applied to three cords, 
are united by the knot F, and in which the power directed accord- 
ing to XVZ is the sum of the weights. We conclude, therefore, 
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that die tendon ^ is to the tension m, as the sine XV « is to the 
sine of g VX. »«• 

If a heavy cord now be considered as an infinite nunaber of 
small weights uniformly distributed along the axis of this cord, it 
will be seen, that if cr represent the point where the power is applied FSg. 66. 
to the cord, and g that in which this cord is attached to a machine, 
the action exerted by the power upon the point g will be transmitted 
in the direction g V of k tangent to the curve representing the fig- 
ure which the cord assumes by the action of gravity. This action 
is not equal to that of the power m, except when the vertical,, drawn 
through the point of meeting V of the two extreme tangents, bisects 
the angle ^ ^ tar ; and in general the action of the power Uf namely, 
that which it would transmit, if the cord were destitute of weight, 
b to that which it transmits in conjunction with the weight of the 
cord, as the sine of g VX is to the sine of u VX. 

155. We remark, that stricdy speaking, whatever force is em- 
ployed to stretch a cord g m, this cord can never be made perfectly 
straight, except it be in a vertical position g tar'. Let us suppose the 
cord r Apf destitute of gravity, to support the weight 9, by means ^C- ^• 
of the two equal powers p, r, the directions of which are such 
as to form an angle approaching infinitely near to 180^, we shall 
have 

q : p :: sin CAD : sin CAB ; 1^ 

or, DA being produced, 

q X p : : sin CAS : sin \ CAD ; 

but the angle CAS is by supposition infinitely small, and \ CAD 
approaches infinitely near to a right angle; therefore q roust be 
infinitely small with respect tojp ; and even where the weight q is 
infinitely small, the two parts of the cord still make an angle with 
each other, and are not, strictly speaking, in the same straight line. 

It may hence be inferred, that a very small force q will cause a 
very great tension in the cords Apj Ar^ when the angle r Ap 
formed by them is very obtuse. 

We are able, also, upon the same principle, to explain why, in 
blowing through a tube ^ a, into a flexible bag a EEC a, the ex- Fig. 67. 
Muh. 12 
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tremity B of which is attached to a weight p, we are able, I say, to 
explain, why a moderate impulse of the breath suffices to raise tbe 
weight p^ ahhough very considerable. Indeed, each half a ££, 
a CBy of the vertical section of this bag may be considered as 2 
' cord, pressed at each point by a perpendicular force equal to tiix 
exerted by the air. The resultant of all these pressures must be 
directed according to FED, that is, it must pass through the poV. 
of meeting of the tangents belonging to the extremities of ti-^ 
cord, and must be to the effort made in the direction BD^ as toe 
sine of a DB or of a D u, is to the sine of FD a. Now tk 
angle a D u is very small. Therefore a very small effort in tbe 
direction FD produces a very great effect in the direction BD\ 
and accordingly the pressure exerted upon a EB will cause a cob- 
siderable effort in the direction BF^ and the weight will be drawn 
by two forces of considerable magnitude in the direction JBD, BF, 
which will have so much the greater effect, according as tbe angle 
FBD is smaller, since their resultant will approach so much tbs 
M. nearer to the sum of the components. 



Cf the Lever. 

166. By the lever, we understand an inflexible rod, of any fi§' 
^V- ^9 ure whatever, so fixed at some point jP, as to admit of no other mo- 
tion, by tbe action of the forces that are applied to it, but a motioo 
of rotation, that is, a motion, by which it turns about the fixed poiot 
F. This point is called the fulcrum. 



We first consider the lever as an inflexible line without mass 
without gravity. In the case of an equilibrium, we can easily make 
allowance for the gravity of the parts, by supposing it collected al 
the centre of gravity of this lever, and thus regarding it as a new 
force applied at this point according to a vertical direction, b 
case of motion, it is not at the centre of gravity that we are to sup- 
pose the mass collected, but at some other point to be determined 
hereafter. 

We shall proceed on the supposition, that the forces applied to 
the lever, are all in the same plane with the fulcrum. We shall 
treat in another place of equilibrium and motion when the forces 
applied to the lever are b difierent planes. 
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157. Let there be two forces or powers |), q, applied at the two 
points B, Dy of the lever, BFDj either immediately, or by means 
of two cords, or two rods without mass, acting upon this lever 
in the directions Bp, D j, and being in equilibrium. It is pro- 
posed to determine the conditions of this equilibrium. 

As one of the two powers, q for example, cannot be in equili- 
brium with the other except by means of the fulcrum F, it is evi- 
dent that the power q must produce two efforts, one of which anni- 
,hilates that of the power p, and the other is destroyed by the , 
fulcrum Fj and consequently passes through this point. 

Let the lines p By^q D, representing the directions of the pow- 
ers, be produced till they meet in some point A^ and join AF. 
The power q may be supposed to be applied at A, according to 
A q^ then if AO represent the value or magnitude of this power, 
and upon AG, as a diagonal, and in the directions AF, BAE, as 
contiguous sides, we construct the parallelogram AH6E; AE 
will represent the effort made by the power q, according to this 
line, and in a direction opposite to that of p ; and AH will be that 
exerted against the fulcrum F. Indeed, although the point A is 
not connected with the two points jB, F^ the force q is distributed 
in the same manner as if A were thus connected. For it is evident, 
that if, without changing the forces or their directions, we connected 
the point A with the three points jB, F, D, by means of three 
inflexible rods AB, AF, AD, without mass, this would not alter in 
any degree the supposed state of the system or the manner in which 
the force q is exerted. Now in this last case, the action of the force 
q would manifestly be communicated in the manner we have men-, 
tioned ; therefore it would be communicated in the same manner, 
according to the first supposition. This being established, in order 
that there may be an equilibrium, it is necessary that the force AE 
should not only have a direction contrary to that of the force p, but 
that it should also be equal to p. As to the force AH, in order 
that it may be destroyed, it is sufficient that it be directed to the 
point JP. Accordingly, if we designate the force exerted E~^ *he 
fulcrum by q, we shall have 

q : p : Q :: AG : AE 



48. 
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168. If from A towards B we take AI=i AE, and yki IB^ 
AIHG will be a parallelogram. But Alj AGj the sides of dus 
parallelogram, represent the magnitudes and directions of the tin 
forces p, ;, consequently the diagonal AH represents their result- 
ant ; therefore, since AH thus represents the force exerted agaiost 
the fulcrum, it may be inferred as a general conclusion that the 
force exerted against the fulcrum is precisely the resultant of the 
two forces applied to the lever ; and that consequently these two 
forces act against the fulcrum as if they were immediately appGed 
to it according to directions respectively parallel to those in whidi 
1^ they are actually everted. 

Indeed, tliis last truth may be rendered evident, by obserrio; 
that, instead of the force j, may be substituted the two forces M^ 
AH, the first of which is destroyed by the force p, and the reauun- 
ing force AH is the single effect to which the two forces p and f 
are reduced, and by consequence the resultant of these ttvo 
forces. 

159. By means of the ratios 

q : p : ^ :: AO : AE : AH^ 

i^' above found, we are able to compare the forces q and pj as weK 
with each other, as with the force exerted against the fulcnitn. 
But as this ratio is not the most convenient, we proceed to find two 
others which may be employed for the same purpose. 

48. (1.) According to a principle already established, we have 

AOiAEiAH:: sin HAE : sin HAG : sin GAE, 

or, 

: : sin HAI : sin HAG : sin OAJ, 

since the angles HAE, GAE^ have the same sines respectively as 
Trig. 13. their supplements HAI, GAl ; that is, the forces, q, p, q, are each 
represented by the sine of the angle comprehended between tbe 
directions of the two others. 

(2.) It has been shown that with respect to three forces o^ 

which one is the resultant of the two others, either two are always 

to each other reciprocally as the perpendiculars let fall upon tbetr 

directions from any point taken in the direction of the third. Ac- 

4B. cordingly, if from any point in AF, as F, for example, we let 6" 



' 
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the perpendiculars FL^ FMy upon the directions p J3, q D, we 
shaU have 

gr : p :: FL : J?Vlf. 

In like manner, if from any point in the direction of the force 
qy as Z) for example, we let fall the perpendiculars DOj D ^, upon 
the directions of the force p, and g^ we shall have 

p I Q w Dq I DO. 

The force q may also be compared in the same way with the 
force ^ exerted against the fulcrum. 

.All these propositions hold true, whatever be the form of the 
lever, and whatever be the directions of the two powers employed. 

160. When the directions of the two powers are parallel, in 
which case the resultant, or force exerted against the fulcrum, is 
parallel to them, the perpendiculars, let fall from the same point ^ 
in the direction of one of these forces, upon the directions of the 
other two respectively, are all in the same straight line LjPJU. ^' '^^ 
We may say, therefore, in this case, having drawn the line LFM 
perpendicular to the direction of the powers, that each force or 
power is represented by the part of this straight line comprehended 
between the directions of the two others. 

161. If, moreover, the lever is straight, it will follow from the 
circumstance of the triangles FLBj FMD^ being similar, that the 
parts JPB, FDj BD^ have the same ratio to each other as the parts 
FL, FMj LM\ we may say, therefore, in this case that each force Oeom. 
is represented by the part of the lever comprehended between the 
directions of the two others. 

Thus, 

q . p .1 FB I FD'^ 

that is, the powers are to each other in the inverse ratio of the two 
arms of the lever /B, FD ; so that the power j, in order to be in 
equilibrium, must be as much smaller than p, as the arm to which it 
is applied is longer than the arm to which p is applied. As to the 
force q exerted against the fulcrum, it is equal to the sum of the 
two powers y, p ; since these being represented by FD, FB, the 
former, or ^, is represented by BD. 
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Fig. 71, 162. If we make a distinction in the forces or powers, by 
' regarding one, q for instance, as giving motion, p as receiving it, and 
jP as a pivot or point of support, we may, in the manner of tl^e 
ancients, make three sorts of levers, according to the three difierei: 
situations in which the agent q can be placed with regard to p aci 
F. Figure 7 1 represents what is called a lever of the first kini 
in which the agent and the resistance are on opposite sides of the 
fulcrum, and the agent will have so much the more advantage 
according as its distance from the fulcrum is greater than that of 
the resistance. Figure 72 represents a lever of the second kind^ io 
which the resistance is between the agent and the fulcrum, and 
which consequently is always favorable to the agent. Figure T3 
represents a lever of the third kind, in which the agent is hetweai 
the resistance and the fulcrum ; in this case, therefore, the power of 
the agent is always employed to disadvantage ; and such a lever is 
never to be used, where the object is to augment the efiect of ibe 
agent ; that is, where it is proposed to overcome a greater force. 
But as the purpose to be fulfilled is not always to increase the power 
of the agent, this circumstance does not prevent this third kiodoi 
lever being very usefully employed in machinery, where we 
would avail ourselves of every species of motion that we can disposo 
of. Thus in turning, in weaving, in spinning, and in various kinds 
of manufacture, where great velocity, and not great force is required, 
and where the hands of the laborer are occupied with the more 
important parts of the work, this species of lever is adopted with 
obvious advantage, the feet being employed to give motion to ib^ 
machinery. 

163. Before proceeding farther, we will observe, that setdo; 
aside friction, the fulcrum is not to be considered as simply a piVot, 
Fig. 69. or support. Indeed, if the fulcrum F, instead of penetrating into 
the interior of the lever, as represented in the figure, only touched 
the surface, it is evident that, although the two powers q, p, were io 
the inverse ratio of the distances of the perpendiculars FM, FU 
they would still not be in equilibrium, except in the single case, 
where the direction AF is perpendicular to BD ( or to the tangent 
at F in figure 68) ; for, if AF were oblique, it would clearly tend 
to communicate motion to the lever in the direction BD. Thus, ^e 
should err in supposing, for example, that (friction and the gravity 
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of the lever being left out of the question) the two weights p and j, 
would remain in equilibrium in the inclined position represented, if, ^' ''*• 
_p being to j as JP^ to JPp, the surface of the lever merely rested 
upon the point F. The fulcrum, in order that there may be an 
equilibrium in all positions of the lever, must have the effect of a 
pin passing through it. In short, when we say, it is sufficient, that 
the resultant AF of the two powers should pass through the fulcrum 
Fy it is taken for granted that the corresponding point jP of the lever 
does not admit of any motion ; for otherwise this condition is not 
sufficient. For example, if the lever BD were drawn by three forces 
Pj q, r, applied to the three chords B p^D q^F r^ there would ^*J- ^^* 
not be an equilibrium, if AF were the direction of the resultant 
of p and 9, although it should pass through the point F ; it would 
be further necessary that the point of meeting A should be 64. 
inr F. 

164. Since the two forces p, q^ in equilibrium by means of the 
lever BFD, must be in the inverse ratio of the perpendiculars FLj Fig. 68, 
FJH; that is, since it is necessary that^ should be to j^, as FM to * 
FIjj it follows that p X FL = q X FM ; in other words, the 
moments of the two forces, taken with respect to the fulcrum, or 

any other point in the direction AF^ must be equal. ^' 

165. As there cannot be a force without a tendency to motion, 
by the forces p^ q, is to be understood the product of a certain mass 
by the velocities, that these forces would respectively communicate 
to this mass, if it were free. Thus let m be a certain mass, and 
u the velocity that the force p, acting freely, is capable of giving it ; 
also, let n be another mass, and v the velocity that the force q is 
capable of giving it ; in order that there may be an equilibrium, the 
following proportion is necessary ; namely, 

m X u : n X V :: FM : FL. 

166. Let w be the velocity produced by the force of gravity in 

an instant ; and let m, n, be two heavy bodies attached to two cords F19. 76. 
jB/m, DK n, which passing over two round bodies i, K, transmit 
entirely to the lever BFDj according to any proposed directions 
Bl^ DKj the action of gravity of these bodies ; we shall have w m, 
^ n, as the measures of the forces with which these bodies act re- 
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n. spectively ; we must have, therefore, b order that there may be m 
equilibrium, 

wm I wn I I FE : FC, 
that is, 

m : n : : FE : FC; 

therefore, in order that there may be an equilibrium becween tvc 
bodies which are urged only with the force of gravity, or betvreee 
any two bodies that tend to move with equal velocities, it is su& 
cient that the masses of these bodies be in the inverse ratio of the 
distances of their directions from the fulcrum. 

167, But if the velocities with which the bodies tend to move, 
be unequal, it is not the masses, but the products of the masses 
into the velocities, which must be in the inverse ratio of the distances 
of their directions from the fulcrum. 

168. If two finite and heavy masses m, n, are urged by finits 
and unequal velocities, according to the directions Im, f a; s 
the velocity which gravity is capable of giving in an instant (or 
infinitely smaU portion of time) is infinitely small ; in order thai 
the two finite velocities may mutually destroy each other, it is 
sufficient that the quantities of motion which the two bodies would 
have in virtue of these velocities should be in the inverse ratio 
of FEf FC. But this equilibrium would not exist except for 
an instant ; for when these velocities are mutually destroyed, the 
bodies m, n, subjected to the action of gravity, would receive quan- 
tities of motion, which would be in the simple ratio of the masses, 
and which consequently would no longer be in the inverse ratio 
of the distances FE^ FC. 

We hence see the difierence between an equilibrium among 
bodies urged by gravity only, and an equilibrium among bodies 

urged by unequal finite velocities. 

It may be remarked, moreover, that it is impossible to put 
in equilibrium a body urged by gravity only with a body urged 
by a finite velocity; and we may hence conclude, that if the 
Pj^ 71 weight /I is in equilibrium with a force q exerted by an animal, 
this last does not tend to move the point JD, except with a velocity 
infinitely small. If on the contrary the force 9, applied at D, 
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acted by means of a blow or finite impression, it would raise the 
weight p, however great it might be, at least during a certain time, 
which, when p is very large, may be such that the eye cannot dis- 
tinguish it ; but the motion would not be the less real. This sub- 
ject will be placed in a clearer light hereafter, when we come to 
treat of Collision. 

169. By means of the ratio which we have established between **^« 
the two powers p, 9, and the force exerted against the fulcrum JF\ Fig. 68, 
we shall be able to solve this general question. Three of these ^' 
six ihingSf namely^ the two powers^ the force exerted against the 
fulcrum^ and the three directions, being given, to find the three 

others. When, however, the directions only are given, we can 
merely find the ratio of the forces p, q, ^* The solution in this 144. 
case is evident from what has been said. It may be easily obtained 
also by geometrical construction upon which we will only observe, 
that when tlie directions are parallel, the question is solved by 
articles 53, 160; and that, in general, if it is proposed to deter- 
mine the position of the fulcrum, when the powers p and q, and 
tlieir position are known, the question reduces itself to finding, by 

article 38, the resultant of these two powers. 

♦ 

170. The problem is different when more than two powers are 
applied to the lever ; in this case, as in that of the cords in article 
151, we can vary without end the ratio or tlie directions of some of 
the powers, the others remaining the same, and yet not destroy 
the equilibrium. There is, however, this difference, between the 
lever and cords, that the condition of equilibrium in the former is 
single, whereas in the latter there are as many conditions of equi- 
librium as there are knots. It will suffice to point out the condition k^ 
of equilibrium in the lever, when three powers are employed, to 
make it evident that the proposition will hold true, for any greater 
number of powers. 

171. Let the three powers p, j, r, directed according to Bp, Fig. 77. 
-B 5, D r, be in equilibrium by means of the lever BFD. The 
power q may be considered as exerted in part against each of 

the powers p and r,* and in part against the fulcrum F. Having 



* The power q cannot, strictly speaking, be considered as ex- 
erted against r, since they both tend to turn the lever in the same 
Mtch. 1 3 
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produced the directioos B p^Eq^ and taken from the point of 
ing Aj the line AH to represent the power 9, we decompose thb 
power into two oihers, one AG equal and directly opposite to the 
power p, and the other AC such as will admit of being in equilibriam 
with the power r, by means of the fulcrum F, Accordingly, if uk 
direction D r meet ^C at the point /, we may suppose the force AC 
88. applied at /, according to the direction ACIL ; the force ALC ot IL 
must therefore be capable of being decomposed into two others, one 
JTiT equal and directly opposite to the power r, and the other IM di- 
rected against the fulcrum F. Thus the force q produces the three 
effects AG^ IK, IMj of which the two first, being equal and direcdj 
opposite to the forces p and r, are destroyed, and the last, b&n^ 
directed against the fixed point F, cannot but be destroyed alsa 
Now, since all the forces which act upon the lever, are p, y, r, or 
AGy IK, IMf and AG, IK are destroyed, we conclude that IM'is 
the resultant of the three powers p, q, r, and that consequently the 
only condition necessary to an equilibrium is, that this resultant 
should pass dirough the fulcrum F. We see, therefore, that the 
powers p, q, r, act upon the fulcrum as if they were immediateJr 
applied to it according to directions parallel to those which tber 
actually have ; and this conclusion would hold true for any number 
whatever of powers, for we may always suppose one of the powers 
to be in equilibrium with all the others by means of the resistance 
of the fulcrum. 

172. Since F must be in one of the points of the resultant, it 
must have the properties of which mention has already beeo 
08. made ; that is, when several powers, exerted in the same plane, art 
in equilibrium by means of a lever of whatever figure^ if from tht 
fulcrum we let fall perpendiculars upon the directions of these forces^ 
and multiply each force by the corresponding perpendicular, in other 
words, if we take the moments of the forces with respect to the fulcrum, 
the sum of the moments of the forces which tend to turn the lever t» 

direction about the fulcrum. The two powers p, q, being rep- 
resented by AH, and GA or AG' respectively, and being exerted 
in these directions, are equivalent to ^Cor IL, the direction of 
which is opposed to r, since it tends to turn the lever in the con- 
trary direction ; and the resultant of IL and IK', that is, of 
p, q, r, is IM. 
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one direetionj muet be equal to the sum of the momef^ of those 
tend to turn it in the opposite direction ; which may be expressed 
generally, by taking with contrary signs the moments of the forces 
^hich tend to turn the lever in opposite directions, and saying, that 
the sum of the moments must be zero. 

173. Accordingly, all that we have said with respect to the 
value and direction of the resultant, is applicable here to the deter^ ^* 
mination of the force exerted against the fulcrum, and the position 

of this point, whatever be the number of powers. 

174. Knowing, for example, the two weights p and j, together ^< "TS* 
with the length and weight BD of the lever, if we would determine 

the fulcrum F^ upon which the whole would remain in equilibrium, 
we should consider the weight of the lever as a new force r, applied 
at the centre of gravity O of the lever, and it would be necessary 
that the moment of p with respect to the unknown point F should 
be equal to the sum of the moments of r and f , taken with respect 
to the same unknown point F. 

Let the lever BD be straight, and of a uniform magnitude and 
specific gravity ; and, bearing in mind, that on accotmt of the direc- 
tions of the forces being parallel, instead of the perpendiculars jPL, 
FK^ FM^ we may employ the parts BFy FG^ FD, which have the 
same ratio to each other, we shall have 

p X BF=zr X FG + q X FD. 

Liet a be the length of the lever, x the distance BF; we shall 
have, 

5(? = ia, FG =: ia — Xj FD = a — x. 

Let s be the specific gravity of the lever, or, in other words, the 
weight of each inch in length of this lever ; a and x being also 
counted in inches ; s a will be the whole weight r. We have 
accordingly, 

px = sa{\a — a?) 4- y (a — x\ 
= Jsa* — sax -|- q a — qxy 

from which we obtain 






/ 



' iM a = 34 iDcbes, p:= iO pounds, 7 =: 4 pounds, s = iV'^ 
nd ; we shall have, 



_ ^(24)' + 4.24 _ a4+ 9 
" ~ 20 + 2 + 4 — 26 " 



= 4 f'j inches ; 



I, ihe fulcrum F, in order that there may be an equilibnun, 
be placed 4 ,*-j inches fronj the extremity B; whereas, by 
:l)Dg the weight of the lever, we should have 

qa 96 ^ . , 

X = -*-| — = tt; r= 4 inches. 
p + q 24 

', on the other hand, the point B and the point F were given, 
[ were proposed to find the point D where the force q, sup- 
to be known as well as p, must be applied to produce an 
brium ; designating BF by b, and BD by y, the equation of 
oments becomes 

pb = ay(iy — b) + q{y~b) 

= lsy" — syi + jy — g6; 
;e, • 

y» + (g g — 2 B ft) y _ 2p6 + 2gfe 



= J^ 



- g ± V (y — s 6)« + (2 p 6 + 8 ? d) s 



msitive value of y in this result gives the distance BD in 
78, and the negative value gives the distance BD in figure 
le distance SF being supposed without gravity. 

we would have the distance or length y at which the 
t of the part FI) would of itself be sufficient to counierfaal- 
he weighty, we should put q = 0, which reduces the above 



Lever. 101 

If, knowing p, q, BF^ and the specific gravity of the lever DF^ Pig. 80. 
v^G would determine the distance FD at which the power q must be 
placed ; designating FD by y» BF by 6, we shall have s y for the 
weight r ; and, accordingly, 

from which y is easily obtained. 

Id figure 78, it is evident that the longer the lever is, the 
more the power 9 is to be diminished, till it becomes zero, after 
which it must act in a contrary direction to produce an equlfi- 
brium. 

Id figure 80, as the lever is increased in length, the power q 
becomes at first less and less to a certain point beyond which it begins 
to augment. This may be easily shown in several ways, and among 
others by the equation 

ph + isf==qy, 
which gives 

P^ + i^y^ 

by which it will be seen, that when y zsO^ q must be infinite ; 
and that when y is infinite, q must also be infinite. Accordingly, 
between these extremes the values of q^ must be finite, and there 
must be some point where it will be the smallest possible. In 
order to determine this point, we have merely to put equal to^^^^^ 
zero the differential of the value of 9, taken by regarding y only 
as variable ; we have thus Cal. 11, 

whence 

s/ = pi + Jsy*, 

and 



,=j?f>. 



Therefore the value of the smallest power q, which can be employed 
with a heavy lever, of the second kind, is 
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^. 



^ or v^2p 8 h 



and the length of this lever is 



J 



2 pb 



It will hence be perceived, that when a weight is to be raised hj 
a heavy lever, employed as in figure 81, a particular length is neces- 
sary in the lever, in order that the force may act to the greatest 
advantage, and that a given efiect may be produced with the leas 
possible force ; and that a greater or less length would be atteodei 
with a loss of power. There is accordingly a difierence in (Ls 
respect between a heavy lever and a lever without weight* 



Cf the Pvlky. 

175. A pulley is a solid circle or wheel having a groove fonn^ 
round its cu*cumference, and an axis passing perpendicularly tbrougb 
its centroi and through a case or frame-work called the blod 
The several parts taken together, are sometimes called the block, 
and sometimes simply the puUey. 

The different kinds of pulleys may be reduced to two, the 
Jixedf and the tnovabk. 

y. ^ The fixed pulley is that in which the power and the weight (or 
83. resistance to be overcome) are both applied according to directioDS 
that are tangents to the circumference of the pulley. 

p. g. In the movable pulley, the weight or resistance is applied >t 
86, 86. the centre, or in a direction passing through the centre or axis d 
the pulley. 

This machine, considered in a general point of view, is sascep- 
* tible of two sorts of motion ; one by which the rope passing througb 

the groove of the pulley, changes its place without altering the posi- 
tion of the body of the pulley, the other is such that the body of 
the pulley changes its situation at the same time. Thus a state of 
equilibrium requires two dififerent conditions. The first is that the 
two parts of the rope which embraces the pulley should be equally 
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stretched, and thus niutaally destroy each other. The second con- 
dition is derived from the first in the following manner ; 

176. From the tension of the two parts of the rope which passes 
over the pulley, there results an effort upon the body of the ma- 
chine which may be determined by taking in the directions of the 
ropes, beginning at their point of meeting, Mj IB^ equal to each 
other, end forming the parallelogram MDBy in which the diagonal F^ff. n» 
11? represents the force exerted upon the body of the machine, ' 
Jj2 being considered as representing the tension of the rope O p 
or OCr. Now since IT^ lO^ are tangents, and 

IB=IA, 

it will be seen that ID produced would pass through the centre F 
of the pulley. Therefore, if the body of the pulley is not firmly 
fixed, ID cannot be destroyed, except the obstacle, whatever it be, 
which is to prevent the motion of. the body of the pulley, is situated 
,in some point of the line IF, extending from the centre F to the 
point of meeting of the two ropes. Thus, if the pulley is destined 
to turn in a block FGj fixed to some point G widiout, and ad- 
mitting of a motion about Gr, an equilibrium will not take place ex- 
cept when the block has the direction FL r^. 8S« 

In like manner, if the body of the pulley, being embraced by 
a rope fixed to the point 6, is movable, there will not be an equi- 
librium, except the efibrt applied at the centre F, or to the fixed Fig. 81. 
block at this centre, is exerted in such a direction as to bisect the 
angle formed by the two parts of the rope 06, Tj, and is at the 
same time to the tension of 06, T j, 

.1 ID I LA . IB. 

177. It is now easy to find the ratio of the tension of each part 
of the rope that passes round the pulley, to the force exerted upon 
the body of the pulley, and consequently to the force of which the 
movable pulley is capable. The tension of each part of the rope 
being represented by lA or its equal IB, the efifort which is exerted Fig Si. 
upon the body of the pulley, will be expressed by ID. But in the 
triangle IAD. 
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M : ID ::9in IDA : sin IAD, 

sin FI q : sin OAD, 
sin Fl q I sin Gl q. 

We may say> therefore, universally, that when there is an equUSh 
rium by means of the simple pulley ^ fixed or movable ; (1.) Tie 
tensions of the tufo parts of the rope which passes round the puHeg, 
or the powers applied to them^ are equal; (2.) That each of these 
powers is to the force exerted at the centre of the pulley, as the siae 
of half the angle formed by the two parts of the rope in question, 
is to the sine of the whole of this angle. 

Tig, 8Sy Thus in the fixed pulley, there is no other advantage gained bv 
the agent q, except that of being able to change at pleasure the 
direction in which the action shall be employed. But in the 

Fi|r. 84, movable pulley, there is possessed by the agent q, the double ad* 
' ' vantage of a change of direction and an augmentation of the effect 
of the action. But it is to be remarked, ttiat according as the di- 
rection is changed, die force exerted upon the centre varies, so that 
there is a direction in which the effect produced by a given power 
is the greatest possible ; and this is when the two parts of the rope 
GO, T q, are parallel, as will be readily perceived. 

Fif. 84. 178. If we draw the radii OF, FT, and the chord OT, the 

triangle OFT, having its sides perpendicular respectively to those 

Oeom. of the triande BID, will be similar to BID ; whence 
2oa. ° 

IB : ID :: FT : OT, 

or 

q : r : : FT : OT; 

that is, the tension of either part of the rope is to the force exerted 
against the centre F, as the radius of the pulley is to the chord ^ 
the arc embraced by the rope. 

Now it is evident that this last ratio is the greatest possible 
when the two parts of the rope are parallel ; hence in the mor- 
able pulley the power is the least possible, or is exerted to the great- 
est advantage, when the two parts of the rope are parallel ; and it 
is then half of the force exerted against the centre of the pulley. 
This second kind of pulley is made use of in tightening the saib 
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of a vessel, by attaching it to one of the corners as represented m 
figure 86. 

179. If, therefore, the weight p is sustained by the power ^, F%« 87. 
by means of several movable pulleys^ embraced each by a rope, 

one extremity of which is attached to a fixed point, and the other . 
to the block of a pulley, the ratio of the 'power to the weight will 
be that of the product of the radii of all the movable pulleys to 
the product of the chords of the arcs embraced by the ropes. 

Indeed if we call tj, ^, the forces exerted at the centres of the 
pulleys JV, My which are at the same time the tensions respective- 
ly of the two ropes attached to the centres of A" and JU ; b, b', 
Bf\ being the radii, and c, (/, c^% the chords of the arcs embraced 
by the ropes in the several pulleys JV*, JH, Lf we shall have li^- 

q 1 19 : : B : c, 
fir : ^ : : k' : (/, 
Q : p : : b" : c"; 

whence, by taking the product of the corresponding terms, Alf.ns. 

or 

q I p II RR'Bf^ : cdd' \ 
that is, when the cords are parallel, which gives 

c = 2 R, (/ = 2 B', c" = 2 B'% 
g : p : : bbV : 2 b X 2 r' X 2 b'^ 
: : 1 :2 X 2 X 2; 

m other words, the power is to the weight as unity to the num- 
ber 2 raised to the power denoted by the number of movable 
pulleys. With three pulleys, for example, the power would sustain 
a force eight times as great. 

180. But this arrangement of puUeys is not the most conven- 
ient. It is more common to empby one of the forms represented in 
figures 88, 89, 90, 91, 92, in which all the pulleys, both fixed and 
movable, are embraced by the same rope. Moreover all the fixed 
pulleys are attached to one block, and all the movable pulleys to 
luoother. Sometimes the centres are distributed upon different 
pcMQtsof die same block as in figures 88, 89, 90, 91. Some- 

^6cA. 14 
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times they are united upon the same axis as in figures 92, dS. 
The latter arrangement has the advantage of being more compact; 
but when a large number of pulleys are thus disposed ia the same 
block, the power being applied on one side instead of being directed 
through the middle, the system is drawn awry, and part of tbe ibroe 
employed is lost by the oblique manner in which it is exerted. 
This inconvenience does not belong to the pulleys represented io 
figures 88, 89, 90, 91 ; and in that represented by figure 94, the 
peculiar advantages of the two systems are united. Here two sec 
of pulleys having a common axis are attached to the movable block, 
and two to the fixed block, the inner set in each case being of t 
less diameter than the outer, so as to allow a firee motion to tbe 
rope. Then the rope commencing at the middle of tbe upper 
block, after being made to pass over all the pulleys, will terminals 
also in the middle. This arrangement was invented by Smeatoa 

181. But whatever difilerence there may be in this respect k 
tbe particular disposition of the pulleys, the ratio of the power to 
the weight may always be found by the following rule. The fow 
it to the weight as radius^ or sine o/'90, is to the sum of the sines of 
the angles made by the several ropes (meeting at the mcwilk 
pulley) with the horizon. 

^. 88, Indeed, if upon each of the ropes we take the equal parts IV, 
AP, &c., to represent the tension, and upon each of these lines, as 
a diagonal, we form a parallelogram, having one pair of its opposite 
sides vertical, and the other pair horizontal ; instead of consideria; 
the weight p as sustained by the immediate tension of the ropes, we 
may regard it as supported by the horizontal forces IKy JVO, Sic., and 
40. the vertical forces iL, JV*Q, &c. Now the first, being perpendicular 
to the action of the weight, contribute nothing to counterbalance this 
action ; and in the case of an equilibrium these horizontal forces 
mutually destroy each other. The weight jp, therefore, is wholly 
sustained by the resultant, that is, by tbe sum of the vertical forces 
/L, JVQ, &c. ; and, the ropes being all equally stretched, it is evi- 
dent (hat J is to p as the tension of one of these ropes is to tbe 
entire sum of the vertical forces. But in the right-angled triangles 
IML, JVQP, &c., we have 

IM : IL ::l : sinZAfL; JVPorJWf :JVQ :: 1 isinNPQ; 
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the same may be said of the other ropes ; whence 

ILzizIMsinlML; JVQ = Ijtf bid JVPQ ; 

accordingly, 

q : p :: IM : IM sin IML + IM sin JVPQ + &c., 
: : 1 : sin IML + sin JVPQ + ^. 

If the ropes are parallel and consequently vertical, the angles 
LMLf.JVPQ^j fyc, will be right angles, and their sines will be each 
equal to radius, or 1. Therefore the power in this case will be to 
the weight as 1 is to the sum of so many units as there are ropes 
meeting at the movable pulley. Hence it will be seen, that if one 
of the extremities of the rope is attached to the fixed ptdley^ the power f\g^ 88, 
will be to the weight as uniiy is to double the number of mofiohle ^* 
pulleys ; and if the extremity of the rope is attttehed to the movable ^* ^* 
pulley J the power laUl be to the weight as unity is to double the num^ 
ber of movable puUeySy plus 1. 

182. The general proposition above demonstrated holds true, 
whether the ropes are in the same plane or not ; and if the obstacle 
to be overcome be not a weight, that is, if the direction of the whde 
power of the pulley be not vertical, we have only to substitute for. 
the angles which the ropes are supposed to make with the horizon, 
those which they would make with a plane perpendicular to the 
whole acUon of the pulley. In figure 93, for example, the power 
q is to the force exerted at Gr, as radius is to the sum of the sines of 
the angles made by the several ropes (meeting in CF) with a plane 
perpendicular to FO. 

183. If several sets of pulleys are employed, it will be easy 
after what has been said to assign the rado of the power to the 
weight. In figure 93, for example, the ropes being supposied paral- 
lel, the power q will be to the force exerted in the direction CB, 181« 
as ] is to 5. Now this last force performs the ofiice of a power with 
respect to the system of pulleys BA^ and accordingly is to the 
weight p, as I to 4. Therefore the power f is to the weight p, 

as 1 X 1 is to 4 X 5, that is, as 1 to 20. 

184. In all that precedes, we have supposed the system of pql- 
leys destitute of gravity and friction, and the ropes perfectly flexible. 
We shall see hereafter what allowance is to be made for firictioa 
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and the stiffiiess of the ropes. With respect to the gravity of die 
parts of the qrstem which the power has to sustain, allowance is 
made for it, in the case of an equilibrium by adding it to the ive^kL 
Ttg. 90» when its acdon coincides with that of the weight. But if» ns in fig- 
^^' ure 93, the gravity of the system CF is not exerted in the sane 
direction with the power j, BC^ instead of being in the saoae direc- 
tion with the power 9, is in the direction *of the resultant of the 
gravity of the system, and the force exerted independendy of 
gravity. 

Cf the Wked and Aacie. 

\85. The uhtd and axle consists in general of a groofed 
F!^. 96. wheel, and a cylinder passing perpendicularly through the cencic 
of the wheel, and resting at its extremities upon two fixed sap- 
ports jP, F. a power 9, applied in the direction of a tangent lo 
the circumference of the wheel, turns this wheel, together with the 
cylinder, which being firmly fixed to it, takes up successively the 
different parts of the cord Dp and with it the weight p, which ^i 
is proposed to elevate or draw toward the cylinder. 

Yig, 96, Sometimes instead of a wheel, bars £, E, in the form of n& 
^> ^' are the points at which the power is applied, and by which the saiae 
effect is produced. At other times the extremities of the cylinder 
PI 97^ are provided with winches 9, 9, at which the moving force is ex- 
erted. 

When the axis of the cylinder is vertical the machine is called 
^^ ^9 a capstan. It is in this position that it is used on board of vessels, 
with this diflerence in the construction, however, that the figure ci 
the axis is made conical instead of being cylindrical, that it may be 
worked more easily when the rope, having reached the lowest point, 
in turning to retrace its course would tend to check the motion. 

186. But however the machine is placed, it will be seen tbit 
the action of the power and that of the weight which it^ is proposed 
to raise, are not exerted in the same plane, but in planes that are 
parallel or nearly so. The power produces two effects, one of 
which is exerted against the weight, and the other against the sup- 
ports. In case of an equilibrium, these effects may be determined 
in the following manner. 
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The essential parts of the machine are represented in figure 
101, where AMJ^\& the plane of the wheel, FF the axis of the 
cylinder, and BDL a section of the cylinder, parallel to AMJ^^ 
and passing through the cord D^ ^ 

Having drawn the radius EA to the point A^ where the power 
hjBLCts upon the wheel, suppose a plane FEA passing thrpugh 
^Fy and EA, and meeting BDL in IB; IB will be parallel tD 
EA., Join ABj and throujrh this line and the direction A j'of 
the power, imagine a plane iplG to pass meeting the axis FF in 
some point O. Lastly through JB and 6 draw B « and O r 
parallel each to ^ Jtk> 

This being supposed, the force |Mmay be decomposed into two 
other forces w, r, directed according to B tj, Or; and as this U. 
last passes through the axis of the cylinder, it can have no effect in 
tumiag the machine about this axis, and consequently can contrib- 
ute nothing toward the support of the weight f^.w It will therefore 
be expended against the supports F, F. There will aocord|ngly be 
only the force ar by which an equilibrium with the weight j is to be 
effected* Now (1.) This force is directed in the same plane 
BDL in which the action of the weight is exerted. (2.) The two 
lines B ar, JBi, being paraUel respectively to the two A m/^AEj 
which are at right angles to each other, J9 w is perpendicular to jBi, g«om. 
and consequently a tangent to the circumference BDL. We may ^^* ' 
therefore consider BID as an angular lever, of which the fulcrum 
is at i ; and since the distances of the directions of the two powers 
far, m from the fulcrum are equal, these two powers must be equal; 
we have accordingly tr = ^. Let us now see what is the ratio of 



t^to^;/ 

According to what has been laid down, we have 

f: m :: BG : AG; 

but the similar triangles GBIj GAE, give 

BG ; AG :: BI: AE; 
whence * 

f : w i: BI : AE ; 

or, since I, =fr ^ ^ 

f^ : j^ :: BI : AE ; 
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that is, in the uhed and axle the power it to the toeSght, a$ ik 
radixit of the cylinder to the radiui of the wheel. 

Flf^.ioa. ] 97, If ihe weight fo be attached at some point B in the phm 

of the wheel, in such a manner, that the perpendicular IB upon iss 

direction shall be equal to the radius of the cylinder, we maj coo- 

sider AlB as an angular lever the fulcrum of which is at the centre 

^^' /• and in order to an equilibrium, we must have 

^: Jl^:: BI : Aly 

that is, the ratio between the power and the weight would be the 
same as the above. Therefore the action of the power is troMt- 
tniited to the weight by means of the wheel and axle^ in the saat 
manner as if the power and the weight were in the same plane. 

188. It is not the same, however, with respect to the hnx 
exerted against the supports. This varies according to the db- 

Fi^.lOi.tance of the plane BDL from the plane of the wheeL Id order 
to determine what it is, we de;compose the power ^ considered 
as applied at E parallel to ./i |^ into two forces parallel to dj^ 
and passing through F and F. We decompose likewise the pow- 
er #, considered as applied at i, into two forces parallel to mDy 
and passing through F and F, By this means each support vri 
be urged by two forces, the magnitude and directions of which 
' will be known. It will be easy, therefore, to reduce these foro^ 
in the case of each support, to a single one of a known magnitude 
and direction. 

This method of finding the forces exerted against the two sup- 
ports, is founded upon the fact, that the two forces & and ^reduce 
themselves to one which acts at /. If we conceive this decom- 
posed into two forces parallel to the direction isr and fp and applied 
in i, they will have simply the values of tr and j.^ Accordingly, 
(1.) We may regard ^as applied at i; (2.) The force bf, consid- 
ered as applied at J, and the force r applied at 6, cannot but have 
for a resultant the force Mf)j which they are produced, as we have 
68. seen above ; moreover this resultant passes through £, smce 

Gl : GE : : GB : GA : : ^: vr. 

189. If the power, instead of being applied in the direction of 
loli ' a tangent to the wheel, acted by means of the arms ££, and at 
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right angles to their length, the ratio of the power to the weight 
would always be found to be the same as above stated, by substitut- 
ing for raditu of the wheel the words length of the arm ; this length 
being reckoned from the axis of the cylinder. But if the power 
acted in a direction not perpendicular to the arm i£, instead of the Fig. se. 
length of the arm we should take that of the perpendicular IR let 
fall upon the direction of the power ; so that in this case the power 
will be to the weight as the radius of the cylinder to the perpen- 
dicular IR. 

190. Since f : ^ : : BI : AE^ we have T| X AE = ^ X B/;Pig.l0l. 
that is, the moment of the power is equal to the moment of the 
weight, these moments being taken with respect to the axis FF. 

If, therefore, several powers are employed at the same time, applied 
to different arms, the sum of the moments of these powers must 
be equal to the moment of the weight. 

191. If the cord which supports the weight or which transmits 
the action of the power to the weight, were wound round a conical 
surface, or a surface of a variable diameter, instead of that of a 
cylinder, the ratio of the power to the weight, would also vary 
continually ; and reciprocally, if the power, whose action is to be 
communicated through the medium of such a machine as that 
under consideration, varies continually, and is intended, notwith- 
standing, to produce the same effect, we arrive at the end proposed, 
by causing the action to be applied successively to radii that increase 
in length according as the power diminishes. We have an exam- 
ple of this adaptation of the machine to a varying power in watches 
and chronometers, in which the moving or maintaining power is a 
spring fixed at one of its extremities to the axis or arbor of a bar- 

rel Z, and which, after several revolutions or coilsj is attached to the rtg. lOl 
interior of this barrel. A chain with one of its extremities fixed 
to the convex surface of the barrel is wound round the conical axis 
or fusee 7, to which the other iextremity of the chain is attached. 
As the spring uncoils, the barrel turns, and, drawing the chain, 
causes the fusee to turn ^ but since the force of the spring dimin- 
ishes as it uncoils, a compensation is made for this reduction of the 
power, by giving a greater diameter to those parts of the fusee on 
which the last coils of the spring are exerted. By this contri- 
vance, the machinery receives nearly equal impulses in equal 
times. 
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193. It would Beenii therefore, bj having r^ard only to to 
equilibrium, that we might diminish at pleasure the ratio of tk 
power to the weight, and make a force, however small, eouot» 
balance one however large, by means of the wheel and axle, aad 
such machines as depend upon the same principle. But if we tib 
into consideration their motion, and have respect also, as we mus^ 
to the nature of the agents to be employed, we cannot augmoA 
the effect at pleasure. The ratio of the radius of the cylioder 
to that of the wheel, is not arbitrary. It requires a particular adap* 
tation to the purpose proposed, in order to produce the greafet 
possible effect. 

Fif . se. Suppose, for example, that the agent applied to the arm £, 
tends to move with a velocity ti, and that the force of which if 
is capable, is m v , that is, equal to a known mass m nrg&i wiili 
a velocity «. Let v be the velocity with which the poiot £ 
would be moved in virtue of the resistance of p ; then, if we cd 
D the perpendicular distance of E from the axis, and d that off 
from the axis, we shall obtain the velocity that p would have, bf 
the proportion, 

since it is evident, that the point E and the point where the oori 
touches the cylinder, would have velocities proportional to their &r 
tances from the axis. 



We must suppose, therefore, that at the instant when the 

power comes to exert itself, the velocity u is composed ottk 

iss. velocity v, which actually takes place, and the velocity a *— v, 

which is destroyed ; and that at the same instant the weight p to 

the velocity -^y which actually takes place, and the vek)city -g" 

in the contrary direction, which is destroyed ; that is, the ooviog 
force m(u — v) must be in equilibrium with the mass p, tagsi 

with the force ^-jj- • Accordingly, 

» («-«)xD=£^; 

whence 

— aml>^ 
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and the velocity of pj namely -^ will be 

mu d D 

Therefore, in order to know what ratio there must be between D 
and dt in order thatp may have the greatest velocity possible, it i8Cal.48. 
necessary to put equal to zero the differential of this expression, 
taken by regarding d only as variable ; thus 

m u n d d (m IJ^ + p fi) —m u D d X 2p9 ddz=0, 

{mifi+pfif 

or 

muDdd{mII^ + pfi) — muDd X SpA^fs 0, 

whence 

mU^+pfi — 2pfi or mB*— p4^ = 0, 

which gives 



\ P SP 



ir, for example, tbe weight p be lOOOOOlb., and the mass m or itaor- 
ing force be equivalent to a weight of lOlb., we ihaU have 
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that is, the radius of the cylinder must be a^ hundredth part of the 
arm I£, in order that the effect may be the greatest possible. 

103. There are many machines which are referrible, either 
wholly or in part, to the wheel and axle, and consequently to the 
lever ; such as rach-work^ machinery in which wheels are con- 
nected by hands^ tooth and pinion work, and instruments intended 
for drilling, boring, and screwing, although these last operations 
often depend in part upon another machine that remains to beFig.lOB. 
described, namely, the inclined plane. In rack-work, the axis 
FEf having a mnch FR j, carries a pinion the teeth or leaves 
of which act upon the toothed bar AB. The leaves of the pin- 
ion, in turning, raise the bar AB with a force which is to the 
force q applied to the winch, as the radius of the winch is to that 
of the pinion ; and as the radius of the pinion is for the most part 
small compared with that of the winch, by the aid of such a 
Mech. 15 
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machine we are able to raise a rery considerable wei^ widi i 
moderate force. 

194. Toothed wheels serve several purposes. Sometimes in 
employ them to augment a force, at others to increase a velocity, 
often to change the direction of a motion, and still more frequeotij 
to adapt motion to certain periods of time, or to render sensibie 
certain motions or spaces, that the eye cannot distinguish* 

Fig. 106. Several toothed wheels W^ X, Y", Z, being connected together 
by the pinions w, Xy y, 2r, it is proposed to find the ratio of tbe 
power 9, applied to the first wheel, to the weight or ethri f, 
susuined by the last pinion. Let D, I>, I>\ D"', be the greater 
distances or radii of the wheels, ^, ^', d'^j 8^'\ the less distaocts 
or radii of the pinions. We shall consider the effort made by ihe 
leaf of any one of the pinions upon the tooth of the neigbboariog 
wheel, as a power applied to this last ; then JB, E\ E"j bein; 
186. these efforts, we shall have 

q : E :: d : D, E i E' ii » i D"^ 

E' : E" : &' : B", E" i p : : b'" : !>'' ; 

whence, by taking the products of the corresponding terms, 
} I p : : d* d' * S" ' d"' : D I> • D" - D"' *, 

that is, the power is to the weight as the product of the radii of al 
the pinions to the product of tlie radii of all the wheels. 

If, for example, the radius of each pinion is one tenth of tbat 
of the corresponding wheel, we should have 

5 : p : : 1 : 10 X 10 X 10 X 10, 
1 : 10000; 

that is, a power of one pound would counterbalance a weight of 
10000 pounds. 

What is gained, however, in point of force by the use of 
wheels and pinions, is lost in respect to velocity. Indeed while 
the wheel W turns once, the pinion w^ turning in the same time, 
Fig. 106. causes to pass only as many teeth of the wheel X, as it has leaves 
in its own circumference, so that if the wheel X has 48 teeth, and 
the pinion w six leaves, the wheel X would make only yV or } 
part of a revolution, while W turns once round ; it will hence be 
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seen that the wheel X goes just so much slower than ^, F so 
much slower thau X, and so on. 

« 

1 95. From what is above said, it will he perceived how, by 

means of toothed wheels, the velocity may be augmented in any 

given ratio. Let there be, for example, the toothed wheel ^,F!g.l07. 

acting upon the pinion t^; it is clear, that during one revolution 

of TV, the pinion w will turn as many times as the number of leaves 

in the pinion is contained in the number of teeth of the wheel ; 

N 
that is, during one revolution of the wheel, the pinion will turn — 

times, JV* denoting the number of teeth in the wheel, and v the 
number of leaves in the pinion. 

If therefore the axis of the pinion w carries a wheel, which 
acts also on a pinion a?, we shall see that during one revolutioa 

N' 
of the wheel Z, or of the pinion w^ the pinion x will turn — 7- 

times, J^' denoting the number of teeth in the wheel X^ and v' the 
number of leaves in the pinion x. Therefore while the wheel 2 

N 
makes a number of turns expressed by — , that is, during one 

revolution of the wheel fF, the pinion x revolves a number of 

times expressed by -7 X — or —7-- And by reasoning in 

this manner for a greater number of wheels and pinions, it will be 
perceived that the number of times that the last pinion turns, during 
one revolution of the first wheel, is expressed by a fraction having 
for its numerator the product of the number of teeth in the several 
wheels, and for a denominator the product of the number of leaves 
in the several pinions. 

When it is asked, therefore, what must be the number of teeth 
and leaves for a proposed number of wheels and pinions, in order 
that the velocity of the last piece shall be to that of the first m a 
g^ven ratio, the question is indeterminate, that is, one which admits of 
several answers. Two examples will suffice to show how we 
ought to proceed ia questions of this kind. 

We will suppose that it is required to find how many teeth must 
^ given to the two wheek W and X, and how many leaves to the 
pinions w and Xj in order that the pinion x may make 50 revolu- 
tions while the wheel W makes one. We shall have 
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^' = 60. 

We know m this case only the quotieDt obtained by dividing NS* 
by y y'; we do not know either the dividend or the divisor. 
Let us take, therefore, arbitrarily for the divisor r y' a number 
composed of two factors which shall be neither too small nor too 
great for the number of leaves to be allowed to the pinions. Sap- 
pose, for example, yr'=:7 x 8 = 56, r being 7, and 9' 8. We 

shall then have ^ = 60, or AW^ = 50 X 56. Now 50 and 

00 

56 not exceeding the number of teeth that can be given to the 

wheels W and X, I will appose iV to have 50 ; and coDsequeDtlr 

those of N' will be 56. If these two factors, or one of them, 

should happen to be too great, I should decompose them into tbeff 

prime factors, and see if from the combination of these fscftMs 

there would not result two smaller factors; or another number migfac 

be taken for vp'. 

Suppose, for a second example, that it is proposed to find the 
number of teeth and leaves to be given to three wheels and tfaek 
pinions, in order that while the last pinion turns once in twebe 
hours, the first wheel shall require a year to make one revolutioo. 

The common year consisting of 365,25 X 24 X CO or 
525949 minutes, and 12 hours being equal to 12 X 60 or 720 
minutes, it b evident that during one revolution of the first whed 
the last pinion will make a number of revoludons expressed bf 

NN'N" 
*V/^*5 ^^ have, therefore, — 7-77 = 'VA**- Le^ ws tib 

arbitrarily i^ = 7, y' = 8; and we shall have ^ g „ = • ViV* 
or NNIf' = * ViV X 7 X 8 r" = ^^ff ^ ^^ 



Of the Indined Plane. 

FSf.106. 196. If a body p of any figure whatever, touching a plane 
XZ in any point C, is urged by a single force, it can remain at 
rest on this plane only when the direction of this force is perpen- 
dicular to the plane, and is such at the same time as to pass through 
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the point C. The necessitjr of the first oonditioD is evident. As 
to the second, it will be seen, with a moment's attention, that this is 
not the less necessary ; since, if the direction AD of the body p^^ 
for example, although perpendicular to the plane, does not pass 
through the point of contact C^, the resistance of the plane, which 
cannot be exerted except according to the perpendicular at C, 
would not be directly opposed to the force AD^ and conse- 
quently would not destroy it, even' when it is supposed equal to this 187. 
force. 

197. If the body, instead of touching the plane only in one 
point, touches it in several points, it is not indispensable that the Fig.i09, 
single force AD^ which acts upon it, should pass through any one 
of these points; but it is necessary that it should be perpendic- 
ular to the plane, and that it should be capable of being decom- 
posed into as many forces perpendicular to the plane, as there 
are points which rest upon it, and that they should be such as to 
pass through these points. Thus if the body p, for example, were 
in contact with the plane at the points C, C^ and the force ADFigAW, 
were not in the plane which passes through the two perpendicu- 
lars raised at the points C, C^, an equilibrium would not take 
place, because the force AD could not be decomposed into forces 
passing through C and C^ without a third arising which would not 
be counterbalanced. 

198. Hence, if a body which touches a plane in one or in 
several points, be urged by several forces directed at pleasure, it is 
necessary, (1.) That these forces should admit of being reduced to a 
single one perpendicular to the plane ; (2.) That this, in the case 
where it does not pass through one of the points of contact, should 
be capable of being decomposed into as many forces parallel to it, 
as there are points of contact, and that these should pass each 
through one of the points of contact. 

199. If the single force which urges a body be gravity, it is 
necessary that the plane should be horizontal ; and if the vertical 
plane, drawn through the centre of gravity of the body, do not 
pass through one of the points of contact, it is necessary, at leasts 
that it should not leave all the touching points on the same 
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200. If therefore, the body be urged odIj by two forces, k 
is necessary; (1.) That the two forces should be in the saoi 
plane ; (2.) That this plane should be perpendicular to that oe 
which the body rests ; (3.) That the resultant (which must be 
always perpendicular to this last plane) should not leave all tk 
points of contact on the same side ; and if one of these forces be 
gravity, it is necessary, moreover, that this plane should be vertici' 
and pass through the centre of gravity of the body. 

201. Let us now see what rauo must exist between two forces 
which hold a body*in equilibrium upon a plane. IjetFq,Ff. 

Fif.lll.be the directions of these two forces, and AB the intersection oi 
the plane of these forces with that upon which the body rests; 
having drawn the perpendicular FH upon AB, let us supjXBe 
that on this line, as a diagonal, and upon F q, F p^ as sides, tiie 
parallelogram FEDC is constructed. In order that the resultais 
of the two forces q and p may be directed according to FD or FE^ 
it is necessary that the two forces q and p should be to each other 
as FC to FE; and then the two forces p and y, and the prcssuR 
which they exert upon the plane, and which I shall represent by^ 
will be such as to give the proportion 

33 q ip : 9 :: FC : FE : FD. 

203. According to article 48, we have likewise 

J : p : p : : sin EFD : sin CFD : sin EFC. 

203. From the two points A^ B, taken arbitrarily in M ^ 
let fall upon the directions of the two forces y, j>, the perpendica- 
lars AGy BG. The triangle ABG having its sides perpendicular 
respectively to those of the triangle FDE^ the two triangles will be 
similar; hence 

AG I BG . AB II BE or FC : FE : FB :: q : p '9> 

accordingly 

AG : BG : AB : : q : p I g. 

But 

Tii|f;32. AG : BG : AB :: sin ABG : sin BAG : sin AGB, 

therefore 
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f : p : ^ : : sin ABO : sin BAQ : sin AOB; 

that is, when two forces only act upon a body to retain it in equi- 
librium upon a plane ; if we imagine two other planes to which the 
forces aipe perpendicular, these two forces and the pressure upon 
the given plane, are represented each by the sine of the angle com- 
prehended between the planes to which the two other forces are 

perpendicular. 

• 

204. Since the ratios which we have established, take place 
whatever be the nature of the two forces p and 9, they will hold Fi%A\%, 
true when one of the forces, p for example, is gravity ; in this case 

the plane BO is horizontal, and the intersection BO is called the 
bascy and AL, perpendicular to JSG, the height of the plane. 

205. Since by article 202, 

q : p : ^ :: wi EFD : sin CFD : nn £FC, 

we have 

y : p : : sin EFD : sin CFD, 

: : sin HFp : sin HF q ; 

if, therefore, knowing the weight p, the power j, and the angle 
HFp, which the direction of the weight p makes with the per- 
pendicular to the plane, we would determine the angle which 
the direction of the power q must make with the same per- 
pendicular, we shall obtain it by the above proportion, which 
gives 

zTEv P X sin HF p 
sm HP a = ^-^ £-. 

But when an angle is determined by its sine, there is no reason 
for taking as the value of this angle, the angle itself found in die 
tables, rather than its supplement. Accordingly, the same weight Trig. 18. 
may be supported upon the same plane, by the same power, di- 
rected in two different ways. These two directions must there- 
fore be such that the two angles HF y, HF y, which they form * 
with the perpendicular FH, may be supplements to each other. 
Now if we produce the perpendicular HF, toward J, the greater 
of these two angles HF q is the supplement of q FI) therefore, 
ance it must also be the supplement of the smaller angle HF j, 
it foUows that q FI is equal to die smaller angle HF y. Hence 



C/^^ 
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the two directioDS according to which the same power will 
taiD a given weight upon the same plane, are equaDy incfioed in& 
respect to a perpendicular to this plane, and consequently wid 
respect to this plane itself; and they both fall on the side of i 
perpendicular to this plane, opposite to that in which the gravitr ci 
the body is directed. 

206. In the same proportion, 

J : p : : sin HFp : sin jBF 7, 

if, instead of the angle HFp^ we put the inclinatioD ABG of the 
G«om. plane, which is equal to this angle, and instead of sin BFq/its 
^^* equal cos A'Fq^ FA' being drawn parallel to BJl^ we sbaH 

have 

} : p : : sin ABO : cos A'F j , 
and hence 

p X sin ABQ 
^ cos A'F q 

Therefore, the inclination of the plane and the weight remaininj; 
the same, the power q must be so much the smaller, as the coaoe 
of its inclination to the plane is greater; accordingly, as the 
Fig. 118. greatest of all the cosines is that of 0^, we say that the directum » 
which a poufer acts to the greatest advantage^ in sustaining a teei^ 
upon an inclined planCj is that uahich is parallel to this pUme. 

207. In this case the proportion 

; : p : : sin ABO : cos A'F q 
becomes 

q : p I : sin ABO : i or radius. 

F%.118. Now if, from the point Ay we let fall the perpendicular AL upon 
the horizontal line JSG, we shall have in the right-angled trian^ 
ALB, 

Trig.80. sin ABG : 1 : : AL : AB; 

therefore 

q : p :: AL : AB; 

that b, when the power acts in a direction parallel to the pUmtj t< 
is to the toeight as the height of the plane is to its length* 
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208. If the direction of the power be horizontal, the angle Fig.iii. 
•A^F q, being the complement of BAL^ the proportion becomes 

q I p : : sin ABO : cos A^F y, 
q : p I : sin ABG : sin BAL^ 

:: AL : BL; Trig.aa. 

that is, when the direction of the power is parallel to the base of the 
inclined plane, the power is to the weight as the height of the plane 
to its base. 

From the proportion 

; : jp : : sin ABG : cos A^F y, 

we infer, as a general conclusioni that so much less power is re* 
quired according as the inclination of the plane is less, and 
according also as the inclination of the power to the plane is 
less. 

■ 

We have said nothing of the point where the direction of the 
power is to be applied to the body. This point is determined only 
by the condition, that the direction of the power meet the vertical 
drawn through the centre of gravity of the body in a point from 
which a perpendicular let fall upon the plane has the conditions 
mentioned in article 196, &lc. 

We hence see that a homogeneous sphere cannot be sustained 
upon an inclined plane, except when the direction of the sustain- 
ing force passes through the centre of the figure, which is at the 
same time the centre of gravity. 

209. If several powers, instead of one, are opposed to the 
action of the weight, what we have said respecting the power q, is 
to be understood of the resultant of these several powers. If the 

body p, for example, is supported upon an inclined plane by the Fif.ll6. 
combined acdon of a power q, and of the resistance of a fixed 
point By to which is attached the cord HD q, passing round the 
body ; through the point of meedng 5, of the two cords BH, q X), 
suppose a line SF drawn so as to bisect the angle formed by the 
cords. If this line cut a vertical line passing through the centre 
of gravity in a point F, from which a perpendicular can be let 
&U upon the plane that shall pass through the point of contact 
Mech. ] 6 



122 Statics. 

H, the equilibrium will be possible ; and the ratio of the wdgb 
p to the effort ia the direction SF will be d^termioed hy the fore- 
going rules. The ratio of the ef!brt, io the direction SF\ to tb 
power 9, will be the same as in the movable pulley. Thus i: 
207. the power q is exerted in a direction parallel to the plane, ihe 
weight p will be to the power q, as the length of the plane to b£: 
its height ; that is, the power will be only one half of what wooid 
be necessary without the aid of the pulley, or fixed point i?. 

210. With respect to the whole pressure exerted upon the 
plane, it will be easily determined by the ratios above establish- 
ed. As to the particular pressure, however, that takes plats 
upon each of the points where the body rests upon tbe plane, ii 
is absolutely indeterminate, except in the case where tbe bodj 
touches only in two points ; and in this case the whole presore 

161. is divided between these two points in die inverse ratio of tbe 
distances of its direction from these points. In every other case 
there are no other conditions for determining the several pres- 
sures except (1.) That the sum of them must be equal to tbe 
whole pressure. (2.) That the sum of their moments, taken with 
respect to an axis perpendicular to the direction of the whole 
pressure, is zero ; the same will be true of the sum of tbe mo- 
ments with respect to another axis perpendicular to the first 
These two axes, moreover, pass through a point in the direc- 
tion of the whole pressure. Thus, when a body rests upon 1 
plane by means of a plane surface, there is no reason for suppos- 
ing that all the points upon which it rests should experience 
equal pressures, except when it has the figure of a right prism 
or a right cylinder. 

211. With respect to bodies which rest upon several planes at 
once, either in virtue of a single force, or of several forces, in 
which we comprehend their gravity, the general law of equilibrium 
is, (1.) That the resultant of all these forces must admit of being 
decomposed into as many forces as there are points on which the 
body rests ; (2.) That these must be perpendicular to the plane 
touching the body at this point. 

Let a heavy body KGI be placed in equilibrium upon two 

Fig. 116. inclined planes; this state can continue only while the weight of 

the body is destroyed by the resistance of the planes ; if there- 
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fore the body is in contact with each of the planes only in a sin- 
gle point, and perpendiculars 10^ KO^ be drawn through these 
points, they must meet in some common point O, of the vertical 
passing through the centre of gravity 6, in order that the weight 
of the body may admit of being decomposed into two other forces 
having directions perpendicular to these planes. The compo- 
nents /O, KO, will represent the pressures exerted upon the 
planes. It hence results, that the plane which passes tjirough the 
points of support and the centre of gravity must be vertical^ or per* 
pendicular to the inclined planes^ or to their common intersedum^ 
which toiU consequently be horizontal. 

What is here said is not peculiar to the case of a body urged 

by gravity simply. Whatever be the forces acting at /, JST, their 

resultant must conform to what we have said of the vertical 
passing through the centre of gravity. 

L«et XZ be a horizontal plane passing through the intersec- 
tion B of the inclined planes ; and through the point K^ draw KH 
also horizontal; and let the weight of the body KIG be repre- 
sented by g, and the pressures exerted upon the two planes ABy 
BCy by p, q, respectively. In order to obtain these pressures, 
we must suppose the weight g of the body to be a vertical force 
applied at O ; thus regarded, it may be decomposed - into two 
others, directed according to 01^ OK'y we have accordingly the 
following proportions, 

g : p : q : : An lOK : sin GOK : sin lOG^ 48. 

or, since the angle CBZ = GOK, and ABX = lOG^ and the 
angles IBKj lOK, are supplements of each other, Geom. 

80. 

^ : p : J : : sin ABC : sin CBZ : sin ABX, Tri^i*. 

: : sin HBK : sin BKH : sin KHB, 

HK : HB : BK. ^^^ 

212. These principles are sufficient for determining, under 
all circumstances, the conditions of equilibrium, where planes 
are concerned. By means of them we are enabled to explain 
the strength of arches, and b general why hollow bodies, who^e 
exterior surface is cotivex, are better fitted, on this accouot, to 
resist a compressing force. If, for example, a body is compoied 
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F!ff.ii6. of four paru ABCD, CDFE, FEGH, ABGH, tbe ezieiior »d 

interior surfaces of which are circular and concenuric, and the 
same force be applied to the centre of gravity of each part, idj! 
be directed toward tbe common centre of tbe whole, no separs- 
tion can take place among the parts, however great the force 
employed, provided the material itself be sufficiently bard. For 
it will be seen, that the force belonging to each part may be coo- 
sidered as decomposed into two others perpendicular respectively 
to the two plane faces of this part, and that consequently betweeo 
each pair of contiguous planes there will be two equal and direcdj 
opposite forces; so that the several forces will mutually destrov 
each other, and a general equilibrium will be the result. The 
parts ABCDf &c., are called vovssoirs. In a regular arcb, die 
upper voussoir is distinguished by the name of key-ttone. The 
surfaces which separate tbe voussoirs are technically termed 
joints. The interior curve of the arch is called the iniradog, and 
the exterior, or that which limits all the voussoirs, when they are 
in equilibrium, is called tlie exirados ; the masses of masonry at 
each end, that support the arch, are the abutmenU* The begin- 
ning of the arch is called the springy the middle the crown, and the 
parts between tbe spring and the crown, the haunches of the arcb. 
The part of the abutment from which the arch springs, is termed 
the impost; and the distance between the imposts the qfan of tbe 
arch. 



Cf the Screw. 

Fig.117 ^^^* ^^^ screw AB^ is a solid cylinder having a protuberance 
118. or thread raised upon its convex surface, and carried round 
obliquely, and continually with the same inclination to tbe axis. 

The nut is a hollow cylinder with a spiral groove cut upon 
tbe concave surface, and fitted to receive the thread of the screw. 
The former is someumes called the external^ and the latter the 
internal screw. 

Sometimes the nut is fixed, and the screw in turning has all its 
threads carried successively through it; sometimes the screw is 
fixed, and the nut in turning passes the whole length of the screw. 
In each case, while the power is applied at the same distance from 
the axis of the screw, there is always the same ratio between this 



power and the fiiroe wfaicb k is capable of enniog b Ae 
of the axis. 



2 14'. We shall have a prettf jost idea of the screw, br lep- 
resentiog the thread as formed by wrapping roind the c}&odcr 
the hypotheouses Cf of as many right-angled triaogles CJX^ asF%.itt. 
there are reyolutions of the thread, each triangle baviog far ks 
height, the distance CI between two adjacent threads, aad far ks 
base IK, the circumference of the cylinder conespoodbg in the 
point J; so that, according as the thread becomes thicker, IK h 
increased in length, the height CJ remaining the same. 

lo 6gure 118, where the threads are edge-shaped, am a di ng 
as the protuberant part becomes thicker, or departs faither from 
the axis, we roust suppose that the base IK iocieases^ and that tfcer%.UiL 

height Cf diminishes. 



215. The screw AB beii^ fixed, and having a vertical 
tion, no allowance being made far friction, or far the mt hav- 
ing its natural gravity, it is evident that the nut io timing iaoaUF%.il7, 
pass over the several threads of the screw by sfiding upoa each^^^ 
as upon an inclined surface. It is also evident that this teodeo- 
cy may be overcome by applymg to the not XZ^ a certain poiw- 
er, which admits of being directed m several Afierent ways. 
But as the nut has manifestly no aaotioDy if k be prevented from 
turning, we shall confine ourselves to inqmring what most be die 
ratio between the wdght of the nut, or in general between the 
force which urges it in a direction parallel to the axis of the screw, 
and the force capable of preventing its turning. Of the several 
points of the nut, we shall first consider only that which rests upon 
one point of the thread of the screw. 

The force which acts immediately oo this point to prevent 
the turning, and that which tends to make k descend parsBd to 
the axis, must be regarded as being in eqoflibriom upon an in- 
clined plane whose height is the perpendicular distance betweea 
two adjacent threads, and whose base is the circumference of the 
circle which would be described by the pomt in question. This fi^ 
lows from what we have said of the nature of the screw. Now of 
these two forces, the first is parallel to the base <rf the incGned plane, 
and the second is perpendicular to h ; hence, by ardde 308, k will 
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be seen that the part of the force parallel to the axis of die 
screw which is exerted upon an^ point of the thread, is to the 
force which it is necessary to apply at this point to prevent d^ 
turning, as the hase of the inclined plane is to its height, that is, 
as the circumference of the circle, which would be described h^ 
the point of application, is to the perpendicular distance betweec 
two adjacent threads. Therefore, if we call p the 6rst force, and 
^ the second, and d the distance of the point of application from 
the axis, h the height of the supposed inclined plane or perpen- 
dicular distance between two adjacent threads, and 2 n the ratio d 
the radius of a circle to its circumference, we shall have 

p : q^ : : 2 d n : h. 

But each point of the nut is not supported directly ; the 
whole is subjected to a certain power j, applied at some point of 
the nut whose distance from the axis may be represented by D. 
It is hence evident, that D being greater than d, there wiU be 
necessary for each point, a force so much the less, according 
as the distance D is greater ; so that if we call q the part of this 
force which at the distance D is capable of the same effi)rt as <^ b 
at the distance ^, we shall have 

q' : q : : D : d. 

Multiplying this proportion by the former, we shall have 

p : q : : 2 n D d : h d : : 2 n D : h; 

that is, for each point of the nut that rests upon the thread of the 
screw, there is the same ratio between the force exerted parallel 
to the axis, and that which at a given distance D prevents the 
turning } and this ratio is that o( 2 n D toh. Now 2 n JD is the 
circumference of the circle which would be described hy the 
power q in turning ; we conclude, therefore, that the sum of all 
the forces p which urge the nut parallel to the axis, is to the sum 
of all the powers q necessary to prevent the turning, as the cir- 
cumference of the circle which would be described by the pow- 
er ;, is to the distance between two adjacent threads of the 
screw. 

216. Hence the force which it is necessary to employ par- 
allel to the axis of the screw, to prevent the power q from turning 
the nut, must be to this power q^ as the circumference which this 



Sarem. 191 

power tends to describe, is to the distance betweeo tmo adpcem 
threads. 

217. Therefore, upon the same screw, the e^ct of tbe power 
q will be so much the more coosiderable according as it is ap- 
plied at a greater distance from tbe axis; and upon di&reot 
screws, the power being applied at tbe same distance from tbe 
axis, the effect will be so much tbe more coosiderable acconiiiig 
as the distance between tbe threads is less. 

218* Tbe screw, therefore, is a compound machine paftakii^ of 
the inclined plane and the lever ; it is advantageously employed io 
compressing bodies and for several other purposes. Frictioiiy 
however, greatly modifies tlie effect which this machine oi^ht lo 
produce according to the ratio above established. 

219. In order that tbe nut may pass through tbe distance 
between two adjacent threads, it is necessary, as we have seen, 
that the power should make an entire revolution. This condi- 
tion is unalterable, and there are many occasions on which an 
important use may be made of it. When it b proposed, lor ex* 
ample, to measure the di&rent parts of a very small space jlBy^Ut' 
it may be done by causing this space U> be described by tbe 
extremity JEJ of a screw DE, the tlireads of which are accurately 
formed at the same distance from each other throughout. If this 
screw be made to carry, at its other extremity, a dial GIH^ the dn 
visions of which, as the screw turns, pass under the fixed index jRT; 
having ascertained what number of turns tbe screw must make in 
order that the point E shall describe the known extent AB, we dial 
be able, by the number of revolutions and parts of a revolution 
performed in causing the point E to pass over any part of jiBf 
to determine tbe length of this part^ however small it may be. 
If for instance the distance of the threads asunder be one tenth 
of an inch, and the circumference of die dial GIH five inches^ 
any point of the circumference will move through five inches 
while the point E advances one tenth of an inch ; oonaequendy, 
the circumference being divided into tenths of an inch, while 
division passes under tbe index, the point E would be 
forward only -^j of -^j^ or jlf of an inch. This is called a wd' 
cnmeter screw* 
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920. By applying the dcrew to other machines their eflbd b 
greatly increased. If the power j, for example, applied to the 
Fig.\^l. winch DEq^ is mad^ to turn the screw DC, the threads of which, 
acting upon the teeth of the wheel. fF, cause it to turn, and wi± 
it the cylinder i, around which passes the cord Kp carrying it^ 
weight p ; the ratio of the power q to the weight p, may be 
determined thus. Calling q' the force exerted hy the thread 
of the screw upon one of the teeth of the wheel fF, we shai 
have 

S16. 9 ' 9^ ' ' *^^ • arcum. DE, 

AB being the distance between two threads of the screw, zoi 

dream. DE denoting the circumference of the circle described 

; ai6. by the power q. The force ^ is a power, which, applied to the 

circumference of the wheel, is exerted against the weight p ; ac- 

186. cordingly we have 

q' I p : : IK : ILj 

and, by taking the product of the corresponding terms of the two 
proportions, 

qq' : q'p :: AB X IK : drcum. DE X IL, 



or, 



q : p :: AB X IK : circum. DE X IL; 



by which it will be seen that ^ has so much the more advantage 
according as AB and iJTare smaller, considered with reference to 
eircum. DE and IL, DC in this case is called a perpetud 
screw. 



Of the Wedge. 

Fig.i22» 321. The wedge is a triangular prism intended to be intro- 
duced into a cleft for the purpose of enlarging it, or between two 
surfaces, in order to separate them further from each other, or to 
fix them at a determinate distance. 

The action of the wedge, considered as an instrument for 
cleaving, is essentially modified by friction and other causes. As 
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there are no bodies which have not a certaiD degree of flexibibtjr, 
the parts of the cleft b contact with the faces of the we^ anj 
be separated further (Irom each other without the exliemi^ Z of 
the cleft shifting its pkce ; so that a part of the Ibree appfied at Ae 
back JD£ of the wedge is employed in simplj baMKng the two 
branches which form the cleft; and the other b exerted in 
ing the fibres of the part that has not jet yielded. 



222. As this resistance depends opoo caoses so 
so variable at the same time, it is not to be expected that tfaa 
tiire and operation of the wedge, considered physicaDy, wil 
be reduced to a clear and satisfactory theory. In a 
point of view, the following explanation seems lo he nnexcepdooa- 
ble. 

223. We suppose the directioo of the pofwerp, to be peqiea-^ 
dicular to the back of the wedge, since if it is not, it nay ahaafs 
be decomposed into two others, one perpendicohr, wA tlie olber 
parallel to the back, of which the latter is incapaUe of urgpng the ^ 
wedge backward or forward. This perpendicular force, therefore, ji^ 
may be considered as keeping the wedge ABC in eqaiibriaaB, 
while pressed at J, JT, by the parts of a body that tend to oaiia. 
The theory of the inclined plane is according appBcaUa lo 

this case, and the resistance exerted at J, JT, cannot deattiiy sii. 
the action of die power y^ except while thb power admits of 
being decomposed into two others f, r, passing throi^ these 
points, and directed perpendicularly to the faces BC^ AC^ ol Ae 
wedge. Therefore, the forces p, 9, r, must meet in the same 
point Ej be in the same plane ABC, and have the following pttv 
portion to each other, namely, ^ 

p : q z r ::8in qErzmpErzmpEqj 

or, since the sines of the angles qEr^ pEr, pEq^ meeqpal 
respectively to the sines of their st^plements C, Af Bf 

p : q : r : : m C I mt A I m Bf 
: : AB z BC : AC, 

that is, the three forces p, ;, r, are to each other as the ibree 
of the triangle to which their directions are perpeodicidar. 
Mech. 17 



176. 



130 Statics. 

22A. The three strai^t lines JiB^ BC, AC^ are to each other 
as the faces of the wedge to which they respectively beloi^ fix 
these faces are parallelograms of the same base, and whose ahi- 
c^* tudes are AB^ BC^AC; it follows, therefore, that the pow« / 
and its two components, are to each other as the back aod cwd 
sides of the wedge, or in other words, that the potoer being repr^ 
Minted by the bade of the toedgCi the farce exerted against ike two 
sides wiU be represented by these sides respectively. A very acots 
wedge, therefore, or one whose sides are very long compared widi 
the back, possesses an advantage in the same proportion, and msf 
be made to exert a great power by means of a very moderate bbv 
on the back. 

235. There has not been a perfect agreement among mechan- 
ical writers as to the theory of the wedge. The direction of the 
resistance has sometimes not been sufficiently attended to, and 
the circumstance of one of the resistances proceeding from m 
immovable obstacle in certain cases, has sometimes been ove^ 
looked. 

S26. To the wedge are referred all cutting instruments, as 
knives, scissors, the teeth of animals, &c. A saw is a series of 
wedges on which the motion impressed is oblique to the resistuiee. 
A wimble is a combination of the screw and the wedge. 

To the wedge of the pyramidal form, are reduced all piercing 
instruments, as nails, bayonets, stakes, piles, be* 



General Law of Equilibrium in Machines. 

227. By combining together, in difierent ways, the machines 
above considered, we can form others, the number of which may 
be multiplied without end. With respect to compound machines, 
we determine the ratio of the power to the resistance necessary to 
an equilibrium, by having regard to the tensions of the cords that 
connect the difierent parts, this ratio being supposed to be known 
for each of the component parts. 

But however complicated the machine, there is a simple rule 
by which the ratio of the power to the resistance is obtained directly 
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from the ratio of the spaces which the points of tppEcttioD of 
the two forces tend to descrihe in the same time. Has is a par- 
ticular case of what is called the prineipU cf virlmal tfocMet. 

228, Let us suppose a very small motkm given to the marJi i ne, 
and that the points of application of the two ibices, describe corves 
to which the directions of these forces are tangents. Let s denolB 
the velocity of the force p, or the space described in any gmn 
time by p, and v the corresponding veloci^ of 9, or the apace 
described by q in the same time ; if the ratio of q to p, necea- 
sary to an equifibriuro, is required, we shall obtain it veiy neaily by 
the proportion 

q : p :: u z v; 

and this will approach so much the more neariy to the exact ration 
according as the motion impressed upon the machme b less, so 
that by taking the limit of the ratio of « to v, we shall have exactly ^^- ^ 
the ratio sought of q to p. 

If the directions of the forces ;, p, are not tangents lo the 
curves described by the points of application of these fixces, we 
take, instead of the spaces described by these points, the projec- 
tions of these spaces upon the directions of the ibices, and the 
inverse ratio of these projections will be the ratio of the fbiees, 
in the case of an eqmlilMriom. We are at liberty to take for the 
point of application of each force, any fciot we may chooae in 
its direcUon, provided we regard it as finnly attached to the 
machine* 

229. We shall now apply this rule to a few examples in order 
to show its truth and utility. 

In the lever, I take for the points of application of the ibrces 
p, 9, the feet L, JIf, of the perpendiculars IX, FM^ let iaO fromnf.lM. 
the fulcrum JP, upon the directions of the ibrces. When the lever 
turns about the point F, the points Xr, JIf, will describe the aimOar 
arcs Ll/f MM, to which the directions p £», q M^ of the ibrces, 
are tangents. The lengths of these arcs are to each other as dieir 
radii FL, FM ; so that we have the proportion, 

LD : MM i.FLi FM, 

that is, 

tt V :: FL : FM} 
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ud as thit ntio remaias the Bame, however small (be motion ■»• 
pretsed upw the lever, it holds true, when ti : v i : q : p^ which 
gives exactly 

q: p :: FL : FM 
Ib the case of an equilibrium, therelbre, the two forces are to eacb 
other in the inverse ratio of the perpeodiculars let fall upoo tbeir 
direciioas, as already determined by a different method. 

330. If we bad taken the extremities B, D, of the lever fix 
the points of application of the forces p, q, the directions of tbe 
forces would no longer be tangents to the arcs described by these 
points. We sbould therefore have to project these arcs upoo tbe 
straight lines Bp, D q, then to take the ratio of these projectioos, 
ud seek the limit of tliis ratio. 

On the suppoulion of motion, the angles DFIf, BFB', de- 
scribed by the arms FB, FD, are equal ; and the arcs BB', DIf, 
described by B, D, about tbe point F, as a centre, are to eacb 
other as the radii FB, FD. This ratio continues the same wbea 
die arcs become infinitely small, so that we have constantly 
FB : BBf : : FD : DD'. 

Fran the points B', D', let fall the perpendiculars B'A, D'C, apm 
tbe directions of the forces p, q ; and we shall have 

u — BA, and v = DC. 
Also from F, let fall the perpendiculars FM, FL, upon the direc- 
tions of the forces. By considering the infinitely small arcs 
BB', DD', as straight lines, perpendicular respectively to the radu 
FB, FD, the triangles DD'C, FMD, are simUar, as also the Hi- 
m^ea BB'A, FLB ; whence 



FB : FL:: BB' -. BA = ^ X TL, 
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231. In the wheel and axle, when motion commences, thepifjos. 
points of application of the power and resistance describe similar 
arcs, or arcs of the same number of degrees, the one upon the 
circumference of the wheel, and the other upon that of the axle* 
The directions of the forces are tangents to these arcs, whose 
lengths are to each other as the radii IBy M^ of the axle and 
wheel ; in this machine, therefore, we have 

u : V ;: IB : M, 

and accordingly 

q : p : : IB : M. 

333. In the pulley, if, while the weight p describes in rising 
a space equal to ii, each of the two cords which meet at the mom-Fi^. fs. 
ble puUey, is shortened by the same quantity ii, the cord to which 
is suspended the power f , will be lengthened by a quantity equal 
to 3 If , which will consequently be the space passed through by f 
in its descent Taking, therefore, s = 3 «, we shall have, tn the 
case of an equilibrium, 

q I p : : u : Vy 
: : I : 2; 

or generally, the cqrds being parallel, 

q : p 12 1 : ny 

a denoting the number of cords that meet at the movable 
pulley. 

I will take, as the last example, the assemblage of pulleys, 
represented in figure 87. If the power ;, h descending, pais 
over a space v, the point A* will be elevated by a quantitj 
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equal to | « ; ctlfing this i/, the point .Af will be elevated bj m 
quantity equal to ^ t/ or | o ; this being designated by ^'^ tk 
point £ will be elevated by a quandty | v" or | o ; and tfab b the 
space through which the weight p passes in rising ; calling dns u, 
therefore, we shall have, whatever v maj be, ti = f 9, whid 
gives in the case of an equilibrium 

; : p : : tf : V, 
:: 1 : 8; 

or generally 

y : p : : 1 : 2", 

n denoting the number of movable pulleys in the system, wfakk 
agrees with what has been before shown. 

233. In the screw, when the nut passes over a space equd to 
the distance between two. adjacent threads, or when it is elevated 
Fi^. 118. through a height equal to DE, the point to which the power is 
applied describes a spiral about the axis wflB, and rises throu^ a 
space equal to 1>£, the projection of which spiral upon a horiaonal 
plane is a circle, of which BO is the radius. Moreover, these 
modons of the nut, of the point of application, and its projection are 
such that if the nut describes one half, one third, or any other 
part of the distance between two threads, the point of applicatioB 
will describe a similar part of the length of the spiral, and its pro)e^ 
tion a similar part of a circumference of which BO is the ndnis; 
accordingly, if we call u the height through which the nut rises, and 
« the arc of a circle described in the same time by the horisontal 
projection in quesdon, we shall have 

u I V II DE : drcum. BO. 

Now the direction of the force q not being a tangent to the 
spiral, it is necessary, in order to apply to this case the general law 
of equilibrium, to consider the projecdon of a very small arc of the 
spiral upon the direction of the force q ; but this direcdon being 
supposed to be a tangent to the circumference above mentioned, tbe 
projection upon this tangent will be very nearly equal to the projec- 
tion upon the circumference, and one may be taken for the other, 
when we condder only an infinitely small motion of the nut ; conse- 
quendy, the ratio of the force ;, to diat of p, will be given, by 
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aking the fimitof the ratio of u to v. Now as this ratio is constant- 
y the same, and equal to the ratio of DE to drcum. BG ; accord- 
ing to the preceding proportion, we shall have, in the case of an 
equiL'brium, 

q : p : : DE : circum. BOy 

as before shown by a different process. 



Of Friction. 

234. The surfaces of bodies, even the most smooth, are 
covered with elevations and depressions ; and when two bodies are 
brought in contact with each other, the prominent parts of the one 
enter the cavities of the other, and they cannot be moved the one 
over the other, without employing a certain force. The resistance 
arising from this cause is called yricficm. 

There are two sorts of friction, one which takes place when the 
bodies in contact have simply a sliding motion ; the oiker when one 
or both the bodies move by turning upon an axis. We have an 
instance of the former in the motion of skates and sledges, and of 
the latter in the action that exists between the wheels of wheel-car- 
riages and the ground. The resistance arising from the second 
kind of friction, is much less than that of the first, ance a rotatory 
motion serves to disengage the parts in contact without breaking 
down the emmences or lifting them out of the carities. 

When the rising up of one body over the other is completely 
prevented, the friction becomes very intense, as appears in what 
may be accounted an extreme case, the drawing of wire, and 
the rolling of bars of iron, copper, &c., into plates, where the 
extension of the metal is the eBdct of the friction acting all loond or 
00 two sides. 

ff the asperities with which the surfaces of bodies are covered, 
were perfectiy hard, and immovably attached to these surfaces, 
it would be necessary, in overcoming the frictkxi, to raise the 
incumbent mass. If these asperities, on the other hand, were 
perfectly flexible, there wouM be no resistance and no frictio0« 
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But as neither supposition is trae in any case, it fellows, (!., 
That the resistance of fricuon arises in part from the diffica^ 
of bending the asperities, and in part from the necessity of rs- 
ing in a degree the body or incumbent mass; (2.) That, At 
asperities having only a limited degree of adhesion, when is 
force necessary to cause the body to move exceeds this, the aspec- 
ties yield, or are broken down, and the surfaces are gjndaab 
worn. Thus the effect of friction in machines is not only i» 
consume a part of the force employed, but also to destroy tk 
machines themselves. 

It would seem difficult, if not impossible, to estabfiah g^aen 
rules, sufficiently exact for determbing the force of frictioD. la- 
deed it will be readily seen, that this resistance most vary accor&i; 
to the nature and texture of the surfaces in ccttitact, their flexifaiEiT. 
and the adaptation in size and figure of the prominent parts and 
cavities to each other, and according as the force is greater or kc 
by which the surfaces are pressed together ; moreover, on acocMBt 
of the flexible nature of surfaces, the promiaeat pans we foond a 
praetrate to a greater depth when more time is allowed for enb;- 
log the openings which they tend to enter. 

It belongs to experiment alone to enlighten us upon tbw 
points, and to teach us the proportional effect due to each. Tk 
information, however, derived from this source, is not yet so 
perfect and complete as could be wished, though it is such as tasj 
be useful on many occasions* We proceed now to make knoai 
some of the results of experiments, as also the method of appJyiif 
them in calculating the effect of friction in the diffisreal kinds 
of machines, and the difierent kinds of motion. 

235. (1.) When the surfaces which are to rub the one upoa 
the other, are of the same kind of matter, the resistaoee of tnc- 
tion, other things being the same, is greater than when die sv- 
faces are of different kinds. Thus, two pieces of wood of difier- 
ent kinds slide upon each other with less difficulty than two of 
the same kind. Iron rubbing on copper has less fricfioa thao 
iron on iron or copper on copper. This is su[^)0sed to be owing 
to the prominent, parts and cavities being more nearly iBtted K> 
each other m the latter case than in the fermw. 
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(2.) Tiie nnre rough tbe sornoesy or die ks they sre plnnd 
r polished, tbe greater b the fnctkxu Tbb i? siiiincg^ there- 
M'e, may be diroiuisbed, by snxx>tbiDg the suiiaces, or hj filling 
he openings and pores with other matter, as oil, aoap, grene^ 
Jack-lead, &c., with any sub^aoce indeed, vfaich, vfaife k fiDs 
he cavities, does not give rise to a new adbesioo. 

(3.) It would seem that tbe extent of surface oucbt to cootnb- 
ite sensibly to tbe friction ; it appears, however, by a great va- 
lety of experiments, that this circumstance makes bat liak 
lifierence ; we 6nd in fact tbe same difficulty far tbe raoai pait 
n drawing a body upon one of its surfaces as upoo apother, 
though very different in extent, provided diey are equally smoothed. 
Thus, oak rubbing on oak, is found to have a fnctkn of about 
44 per cent. ; and on diminishing the surface as much as possible, 
this is reduced only to 41^ per cent. We must except, however, 
the case of bodies resting upoo a point, when the frictjoo is 
more considerable, than when the contact takes pboe in aeveni 
points. 

(4.) It is principally from pressure that friction arises, and 
tliis resistance is found to increase in proportioo to the pressure ; 
that is, we require twice the force to overcome the frictkn wbea 
the weight is doubled, other things being the same. 

(5.) Still the time, during which the two surfaces are acting 
upon each other, either by their own gravity, or by any other 
force, is to be taken into the account, although its eflfect has not 
yet been accurately determined ; it is found that the augmeotatiQO 
depending on this cause, has its limits, and that these limits vaij 
according to the nature of the rubbing surfaces. Coukxnh ibiiod 
that in wood sliding on wood, without grease, the frictioo at first 
increased, but in a minute or two came to a limit, which it did 
not afterwards exceed. Oak, for example, sliding on oak, thoog|h 
tlie pressure was varied from 74''^ to 2474"*- had a friction after a 
minute always nearly 44 parts in the hundred. 

In tbe case, however, of iron rubbing on iron, or iroo oo braai» 
the friction is the same whether the bodies are jost begpnning to 
move from rest, or have acquired any given vek)city. 
JIfecA. 18 
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When heterogeneous bodies are made to slide upon one axMither^ 
as wood on metal, the friction increases slowly with the Uine, a 
does not arrive at its maximum in less than four or five days. Iroo o 
oak after ten seconds, is found to have a friction of 7f per oenUjU: 
after four days it amounts to nearly 20 per cent. In heterogeoeoQ 
substances, too, the friction increases sensibly with the velocity, aai 
follows nearly an arithmetical, while the velocity follows a geooft- 
rical progression. 

When the surfaces are smeared with some unctuous substance, 
although the friction is diminished, a certain time is required in ordsr 
that the friction may attain its maximum. Oak rubbing on oak, i^ 
surfaces being covered with tallow, has a friction that continues @ 
increase for 6ve or six days, and becomes stationary at about 42 at 
43 per cent. In the case of brass on iron with fresb talloir b^ 
tween the surfaces, the friction is four days in coming to a inaii- 
mum, when it is 10 or 12 per cent., it being 9 per cent* aitbe 
commencement. The increase where metals are used, is mix2 
less considerable than in experiments with substances more pocos 
and yielding. 

23C. The quantity of friction being determined for a particohi 
kind of matter, let us now see if the effect upon a given macliiae, 
or given motion, may be thence deduced, friction being considered 
as simply proportional to the pressure. 

Fig. 126. Let us take, as the first example, the body p, situated upoot 
horizontal plane AB, and drawn by the weight of the body fi 
parallel to AB. Suppose that the body q has a weight just suffi- 
cient to put the body p in motion. The ratio of the weight { to 
the friction is thus found. 

From the centre of gravity O of the body p, let fall the perpen- 
dicular GH upon the plane AB. The body p is urged by gravity 
in the direction OH, and by the weight q in the direction JOf whicb 
meets GH in K. From the joint action of thesjs two forces, there 
will result an effort according to some line £/, meeting in i, tba 
horizontal plane AB ; and this effort must be just counterbalanced, 
since we have supposed that the body p is only upon the point of 
moving. Suppose the effort according to KI or KIZ applied at the 
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lint I, and decomposed into two others, the one perpendicular to 
e plane ABy and the other in the direction of this plane. These 
ibrls will evidently be the same as those which were directed 
:;cording to KH and KL. Moreover the first will be destroyed, 
specially if it meet the plane AB in some point I common to this 
lane and the surface of tbe'body. As to the second, since it is in 
le direction of friction, it will not be destroyed unless it happen to 
e exactly equal to the force of friction. 

We hence see bow the value of friction is to be determined ; 
re take successively for q different weights until we find one that is 
ust sufficient to cause a motion in the body p. But not to compre- 
lend, in estimating the friction of the body p, effects foreign to 
bat which is sought, it is necessary to attend to several particulars ; 
^l .) The pulley M should move with the greatest ease, and the 
:ord KM q should be as flexible as it can be made. (2.) The 
cord CM should be attached to some point C as near as possible to 
the plane AB, The necessity of this precaution arises from the 
circumstance, that other things being the same, the point /, where 
the eflbrt in the direction KI meets the plane AB, will approach so 
much the nearer to the extremity E of the base of the body, or will 
fall without the base so much the farther from the extremity £, ac- 
cording as the point C is the more elevated above the plane AB. 
Now in the case where the point I falls without the base, the effort 
perpendicular to the plane not being entirely destroyed, there will 
hence result a tendency in the body to rotate ; and the friction 
thence arising would he somewhat more considerable than the 
proper frictioa in question. 

237. LfCt us now consider a weight y, put upon an inclined plane, Fig. 127. 
and retained by the effect of friction alone. The action of gravity 
directed according to the vertical GZ passing through the centre of 
gravity O of the body, and nieeting in /some point of the plane 
AB, may be decomposed into two parts, one in the direction of the 
plane, and the other perpendicular to it. The second will be de- 
stroyed, if the point /does not fall without the base DE, and the 
first in order to be destroyed must be equal to the force of friction. 
Now it is evident that by forming the parallelogram IHZL, IZ 
will represent the weight of the body, iff the pressure, and HZ or 
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IL the force of friction; hence the triangles IHZ, ABC 
Oeca. similar, we have 

SOL 

HZ or IL : IH :: BC : CA, 

from wHich it will be seen, that the force of friction is to the 
as the height of the plane to its base. 

It will be perceived, in like manner, that 

HZ I IZ :: BC : AB; 

that is, the force of friction is to the weight of the body as the 
height of the plane is to its length. 

In order, therefore, to determine the friction in different sab- 
stances, we have only to raise the plane AB till the body p is upoc 
the point of moving ; then measuring the height and the base, «e 
shall have the ratio of the force of friction to the pressure. 

238. By these two examples, it will be seen, that regard beio; 
had to friction, the condition required in order that a body ma? 
. remain in equilibrium upon a proposed surface, and be in a stale 
approaching the nearest to motion, is, that the single force which 
acts upon it, if there be but one, or the resultant of all the forces, if 
there be several, have with respect to the surface upon which it is to 
move, an inclination GlE or LIZ, such that IL shall be to £{J,a5 
the force of friction is to the pressure. But IL is to LZ, as one 
Trig. 30. is to the tang. LIZ, 1 being the radius of the tables. Cod- 
sequendy the inclination LIZ must be such that the radius shall be 
to the tangent of this inclination, as the force of friction is to tbe 
pressure ; therefore, the ratio of the force of friction to tl)e pressure 
being once ascertained, it will always be easy to determine the io- 
clinaiion belonging to the resultant of all the forces which act upon 
the body, this body being in a state of equilibrium approaching as 
near as possible to motion. Hereafter we shall call the angle LIZ 
the angle of friction. It is dilSferent for different substances, and 
for different degrees of smoothness of the same substance. If tbe 
friction is 33^^ per cent., or one third of the pressure, which is near^ 
ly the case with respect to a great many kinds of matter, the rubbir^ 
surfaces being tolerably smooth, the tangent of LIZ will be triple 
of the radius, that is, LZ will be equal to 3 IL. Now the angle 
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of wUch the tangent 13 triple the radios is 71^ 34^. TUs will 

accordingly be the angle of friction b these cases. 

239. By means of this result, it will be easy to determine in 
each machine what ratio ought to exist between the power and the 
weight in order that motion may be upon the point of taking place» 
allowance being made for friction. 

Id the lever, for example, let us suppose that the fulcrum a a 
simple support, as represented in figure 128. We have seen, that 
with respect to this machine, there cannot be an equilibrium, unless 
the resultant DF of the two forces p, 9, be perpendicular at F 10 
the common tangent to the surface of the lever and that of the 
fulcrum. On the supposition of friction, the case is di&rent ; it iCft. 
is still necessary that the resultant should be directed from the pobt 
D to the fulcrum F; but it is sufficient in order to an equilibrium, 
tliat one of the two inclinations DFA^ DFB^ according as we wish 
9 or p to prevail, should be greater than the angle of friction, and 
for the state of equinbrium approaching the nearest to motion on the 
part of the power q, it suffices that the mclination DFA should be 
precisely equal to the angle of friction ; since, if we imagine the 
force according to DF decomposed into two others, the one perpen- 
dicular to AB, and the other in the direction AFj the force in the 
direction AF will be less than the friction in the first case, and 
exactly equal to it in the second. With respect to the two forces 
qj p, they will still be in the inverse ratio of the perpendiculars 
FK, FL. 

240. But if the fulcrum is such that the lever can have no other 
motion except that of a rotation, that is, if it turn on an axis or pin, 
we adopt the following method which is common to the lever, the 
pulley, and the wheel and axle, especially when in this last machine 
the power and weight are in the same plane. We shall consider 
first the wheel and axle; the manner of treating the lever and 
pulley will afterwards appear. 

Let HCI be the plane of the wheel, GKL a section of the Fig-isd. 
cylinder, and NDM the axis about which the machine is to turn. 
On the supposiuon that there is no friction, the resultant of the 
two powers p, 9, passing through their point of meeting A, must 
pass also through the centre F of the axis. But in the case of 
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friction, tlie machine must remain io eqOilibriuni so long as tbe di- 
rection of tbe resultant, supposed to be ADy does not make wiib 
the surface UDM (that is, with the tangent at the point where AJ) 
meets ihis surface,) an angle less th'an the angle of friction. Thb 
will be evident by imagining the force in question decomposed into 
two others, one perpendicular to the tangent at D ; and tbe other in 
the directbn of this tangent 

This being done, since AD is the directon of the resultant, we 
48. shall have 

; : |i : : sin OAD : sin DAC^ 

I : sin {GAF + FAD) : sin {FAC — FAD). 

Now, (1.) If we let fall upon AD the perpendicular FjE, iq tbe 
right*angled triangle FED^ the angle FDE is the complement of 
the angle EDO which AD makes at D with the surface JVJD.H 
and is accordingly supposed to be known; so that if we call y tbe 
angle of friction, FDE will be the complement of/, and if we call 
d the distance FD, or tbe radius of the axle, we shall have 

.80. FJS = acos/, 

the radius of the tables being equal to 1. (2.) As the directions of 
p and q are supposed to be known, as well as tbe dimensbns of the 
machine, the angles GAFj FAC, are supposed to be known as also 
the distance AF. Thus, in the right-angled triangle FAE in which 
AF^ FEf are known, it will be easy to calculate the angle FAE; 
Trig.90.ealling this angle e, and the angles OAF^ FAC, a, i, respecciyely, 
48* we shall have 

; : p : : sin (a -f- e) : sin (J — e); 
consequendy q = EJ!?-i^£t^. this is tbe value of the power 
in the case of friction. 

If the friction is nothing, the angle /of the friction is 9(P; that 
is, the resultant must be perpendicular to the surface of the axis, 
and consequently pass through the centre F. We have accordingly, 

cos/ =: 0, and hence FE = 0, and e = j therefore 

p sin a 
^ Bin 6 
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Now regarding FA as radius, the perpeDdicdars FO^ FC, are 
the sines of the angles FAGj FAC^ or of a, 6 ; we have, there- 
fore, by calling FG, D, and FC, I^, 



whence 



JD : P' : : sin a : sin &, 



sin a D 



aiab jy 



and 



9 = -^jp-i or 9 : p : : D : D', 



which agrees with what has already been proved. 178. 

ir the directions p A^ q A^ are parallel, the angles OAF^ 
FAE^ FACf are considered as infinitely small, and consequently as 
having the same ratio as their sines. We may accordingly sub* Trig. 17. 
stituie sin a + sin e for sin (a -f* £)» &Qd sin b — sin e for 

sin (b — c), 

and we shall have 

p (sin a + sin e) 

■' sin 6 — siu e 

But we have just seen, that 

D : I> : : sin a : sin &, 

and for the same reason, 

sin a : sin e : : FG : JPiJ, 

: : D : dcosfi 

whence 

jD sin b 
sin a =s — jp — > 

and 

dcoafsma iconfnmb 
«aei=—^ z^ jp ; 

substituting in the value of q^ for sin a and sin e the values above 
found, we have 
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( D nnb ^cos/sin 6\ 

^ ly "^ ~D ) _ p{D + dcmf) 

^ . , d cos f sin b i>' — dcos/* 

sm 6 -jy "^ 

Therefore, since when there is no friction, the value of the power is 
^jyj if we call z the augmentation which the power must receive 
on account of friction, we shall have 



I/—dcosf W 



f 

__ pD' (D -h d cosf)—pDD' +pDdcosf 
— D'(D' — dcosf) ' 

_p {D' + D)dcoaf ^ 
"" D (D— 008/) ' 

from which it will be seen, that the effect of friction will be \es 
according as the radius of the axle is less, allhough it does not 
diminish exactly in proportion to this radius. 

241. This solution adapts itself to the lever, by regarding D 
and D as the distances of the directions of the two forces- from the 
fulcrum. It is applicable also to the fixed pulley, by supposing 
ly = jD, which would give, 

2p d c os/ 

D — dcosf 

Although in the wheel and axle we have supposed tbe direc- 
tions in the same plane, the solution is not the less adapted to the 
ordinary construction of this machine in which the weight and pow- 
er are exerted in planes but little distant from each other. 

242. To ascertain the effect of friction in the movable pulley 
rig.130. we proceed thus. In order that the power q. may be upon tbe 

point of causing the pulley to turn about its axis jF, it is necessary 
that it should receive an augmentation sufficient to overcome tbe 
friction. Now by this augmentation, the power causes the weight jr 
to depart from its position to such a degree, that a vertical drawn 
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through the centre of gravity shill make at the point D, with 
the surface of the axle, an angle equal to that of friction. 
Then any increase of the power will cause the pulley to turn. 

By the position which the weight has taken, it will tend to 
turn the axle upon its centre F, with a force, the moment of which 
will be p X FEf FE being perpendicular to a vertical passing 
through 2>. Now we have already seen that 

FE =: d cos f; 910. 

this moment, therefore, will be p ^ cos /• But in order that the 
power, by its augmentation, which I shall call 2/, may be upon the 
point of overcoming this efibrt, it is necessary that the Biooient 
z' X FO of the force z^^ with which it tends to cause a lolatioD 
about jP, should be equal to the moment p ^ cos/; we have, there* ITS. 
fore, by calUng the radius FG, 1>, 

D z' =zp 9eosfy 

and coDsequeDtly, 

yacos/ , 

from which it will be seen, that the e&ct of frictioa wUl be less 
according as the radius of the axle is less than that of the pidley^ 
and in the same ratio. 

It will hence be easy to determine the elSfect of friction in the 
different systems and combinations of pulleys. Suppose that the 
question related to one similar to that represented in figure 92, the 
weight p being equal to 400"'', and the radius d of the axle as well 
for the fixed as for the movable pulleys being a fifth part of the 
radius 1> of the ptdl^. 

The two cords I, 3, sustain half of the weight or 300"**; 
thus, if in the value of ;r, we put for p 300^, | D for 6, and 
on the supposition that the friction is one fourth of the pressure, 
which would give the angle of friction equal to 75^ 58^ and the 
cos / or cos 75^ 58, equal to 0,24249,* or simply 0,24, we shaR 
have, 

* See table of natural smes and cosines, Topogrt^hj/. 
Mceh. 19 
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= 200 X i X 0,24 = 9^6, 

which is an expression for the excess of tension of the cord 2 over 
the cord 1, on account of friction. 

Now the cord 2 and the cord 3 passing over the fixed blocks 
we shall have the excess of the tension of the cord 3, over the 
941. cord 2, by the formula, 

_ 2jg ^ cos/ 

m which p represents the tension of the cord 2, or 109"^, 6 ; since, 
without fHction, this tension would be one fourth of the weight or 
lOO*^. Accordingly we have 

219,2X1X0,24 - 10,522 _,,^ 
*- l_0,24xi "" 0,95 ~" '*• 

This is the quantity by which the cord 3 is more stretched than the 
cord 2, on account of friction. Thus the cord 3 is stretched widi a 
force equal to IfUfl^ 7. 

As the cords 3 and 4 embrace the movable block, we dete^ 
mine how much the cord 4 is more stretched than the cord 3 bf 
the formula 

^_ p acos/ 

which would give as above 2/ = 9% 6« Thus the cord 4 is 
stretched with a force equal to 

100 + 9, 6 + 11, 1 + 9, 6 = 130% 3. 

Finally, by supposing for greater simplicity, which will make 
but litde difference in the result, that the two cords 4, 5, which 
embrace the fixed block, are parallel, we shall have the quantitf 
by which the cord 5 b more stretched than the cord 4 by the 
formula 



— ^ P ^ CO* / 



which gives 
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_ 960,6 xiXO^ _,oib. 2 



7hus the tension of the cord 5, which without friction would be 
only 100, is equal to 130, 3 + 13, 2 = 143>S 6, 

243« In the determination, which we have given, of the e^ct 
of friction upon the movable pulley, we have not allowed for 
any increased pressure at D arising from the augmentation of 
the power, although this is done by some writers. The reason Fff. 180. 
IS, that this augmentaUon of the power contributes nothing to the 
pressure at D ; indeed, setting aside the stiffness of the cords, and 
certain odier obstacles, whenever the power is greater than is 
necessary to an equilibrium, the body of the. pulley is elevated 
by this excess. The augmentation of the power does not con- 
tribute any thing to the friction against the axis, if no regard is 
had to the velocity that may thus be produced, which together with 
the inertia of the weight and pulley are • at present left out of 
consideration. It is only the weight which presses. This is not 
the case with the fixed pulley ; and the method which we have 
given comprehends, with respect to this point, every thing which 
ought to be taken mto the account, although it diflbrs iiom the 
course heretofore adopted, in which something has been taken for 
granted. 

We will not deny, that in the calculation which we have ^ven 
of the effect of friction, if we would know the e&ct of friction 
very rigorously, it would be necessary to consider the subject a He* 91 
little differently. In fact, by determming«in the way we have done, 
the particular tensions of each of the cords, it b taken for granted 
that each pair of cords acts as it would do in the case of a simple 
pulley, which is not strictly true, perhaps. But this approximation 
will suffice for the present* 

244. In order to determine upon the inclined plane, the ratio 
of the power to the weight, when the former is upon the point of 
causing the body to move, we proceed thus. Through the point 
of meeting P, of the directions of the power j, and weight p, we Fig .IM. 
suppose the line Fl drawn, making with the plane AB an angle 
FlA equal to that of friction. In order that the power q may be 
upon the point of causing motion, it is necessaryi (!•) That the 
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resultant of the power and wei^ should be directed accordiog 
to FL (2.) That the point J, where the line FI meets the plane, 
should belong to some point of the base DE ; otherwise the bodj 
would tend to turn, i 

This being premised, we have 

p : q :: smq FI : sin p FJ^ 

or, letting fall upon the plane the perpendicular JPH, 

p 1 q ::sm{q FH— HFI) : sb (p JPH+ HFT). 

Now the angle HFI is the complement of the angle of firiction ; 
and the angles q FH^ p FH, are supposed to be known, since the 
direction of tlie power is considered as known, together with the 
Ml~ inclination of the plane, which is equal to the angle p FH; we 
have accordingly the rado of p to q. 

If we would determine this ratio in lines, we have only to 
draw through any point B of the inclined plane, the line BT^ 
making with AB the angle ABT ^ HF ;, and the Une BV, mak- 
ing with AB the angle AB V = 2F/, the complement of the 
angle of friciioo* Then drawing the horia)ntal line AT^ we shai 
luuire 

p : y : : FT : BT, 

|g«- since the angle FBT=-4BT—-4BF= HP 5 — HFit and 
\\\^VR^eBVT=BAV'{-ABV=zpFH+HFl. Now in 
the triangle BVT 

Tfig.3a. pT : BTk : sin VBT : sin BVT. 

Instead of making the angle ABT =z HFq, and the angle 
ABV =z HFIf we may draw BT perpendicular to the direction 
of the power j, and BV perpendicular to FI; this amounts to 
the same tiling, and is moreover analogous to the course pursued 
in article 203. 

245. The second condition shown to be necessary in order 
that the power q may be upon the point of moving the body, 
renders it evident, that when the body does not rest upon a point, 
the direction of the power produced must meet the vertical, 
Fig. 182. drawn through the centre of gravity, at the point jP, where this 
last line is met by the line IF, proceeding from some point of con- 
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tact j^ and making with the plane ao aog^ equal io die angle of 
frictioD. 

346. We proceed in the same manner in determining the 
second kind of friction, or that which is to be overcome in giving 
a rolling motion to bodies terminated by curved surfaces ; I say 
curved surfaces, since with respect to bodies terminated by 
plane surfaces, as they cannot loU^ except by turning on a point 
or some angular part, we shall not treat of these, the laws and value 
of friction in such cases not being sufficiently known. But as to 
the friction of bodies terminated by curved surfaces, the method 
is precisely the same as that above pursued. We have only to 
suppose the angle of friction to approach more nearly to 90^ ; and 
it is to experiment that we are to look for the determination of this 
angle io all cases. 

247. Friction may be the occasion of motions very diflferent 
from those which take place without this cause, some of which it may 
be worth while to notice. 

We have already mentioned more than once, what must hap* laa, ice. 
pen to a free body BO q, which receives an impulse in a direc-Fig.isa. 
tioo not passing through the centre of gravity. But if the body 
were struck externally according to any directbn AB, it would 
not receive the whole of this impulse. The impelling ibrce is 
to be decomposed into two others, one in the direction of a tan- 
gent to the surface, and the other perpendicular to this surface. 
When there is no friction the impelling force would have no 
effect in the direction of a' tangent. It is only the force in the 
direction BF, therefore, which would be transmitted to the body, 
and tliis would not cause the body to turn, except when it hap- 
pened not to pass through the centre of gravity G. It will hence 
be seen that if the body were of a spherical form and homogene^ 
ous, it would never be made to turn in virtue of an external force 
oaaccompanied with fricdon, since in this case a perpendicular 
to the surface would always pass through the centre of the 6gure, 
which would, at the same time, be the centre of gravity. On the 
tupposition of friction, the case is different. The force in the 
direction of a tangent would transmit itself by means of the as- 
perities of the surface, and to a greater or less degree according 
to the amount of friction ; so that in addition to the motkxi aris- 
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ing firom the perpendieukr force BF^ the body would turn, and 
the centre of gravity O would advance in a line parallel to the 
tangent, as if the point B were drawn in that direction by means 
« of a thread attached at this point, and with a power equal to the 
force of friction. 

Fig.iS4 248. Let us suppose that a hard, spherical body ABC, iklls 
freely upon a horizontal plane J3K, and that it receives, from some 
cause or other, a motion of rotation about its centre of gravity ; 
if there were no friction, this body, after meeting the plane would 
preserve only its rotatory motion, and its centre of gravity would 
be at rest* But in the case of friction, when the body has reached 
the plane, it will roll from /toward JZ, or from /toward Hj accord- 
ing as the rotatory motion is in the direction CABy or in that of 
BAC] since the resistance of friction, which is exerted in the direc- 
tion of the plane, is equivalent to a force acting upon this body in 
a direction opposite to its motion ; and as it does not pass through 
the centre of gravity of the body, it must give it a motion parallel 
to the plane, and a rotatory motion, both in the direction contraiy 
186. to the actual motbn of rotation. Now of these two motioos, the 
latter diminishes continually the original motion ; and on the other 
hand tlie motion of the centre will be accelerated to a certain point, 
after which it will be diminished till it is destroyed with the mocioo 
of rotation. 

249. We are hence enabled to explain several phenomena; 
Fi^.iss.as (1.) Why a spherical body ABC^ struck in the directiop JOB^ 
after having advanced in the direction /E, returns afterward 
from E toward J^ and may even pass beyond / toward H. The 
impulse in the direction DB causes it to turn (on account of fric- 
tion at B)y according to ABC, and to advance in the line /EJ; bat 
the friction upon the plane, being now a friction of the first kind, the 
motion of the centre of gravity is soon destroyed, and the modon 
of rotation gives rise to another in the opposite direction, as in the 
248. preceding case. 

(2.) We are moreover furnished, upon the same principles, 
with the reason why a cannon-ball, which had apparently lost 
nearly all its force, seems on striking to recover it again, and 
often with violence. When it is impelled by the force of the 
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powder, it acquires at the same time, in consequence of the 
friction against the bottom of the bore, a rotatory motion, which 
is but little affected while in the air ; but when the ball comes to 
reach the ground, as the rotatory motion on the part toward the 
ground takes place in a direction opposite to the progres^ve mo- 
tion, the consequence must be an acceleration in the motion of the 
centre, that is, of the progressive motion. S^* 

250. Finally, if friction is disadvantageous in many cases, it 
is still not without its utility. Were it not for this, the least in- 
clination would be continually subjecting us to a fall. No man 
or other animal could turn while in rapid motion without fallmg, 
whatever position he might take ; whereas, on account of friction, 
an animal may incline himself toward the point JP, for example, 
about which he is moving, in such a manner that his weight, di- 
rected according to the vertical OKj passing through the centre 
of gravity G, and the tendency to fly off 6C, acquired by turn- 
ing, and which is directed from J^ toward C, will conspire to pro- 
duce a single force according to the line 6/, passing through a 
point / between the legs of the animal ; this force, although ob- 
lique, is still destroyed by friction, provided the inclination be 
witiiin the limits required by the laws of friction. 

It is moreover to friction that we are mdebted for the power 
of diminishing friction, when injurious ; since it is only by means 
of this resistance that we are able to work and polish the surfa- 
ces of bodies. It is to friction that we owe the facility with which 
the parts of certain machines are rendered sometimes fixed, and 
sometimes movable. It is by friction that scissors and the like 
instruments, pincers, forceps, files, be., produce their effect. If the 
parts of scissors, for example, were not saws, armed with small 
teeth, which take into the cavities of the bodies to be cut, these 
bodies would slip from between the two edges. 

Friction is also very often of service in moving bodies in 
certain directions ; thus if we would raise the body p by means 
of the lever AB^ it is very easily done, by making the body bear 
00 the edge CD, The friction in a case like this, being very Fif. 187. 
considerable, renders CD fixed, and prevents the body from slip- 
ping. The same cause keeps the extremity A of the lever in its 
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place. In this ease, if we would know the ratio of the weight p 
to the power ;, we imagine the weight of ji, directed 8ccorfiEi| 
to the vertical GK^ passing Arough the centre of gravity O^ ie- 
composed into two parallel forces, the one passing through die 
point I in which the body rests upon the lever, and the other 
through a point of CDj situated in the plane of the two paraQeis 
il> OK^ IM; then the resulting force in 1 will be to ji as EK%o EM; 
and if from A we let fall upon IM the perpendicular AIa^ d3e 
force q will be to the force at ^ as AL to AB } whence 

q :p :: ALx EK : AB X EM. 

In short, it is only on account of the friction at the point 1 6at 
we regard the force according to lAf, as transmitted entirely to 
the lever. The lever would otherwise receive only a part of 
diis force which would exert itself in the direction c^ a perpen- 
dicular to AB. 

251. It is to friction and friction only, that we are to refer 
the singular motion by which certain bodies in a state of rotation 
are seen to elevate themselves contrary to the tendency of grav- 
ity ; I speak of the phenomena of the top. It is well known dmt 
when a body of this description, that is, one which is symmetri- 
Fig.iss.cal with respect to one of its axes, as NDj has received a rotato- 
ry motion about this axis, and moves upon its point N^ over a 
horizontal plane XZ; it b well known, I say, that the smaDer 
the point iV, and the greater the divergency of the sides Irom it, 
the greater is the tendency of this body to rise, and thus to place 
the axis ND in a vertical position. We proceed now to show 
that this phenomenon could not take place without friction ; we 
shall speak, moreover, of the nature of this friction. 

Fig.189. To simplify the subject, let us consider only the axis JV2> of 
the top, and let us suppose the point JV, and the horizontal plane 
XZj to be perfectly smooth. The only cause which opposes the 
motion of the centre of gravity &, being the plane X2^ the reas- 
tance which the centre of gravity meets with can have no other 
direction than the line JVJT, perpendicular to X2^ whatever be 
the rotatory motion about the axis ND. Now it is evident that 
this resistance takes place only because gravity urges ibe body 
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towards the plane, for the rotatory motion about the axis ND 
cannot cause any pressure upon this plane ; the resistance in 
question, therefore, can never be equivalent to the force of pnv- 
ity, and there will always remain in the centre of gravity (7, a 
force tending to bring it to the plane. Hence, when there is no 
friction, and the top has received at first no motion of rotatiooi 
except about the axis of .its figure, it must of necessity falL 

252. It is not the same on the supposition of friction. In 
this case, ttie resistance which takes place at N^ acts not accord- 
ing to the perpendicular NK, but according to the line NS^^ 
which makes with the plane XZ an angle equal to the angle of fric- 
tion, and passes through N, one of the points of friction. What<^ 
ever may be this angle and this point, the resistance which takes 
place along the line NE?^ is equivalent to a force acting upon 
the body in a contrary direction ; now, as this direction does not 
pass through the centre of gravity, it must produce in the body 
a rotatory motion, that is, a variation in its acti^l motion of ro- 1ST. 
tation; but it must also transmit itself entirely to the centre of 
gravity. Let us suppose, therefore, that GL parallel to NK is 
this force ; if the vertical line GI represent the force of gravity, 
and the parallelogram GLEIhe completed, GE will be the actual 
force which belongs to the centre of gravity G. 

Now, the angle LGI and the force GI remaining the same, 
the greater the force acting in the direction KN^ and consequent- 
ly tlie greater the force GLy the more nearly will the line GE 
approach the line GL ; that is, the greater will be the tendency 
of the point E to rise above G. It remains therefore to be seen, 
whether from the nature of friction> together with the figure of 
the body, and its motion of rotation, the ratio of the force in the 
direction JV3P (or the force GL) to the force of gravity GI, canFij.lSS. 
be increased' till the point E shall be above the point G ; in 
which case it is clear that the centre of gravity may rise with 
respect to the* plane ; yet not so as to cause the point N to quit 
it, because the motion of rotation which resuks from the force 
in the direction KN^ will tend to bring this point toward the 
plane. Now (1.) As the body rests upon a point, it cannot be 
denied that the parts of this point sink more deeply than if the 
body rested upon a sensible surface. Regard being had to the 
rotatory motion about JVD, and to the action of gravity, the prefl- 

Mech. 20 
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sure exerted upon iV is by no means the effect of gravity odIj. 
To have a just idea of (his pressure, we noust consider that bj 
gravity the parts of the point N are at first urged against the 
plane ; (2.) That by friction they are kept there with a certain 
degree of force ; (3.) That by the rotatory motion they tend to 
penetrate still further into the plane; of this we shall be coo- 
vinced by observing how readily instruments designed to pierc:e by 
turning, are made to penetrate, when once introduced by means 
of an opening however slight. Now all this is strictly applicable 
to the top ; the parts of the point are attached by friction ; and 
in this way the rotatory motion is aided in effecting an entrance 
into the plane. This motion, moreover, being the more rapid 
and the better fitted to bore and press upon the surface XZ^ ac- 
cording as the parts of the body diverge more from the axis ND 
in receding from the point N, it must produce the effect which 
takes place in the instruments abovementioned, that is, it must 
urge forward so much the more forcibly the parts of the point in 
question. From all this, it is evident that the more the figure of 
the top diverges from the point N, and the more rapid the roti- 
tory motion, the greater will be the force GL compared with grav- 
ity, and consequently the more will the resultant GE tend to raise 
tlie centre of gravity above the plane. Now it is clear that in 
proportion as the force by which the point is supported, and 
at the same time the tendency of the centre to rise, become more 
considerable, by so much will the tendency of the axis Nit to- 
ward a perpendicular to the plane be increased ; so that when 
ND becomes vertical, it begins after a time, to incline more and 
more, and if the inequalities of the surface are not too great, the 
top will be seen to rise above the plane in very small, sudden, 
vertical leaps; and this we in fact observe when the point tei^ 
minates in a^ small plane surface cut very square and perpendicular 
to the axis. 

We have sensible proof of the truth of this explanation deriv- 
ed from the fact, that the pressure of the point upon the plane, 
is much greater than that arising from gravity simply. Indeed, 
when the top is put in motion upon a plane of yielding matter, 
the point works its way into the substance of the plane ; and if it 
be taken into the hand, the pressure will become much more 
sensible than that which takes place when there is no motion* 
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We learn at the same time from this experiment, that the 
phenomenon in question requires (1.) That the point should be 
small compared with the distance of the parts of the top from the 
axis ND; and (2.) That these parts should turn with consider- 
able rapidity ; and the success will be more or less complete, as 
these conditions are more or less perfectly fulfilled. 

h will be seen, moreover, that upon an inclined plane the top 
must have a tendency not to a vertical but to a perpendicular 
to the plane. But as it must at the same time slide along the 
plane, and as this motion would cause a great vacillation in 
passing over the inequalities of the plane, it will not so easily 
preserve its perpendicular position as if the plane were hori- 
zontal. 



Of (he Stiffness of Cordis. 

253. The stiffness of ropes and cords, or the difficulty with Fif.i40. 
which they are bent into a given curve, is also one of the causes 
which diminish the effect of forces applied to machines. 

In order to understand in what manner this stif&ess impairs 
the effect of forces, let us suppose the wheel or pulley ABC to be 
movable about the axle J, without friction. The two weights p 
and q being equal, if we make a very small addition to one of them, 
as 9, for example, no motion will follow, unless the cord p ABC q 
be perfectly j9exible. Indeed, if we imagine that this cord, 
instead of being perfectly flexible, is perfectly inflexible, so that 
tlie parts Ap^ C q, are stiff rods firmly fixed to the body of- the 
pulley ; it is evident that the pulley being moved by an external 
force in the direction ABC, the two weights p and q will take the 
situations p' and q*; but they will tend to return to their first 
position, and <;an be prevented only by the constant exertion 
of a particular force. If, then, the cord is neither perfectly in- 
flexible, nor perfectly flexible, the effect of this imperfect flexi- 
bility will be, that the point A passing to ^^ and the point C ior\gA4U 
C, the parts A' p'y O q\ will be a little bent, and in such a man- 
ner that the weight p* will be farther from /, and the weight q' 
nearer to it, than they would be if the cord were perfectly flexi- 
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ble ; 80 that a certain force is required in order to bring the pans 
A' Of CO J into the direction of tangents to the points ji and C; 
in other words, a force must be employed which would be un- 
necessary but for tliis want of flexibility. 

The pulley being always supposed to move with perfect ease 
upon its axle J, if instead of a cord a ribbon be employed, a veiy 
small increase in the weight q will cause the pulley to turn. But 
if the cord be replaced, it will evidendy be necessary to augmas 
the weight q] (I.) According as the sum of the weights j? and f, 
or, in general, the whole force by which the cord is stretched, is 
more considerable ; because, other things being the same, the re- 
sistance occasioned by the weights p and q, when by the stiffiiess of 
the cord they take the positions AO p'^ CO ^, will increase as 
the weights themselves increase. 

(2.) The addition to be made to 9, must be greater according 
as the radius of die pulley (or of the surface over which the 
cord passes) is less. For the resistance which the power meets 
with arises from this, that the cord, instead of adapting itself to 
the revolving surface, remains at a certain distance, forming a 
curve p^ OA* and making with the surface an angle OAlA ; and 
this resistance will evidently be the greater, according as the 
curvature AO of the cord departs more from the curvature of the 
surface ; that is, according to the smallness of the radius of this 
surface. 

(3.) The power applied must also be increased in proportion 
to the diameter of the cord. Indeed it is manifest, that, odier 
things being the same, the cord will bend the less according as the 
thickness is greater ; but we have just seen that the resistance to 
the power is greater according as the curve AO differs more 
from the curve AA\ it is therefore the greater according as AO 
differs less from a straight line, or the position of an inflexible 
rod, that is, according as the cord has a greater diameter or 
radius* 

254. Let us suppose that k is the addition to be made to a 
power to render it sufficient to overcome the resistance arising 
from the stiffness of the cords, when the entire force by which 
the cord is stretched is p, the diameter of the cord which bears 
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"die weight being S9 and the radius of the surface JR. We wish 
to know what this addition must be, when the weight is j/, the 
diameter of the cord d'9 and the radius of the surface /I'. It will 
be observed, after what has been said, that if there were no dif- 
ference except with respect to the entire weight by which the 
cord is stretched, we should arrive at a solution by the propor* 
tion 

p : ff :i k : — - = the addidon required. 

But if, beside the difference in the weights, there is also a differ- 
ence in the curvature of the surfaces ; then, by the second of the 
above remarks ; namely, that the additions arising from this cause 
are Id the inverse rado of the radii of the surfaces, we should ob- 
tain the addidon in qnesUon, together with that due to a change of 
weight, by the following proportion, 

Regard being had to the third remark, we shall obtain the addi- 
tion to be made on account of the three causes united, by the 
proportion 

The resistance in the first case, therefore, will be to the resistance 
in the second 

that is, the resistances arising from the stiffiiess of the cords are 
as the weights which stretch the cords, multiplied by the diame- 
ters of these cords, and divided by the radii of the surfaces over 
which they pass. 

These conclusions, it may be observed, are not perfectly rig- 
orous ; but they may be regarded as sufficiently exact for prac- 
tice, till experiment has thrown new light upon the subject. In- 
<leed, experiment shows that the resistance arising from the stiffiieis 
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of cords, agrees nearly with this law ; but all the experimeots that 
have been made upon this subject have not hitherto agreed ao per- 
fectly with the theory as might be wished. 

255. We shall now illustrate the foregoing principles by an 
example. For this purpose, let us suppose the commoo radius 
Fig. 99. of the pulley to be 2 inches, that of the axle j of the same quand- 
ty, and the diameter of the cords to be \ of an inch. Let us 
take, moreover, the result of experiments on this subject, name)?, 
that a cord of half an inch diameter, loaded with 120'^ and pass- 
ing over a pulley of } of an inch, occasions, by its stifibess^ a re- 
sistance of 8'^*. 

This being established, the weight p being 400^, as in artide 
242, the branches 1 and 2 will be loaded, both on account of 
this weight and the force added to q to overcome the frictioo, bj 
a force equal to 209^-, 6. Multiplying, therefore,' this weight l^ 
\ of an inch, the diameter of the cord, and dividing by 2 inch^ 
the radius common to all the pulleys ; multiplying also the weighs 
120*^, used in our experiment, by |, the diameter of the cord, 
and dividing by |, the radius of the pulley, in the experiment io 
question ; we shall have for the results, 34, 93, and 40. Now 
in order to obtain the force required by the stiflhess of the cord 
1, 2, which passes beneath the movable pulley, we must use this 
proportion, 

40 : 34, 93 : : 8*- : 6, 99 or 7»»- nearly ; 

this fourth term is the quantity which it would be necessaiy to 
add to the tension of the cord 2, if the lower pulley were fixed ; 
but since it is movable, which diminishes the tension by ^, as 
we shall see below, we have only 3^^*, 5 to be added to 109^, 6, 
by which this cord is already stretched ; the whole tension will 
thus be 113»Sl. 

242. We have seen that, on account of friction, the tension of the 
cord 3 ought to be equal to 120*^,7; therefore the whole force 
by which the cord 2, 3, which passes over the fixed block, is ex- 
tended, is 113, 1 -f 120, 7 on 233*^ 8. Multiplying this force as 
above, by ^, and dividing by 2, we shall have 38, 97. Seeking as 
before the value of the stiffiiess of the cord 2, 3, which passes over 
the fixed block, we shall have the proportion. 
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40 : 38, 97 : : 8n»- : 1^-, 79. 

Adding now these 7*-, 79 to 120***-, 7, the quantity before found 
for the tension of the cord 3, we shall have 128^^*, 5 for the force 
of tension, both on account of friction and the stifihess of the 
cords. 

The cord 4, on account of friction is stretched by a force ^^' 
=2 130^^*, 3; the whole force of tension upon the cord 3, 4, which 
embraces the movable block, is therefore 258^'*', § ; with this 
quantity, the dimensions of the pulleys and cords remaining the 
same, we shall find, as above, that the allowance for the stiflfness 
of the cords, would be 8'^*, 62, if this cord did not embrace the 
movable block ; but proceeding as we have done above, and for 
the same reason, we must take but half of this quantity ; thus the 
tension of the cord 4, all things considered, will be 134^*^, 6 
nearly. 

The cord 5, on account of friction, is stretched with a force 
z= 143***-, 5 ; the whole force by which the cord 4, 5, embracing 
the fixed pulley, is stretched, is therefore 278^^-, 1. With this value, 
the dimensions remaining the same, we shall find the force required 
for the stififness of the cords to be 9^^*, 3 ; the whole tension of the 
cord, therefore, is 152'^*, 8. Thus fricdon and the stififness of 
tlie cords together require the weight 9, which would otherwise 
be but 100***", to be J63^'*- nearly, a quanuty greater by more than 
one half. 

We have taken only half of what the calculation furnished as the 
quantity to be added to cords 2 and 4, on account of the stiffness. 
The reason of this is, that the cord by which the movable pulley 
is made to revolve, may be considered as turning it on a centre 
placed at the point where this pulley touches the other cord ; and 
consequently the case is similar to that of a fixed pulley, having a 
radius equal to the diameter of the movable pulley ; and since the 
forces required on account of the stiffness of the cords, are in the 
inverse ratio of the radii of the pulleys, tlie force in this case must 
be diminished one half. 
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Of ike Balance^ Steelyard ^ ^c. 

Fi^.142. 256. A balance is a lever of the first kind in which the fulcnira 
or axis is in the middle between the points of applicadoa of the 
forces or weigJUs. It is apparent that with such an instrumeot, a 
state of equilibrium must indicate an equality in the weights to be 
compared* 

There are several particulars to be attended to ia the cos- 
struction of a good balance. (1.) The axis should be above and 
not too far above the centre of gravity of the two arms or beam ; 
for if it pass through this centre of gravity, the beam, when loaded 
with equal weights, or not loaded at all, will remain at rest ia 
any position whatever ; and it is intended that a horizontal positiao 
shall indicate equal weights. If the axis be below the centre of 
gravity of the beam, the slightest deviation of this centre from a 
vertical position over the axis would be followed with a motion that 
would tend to reverse the position of the beam. Moreover, if ibe 
axis be at a considerable distance above the centre of gravity, the 
beam would have too great a tendency to a horizontal positioo, 
independently of an equality in the weights, and would according- 
ly want the requisite sensibility. 
• 
(2.) The axis and points of application of the weights, or points 
of suspension^ should be in the same straight line ; otherwise the 
beam when loaded is liable to the defects just mentioned bj 
having its centre of gravity shifted above the axis or too far below 
it. It is accordingly of great importance that the arms should 
be so constructed as not to bend or yield in any degree io con- 
sequence of the weights attached to them, while at the same 
time they should be as light as possible. To secure both these 
objects, in the best balances instrument*makers have given to 
the arms the form of hollow cones. Care is taken also to pre- 
serve the equality in point of length of the two arms, and to di- 
minish friction, by making the axis and points of suspension of 
hardened steel, and in the shape of a very acute wedge, or knife 
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edge, the plane surfaces with which they come in contact being 
likewise of* the hardest substances. 

257. Nevertheless, where extreme accuracy is required, the 
best method is to place the thing to be weighed in one of the 
scales, and to balance it by any convenient substances in the other' 
scale, till the beam takes an exact horizontal position, as shown by 
the index FL* Then carefully remove the thing whose weight 
is sought, and replace it by accurate weights, as grains, Sic., till 
the beam takes precisely the same position. The number of 
grains, &c., used will be the weight required, in this way, tU 
error arising from the want of perfect equality in the two arms of 
the balance is completely obviated. 

258. With all these precautions, the process of weighing is but 
an approximation, strictly speaking, to perfect accuracy. (1.) The 
best balance tends of itself with some degree of force to a horizon- 
tal position, since the slightest inclination must cause the centre 
9f gravity to rise somewhat, and consequently, if the difierence in 
the two weights does not exceed this force, the balance will not 
enable us to detect the inequality. (2.) The friction, both of the 
axis and of the points of suspension, is an obstacle to motion, and 
the difference in the weights must be sufficient to overcome this, 
in addition to the force just mentioned, in order that the balance 
may show them to be unequal. 

Knowing, however, what weight is sufficient to produce mo- 
tion in any case, we know what degree of accuracy we have 
been able to attain. This is different for different weights. A 
small weight can be determined more exactly, other things being 
the same, than a large one, since the friction increases with the 
pressure. A balance constructed by Ramsden for the Royal Soci- 
ety of London, when loaded with a weight of lO'^, would turo 
with a ten-millionth part of the weight, or a little more than a 200lh 
part of a grain ; and one made by Fortin of Paris, when charged 
with a weight of 4^^-, would turn with a 70th part of a grain. 

* Instead of an index rising perpendicularly, a pin is some- 
times attached to the end of the beam, and made to move over a 
nicely graduated arc provided with a microscope ; and the whole 
apparatus enclosed under glass to prevent any agitation from the air. 

Meeh. 21 
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Tig. 148. 259. The steelyard also is a le^er of the 6rst kiod ; bat ths 
fulcrum or axis of this iostruraent divides the distaooe betweeo 
the points of application of the weights into unequal parts ; and 
instead of different weights placed .at the same distance, a con- 
stant weight or poize is placed at different distances to efiect an 
equilibrium with the article to be weighed ; and the weight of ibis 
article will be to that of the poize inversely as their distances from 
the axis. When these distances are equal, the weight of tbe pcuie 
is equal to that of the article weighed. At double this distance, 
the poize indicates a weight double its own, and at half this distance 
the weight indicated is half that of the poize, and so on. The lon- 
ger arm of the steelyard, therefore, being graduated upon tbis pria- 
ciple, it becomes a convenient and sufficiently accurate instrumeo! 
for weighing all gross substances. 

The same rule is to be observed with respect to tbe positias 
of the axis of motion in the construction of the steelyard, as in that 
of the balance ; that is, the axis must be in a line with tbe poiots 
of suspension, and a little above the centre of gravity, so that thf 
arms when unloaded, or when equal moments are indicated, sfaal 
preserve a horizontal position. 

Fi^.iM. 260. In the benUlever balance represented in figure 144, instead 
of a movable weight resting upon a horizontal beam, the Datuial 
weight of an inclined arm is made use of, and is drawn out to 
different distances from a vertical position according to the weight 
attached to the other arm. By applying different known weights 
to the arm A^ and graduating the arc CD according to the posi- 
tions of the arm B, we shall have an instrument very analogous 
to the steelyard ; for tbe weight B may be considered as shifted 
to different distances along the horizontal line jPD, since it would 
have precisely the same effect here as in its actual position. Con- 
sequently, if the direction of the weight attached to the arm A 
preserved always the same horizontal distance from the axis of 
motibn (which it might be made to do, by suspending it from a sin- 
gle cord applied to the arc of a circle having the axis for its centre,) 
the arc CD might be graduated by dividing the radius DFinio 
equal parts in the manner of the steelyard, and then transferring 
these divisions with the numbers denoting the weights to the arc 
CDy by means of vertical lines. 
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261. Socnetiroes the axis is made to carry a wheel, the teeth of 
v^hich act upon a pinion furnished with an index and dial-plate, 
iwhereby a slight motion is rendered very conspicuous. 

The bent-lever balance is better adapted to despatch than any 
other instrument for weighing. But it is liable to irregularity, and 
is not susceptible of the accuracy of the balance. 
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Of Motion untfamdy aueUraied* 

262. A body, perfectly free, having once received an impulse 
will continue its motion, the velocity and the direction remaining |.;^ 
alv^ays the same as at the first instant. Bllt if it receive a new 
impulse in the same direction, or in a direction opposite to the 
first, it will move with a velocity equal in the former case to the 
sum, and in the latter to the difference, of the velocities it has 
successively received. 

Hence, if we suppose that> at determinate intervals of time, 
the body receives new impulses in the same direction, or in a 
direction opposite to the first, it will have a varied or unequal 
motion, and its velocity will change or become different at the 
commencement of each interval of time. 

Whatever this may be, the velocity of a body at the end of 
any given period of time, is to be estimated by the space which 
this body is capable of describing in a unit of time on the supposition 
that its motion becomes uniform at the instant from which this 
velocity is to be reckoned. 

Any force, which acting upon a body causes it to vary hs 
motion, is called an accelerating or retarding force. When it acts 
equally at equal mtervals of time, it is called a uniformly accelerating, 
or uniformly retarding force, according as it tends to increase or 
diminish the actual velocity of the body. 

We shall now examine the circumstances of motion uniformly 
accelerated. 

263. Since in this. kind of motion, the accelerating (opce acts. 
always in the same manner,' if we suppose that u is the velocity 
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commuDicated at each unit of time, it is evident that the succesare 
velocities of the body will be tt, 2 u, 3 u, Scc.y so that after i 
number of units of time, denoted by iy the velocity acquired wZ 
be u, taken as many times as there are units in ^ ; that is, it will be 
t X ^ or t u. 

264. Hence, (!•) 1° ^^e case of motion uniformly accelerated, 
the number of degrees of velocity which the body acquires, increases 
as the number of intervals or periods during which the motkn 
continues, which may be expressed by saying that for difiereot 
times the vdocUies acquired are as the times elapsed from tk 
commencement of the motion. 

Thus, if we call v |)ie velocity that the body acquires at the 
end of the time t, we shall have 

V z=i ut. 

(2.) The velocities which the body will be found to have 
during the lapse of each successive interval, will form an arithmeti- 
cal progression or progression by differences, 

-^ tt • 2 u . 3 ie . &c. 

the last term of which is u ^ or t;, and of which the number d 
terms is ty that is, is denoted by the number of actions of the accele- 
rating force. 

>(3.) Also, since the velocities u, 2 u, &c., are simply the spa- 
22. ces that the body would describe in the corresponding intervals 
of time respectively ; the whole space described during the ioit 
t will be the sum of the terms u + ^ ^ + ^'' ^^ ^'^ progresaoo, 
Alg.2t9. that is, it will be expressed by (u 4- o) X | i* Therefore, if we 
call 5 this whole space passed over from the conunencement of tbe 
motion, we shall have 

* = (tt + t?) X i ^ 

265. Let us suppose now, that the accelerating force acts 
without interruption, or, which amounts to the same thing, thai 
the time is divided into an infinite number of infinitely small parts, 
which we shall call instants ; and that at the begbning of each 
instant, the accelerating force exerts a new impulse upon ibe 
body. Let us suppose, also, that it acts by degrees infinitely small. 
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Then, ii being iofinitely small with respect to v, which is the 
velocity acquired during the infinite number of instants detioted 
by r, ti b to be neglected in the equation « = (ti -f- v) X 1 ' 
which gives ^^^ *• 

9 = 1- vi. 

266. This being established, let us suppose that at the end 

of the time t^ the accelerating force ceases to act ; the body will n. 
continue its motion with tiie velocity v that it had acquired ; that is, 
in each unit of time, it will describe a space equal to o ; according- & 
]y, if it were to continue with this velocity during the time 
/, it would describe a space equal to v X 'i that is, double the 
space s or ^ vtf described in the same time by the successive action M5. 
of the accelerating ibrce. Therefore, in moiion uniformly and 
continually accelerated, the space described during a certain time is 
half of that which the body uovld describe in an equal time with 
the last acquired velocity continued uniformly. 

267. Since the acquired velocity increases with the times 
elapsed, if we call g the velocity acquired at the end of a second, 

the velocity acquired after a number t of seconds, will be g t^ that Ki. 
is, we have, 

and accordingly the equation s =z ^ v t, found above, becomes 

s = igt X tz=:^gtK . 

If, therefore, we represent by s' another space described in the 
same manner during a time t'^ we shall have, according to the 
above reasoning, 

from which we deduce the proportion, 

s : s" :: ^gt* : ^ g i^* : : t* : «'• ; 

we hence learn that, with respect to motion uniformly accelerated, 
Me spaces described are as the squares of the times. 

268. Moreover, since the velocities are as the times, we con- a64. 
elude also, that the spaces described are as the squares of the 
velocities. 
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269/ Therefore the tdocities itnd the time» are each at As 
eqvare roots of the spaces described from the commencement rf ^ 
motion. 

270. The principles here established are equally applicable to 
the case of motion uniformly retarded, provided that by the tiines 
we understand those which are to elapse, and by the spaces those 
which are to be described, from the instant in question till die 
velocity is destroyed. 

271. From the equation * = ^ ^ t*, the quantity g^ by which 
we have understood the velocity that the accelerating force is capa- 
ble of producing by its action, exerted successively duriDg a secosd 
of time, is what we call the accelerating force, since we must judge of 
this force by the effect which it is capable of producing in a body is 
a determinate time, an effect which is nothing else but the cooumni- 

27. cation of a certain velocity. 

Of free Motion in heavy Bodies. 

272. It is the kind of motion we have been considering, to 
which the motion of heavy bodies is to be referred. But before 
applying to this subject the theory above developed, it will be 
proper to make known a few facts concerning gravity, in additioo 

7-*. to those heretofore given. 

As to the magnitude of the force of gravity, it is differeot, 
strictly speaking, in different latitudes and at different distances from 
die centre of the earth in the same lalitude. But the quantities 
by which it varies, as we depart from the equator, are very small, 
and do not in any manner concern us at present. The same may 
be said of the variations it undergoes, according as we rise above, 
or descend below, the mean surface of the earth ; they canoot 
become sensible, except by changes of distance much more con- 
siderable than any to which we are accustomed ; so that lor the 
present we may regard gravity as a force every where the same, 
or one which urges bodies downward by the same quantity in the 
same time. 

This force is to be considered also as acting, and acting 
equally at each instant, upon every particle of the matter about 
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us. Now it is evident, that if each of the parts of a body reeeif* 
the same velocity, the whole will move only with the veloehy 
that way detached portion would have received; so that A* 
velocity which gravity impresses upon any mass whatever, does 
not depend upon the magnitude of this mass ; it is the same for 
a large body as for a small one. It is true, however, that all 
bodies are not observed to fall from the same height in the same 
tirae ; but this difference is the eflfect of the resistance oi the air, 
as we shall see hereafter; and when bodies are made to fall in 
close vessels, from which the air has been withdrawn, though of 
very different masses, they are found to descend through the same 
space in the same time. 

It may be well to notice here the distinction between the effect 
of gravity and that of weight. The effect of gravity is to cause, or 
tend to cause in each part of matter, a certain velocity, which ia 
absolutely independent of the number of material particles. But 
weight is equal to the effort necessary to be exerted, in order to 
prevent a given mass from obeying its gravity. Now this eflbrt 
depends upon two things ; namely, the velocity that gravity tends to 
cause in each part, and the number of pans on which this force 
is exerted. But as the velocity which gravity tends to give, is the 
same for each part of matter, the effort to foe exerted in order to 
prevent a given mass from obeying its gravity, is proportional to the 
number of parts, that is, to its mass. Thus toeigkt depends upon 
the masSf whereas gravity has no relation to it. 

373. Having made known these particulars with regard to 
gravity, we proceed to the laws of motion of heavy or gravitating 
bodies. 

Since gravity acts equally and without interruption, at what- 
ever distance the body is from the surface of the earth (at least, 
so far as our experience extends), gravity is a uniformly accele- 
ratiog force, which at each instant causes in a body a new degree 
of velocity, that is always the same for each equal instant ; so 
that the velocities acquired, increase as the times elapsed; the 
spaces passed over are as the squares of the times, or as the 
squares of the velocities ; the velocities are as the square roots 
of the spaces described ; the times are also as the square roots 
of the spaces described ; in short, all that we have said respect- 

Mech. 22 
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iDg a UDiforiDly accelerating force, is strictly applicable to pm!f, 
it being well understood at the same time, that the resistance o( 
.the air and obstructions of every kind are out of the question. 

In order to determine, therefore, with respect to the iDodos 
of heavy bodies, the spaces described and the velocities acquir^ 
we require only one single effect of gravity for a determioatE 
time. For the equations v^zgi^s^z^gfi^ enable us to cako- 
late each of the particulars above enumerated, when the value of; 
is known. 



It must be recollected that by g we have understood 
velocity which a body acquires by gravity in one second of time. 
267. Now we know by actual observation, that a body, not impeded bj 
the resistance of the air or other obstacle, falls at the surface of ik 
earth through 16,1 feet in one second. We shall see hereafter bov 
this is determined. 

But we have shown that with the velocity acquired bj a 
series of accelerations, the body would describe with a uoifociii 
266. motion double the space in the same time. Hence the Feloc- 
ity acquired by a heavy body at the end of the first second of 
its fall is such, that if gravity ceased to act, it would descnk 
twice 16,1 feet, or 32,2 in each succeeding second. Therefore 
g = 32,2 feet. 



274. Now of the two equations v =z g t^ and s =: ^gfit 
first teaches us that in order to find the velocity acquired by a heavy 
body, falling freely, during a number t of seconds, it is necessaiy ^ 
multiply the velocity acquired at the end of the first second hj ite 
time i, or number of seconds. 

Hence, when a heavy body has fallen during a certain nvdff 
of seconds, the velocity acquired is such, that ^gravity ceased to ofi) 
tlie body would describe in each second as many times 32,2 feeit ot 
there were seconds elapsed. 

Thus a body that has fallen during 7 seconds, will move at the 
end of the 7 seconds, with a velocity equal to 7 times 32,2 or 
225,4 feet in a second without any new acceleration. 

275. From the second of the above equations, namely, 
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^e learn that id order to find the space or height t through which 
31 heavy body falls in a number i of seconds, we have only to 
oiultiply the square of this number of seconds by \ gj that is, by 
the space described in the first second. 

Hence, the height or number of feet through which a heavy body 
falls during a number t of seconds is so many times 16,1 feet as 
there are units in the square of this number of seconds. 

Thus, when a body has been suffered to fall freely during 7 
seconds, we may be assured that it has passed through a space 
equal to 49 times 16,1 feet, or 788,9 feet. We see, therefore, 
that when, in the case of falling bodies, the time elapsed is known, 
nothing is more easy than to determine the velocity acquired, and 
the space described. 

276. If the question were to find the time employed by a body 
in falling from a known height, the equation s = ig fit 

gives <■ =z — , and consequently, 
i S 



t 



I 



that is, we seek how many times the height * contains \ gt or 16,1 
feet, the space described by a body in the first second of its fall, 
and take the square root of this number. 

277. If we would know from what height a heavy body must fall 
to acquire a given velocity, that is, a velocity by which a certain 
number of feet is uniformly described in a second; from the 

equation v =gtfl deduce the value of ^, namely, ^ = x 5 substi- 
tuting this value in the equation s =z ^gfi^l have 

»2 v^ 

hy which I learn, that in order to find the height s firom which a 
heavy body must fall to acquire a velocity v, of a certain number 
of feet in a second, the square of this number of feet is to be 
divided by double the velocity acquired, by a heavy body in one 
second, that is, by 64,4. 
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TbiiSy if I would knowi for example, from what Iiei^H « heaj 
body must fall, to acquire a velocity of 100 feet in a seooDd, 1 
divide the square of 100, namely, 10000, by 64,4; and the quo- 
tieot Vt*|* = 155,2 hc.j is the height through which a body mutf 
iail to acquire a velocity of 100 feet in a second. 

We might evidendy make use of the same formula in deter 
mining to what height a body would rise, when projected verticaDf 
upward with a known velocity. 

Moreover, from the above equation, « = ^ we obtaia 

t>» = 2 g », or r = j^2g8 = 8,024 \/s, 

that is, the velocity acquired in falling through any space s, b 
equal to ^2glj or equal to eight times the square root of s netr^, 
V, g, and Sj being estimated in feet. Thus the velocity acquired in 
falling through 1 mile or 5280 feet, is equal to 

8,024 V5280 = 583 feet very nearly. 

278. By these examples it will be seen that all the circtim- 
stances of the motion of heavy bodies may be easily determined; 
and it is accordingly to these motions, that we commonly refer 
all others ; so that, instead of giving immediately the velocity of 
a body, we often give ^the height from which it must faH to ac- 
quire this vekxsity. Occasions will be furnished for examiiles 
hereafter. 

We will merely observe, therefore, by way of recapituladoo, 
thai all the circumstances of accelerated motion, and conseqiieot- 
^ of the motion of heavy bodies, are comprehended in the two 
equations «=^<, s =: ^ g fi^ so that, g being known, and one 
of the three things, ty «, t^, or the time, space, and velocity, the two 
others may always be found, either immediately by one or the other 
of the above equations, or by means of both combined after the 
manner of article 277. 

279. When a body is subjected to the acdon of a force that 
is exerted upon it without interruption, but in a dififerent mamier 
at each successive instant, we give to the motion the general de» 
nominadon of varied. We have examples of varied motioD ii 
the unbending of springs ; although in this case the velocity goes 
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oa increasing, stiU the d^rees bjr which it iacreasee go od dimiii- 
ishing. The same majr be ofasenFed with respect to the degrees bj 
i^hich the motion of a ship arrives at uniformity ; the action of the 
^^ind upon the sails diminishes according as the ship acquires 
motion, because it is withdrawn so much the more from this actiiki, 
according as it has more velocity. 

280. The principles necessary ibr determining the circum- 
stances of this kind of motion are easily deduced from the princi- 
ples that we have laid down with regard to uniform motion, and 
motion uniformly accelerated. 

In whatever manner motion is varied^ if we consider it with 
respect to instants infinitely small, we may suppose that the ve- 
bcity does not change during the lapse of one of these instants. 
Nowv when the motion is uniform, the velocity has for its expres- 
sion the space described during imy time t, divided by this timeb 
Aooordingly, when the motbn b uniform only for an instant, the 
velocity must have for its expression the infinitely small space 
described during this instant divided by this instant^^ Hence, if s 
represents the space described, in the case of a variable motion, 
during any time tj ds will represent the space uniformly described 
durmg the instant d i; we have, therefore, 

V = -j-z or d 8 =1 V d ty 
a t 

as the first fimdamenUd equation of varied motion. 

281. In the equation v = g t^ we have understood by g the 
velocity which the accelerating force is capable of giving to a body 
in a determinate time, as one second, by an action that is supposed 
to continue coostautly the same. In the equation 

dv =z g dtj 

the same thing is to be understood. But we must observe that 
the accelerating force beii:^ supposed to be variable, the quanu- 
ty g which represents the velocity that the accelerating force 
is capable of producing, if it were constant for one second, this 
quantity gj I say, is different for all the different instants of the 
motion. Indeed, it will be readily conceived, that when the 
accelerating force becomes less, the velocity that it is capable 
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of generatiog in a second hy its action repeated equaOjr daring eic 
instant of this second, must be less, and vice versa. 

« 
282. From the two equations d $ =z v dt, d v =z g di, mm 

obtain a third that may be employed with advantage. 



from the equation d s =: v dt,we deduce d t zn — ; substitntb| 
this value instead of d t in the equation dv=:gdt,we ha?e, 

dv=zgx—, 

or, 

g d t ^:^ V dv. 

283. We remark, that in the process by which we have js. 
arrived at the equation dv =: g d t, we regarded the velociljc 
increasing. If it had gone on diminishing, it would have beea 
necessary, instead of d v to put — d v; so tliat the two equatkxs 
dv =z g dtf and gds=:vdVf to become general, must be wiii^ 

dz d V :=z g d tf dzgdsszvdvy 

the upper sign being used when the motion is accelerated, and tlie 
lower when the motion is retarded. 



284. There is a fourth equation that may be deduced 
the two fundamental equations, and which should not be otni 

Thus, the equation ds zrz v d t gives v =z —; whence we 



d V 



-(^> 



substituting this value for dv'm the equation g dt z= dzdv,^ 
have 

ds 



,i,=±ife). 



If we suppose, as we are authorized to do, that dtis coostaot, 
we shall have, 

gdt = db ^ or gdfi = db dd$. 
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But it must be recollected that) io the equation g d fi z=: dz d dt^ 
it is supposed that dt is coDStant. When d i'ls variable, we make 
use of the equation 

f = * KPd- 

Occasions will occur in which these formulas will be of great 
use. But we must not forget that the quantity g which they 
contain, represents, for each instant, the velocity which the ac- 
celerating force is capable of giving to the moving body in a known 
interval of time, as one second, if during the second it were to 
act with a uniformly accelerating force ; so that as each quantity g 
measures, for each instant, the effect of which the accelerating force 
is capable, we shall give it, for brevity's sake, the name of ac- 
celerating force. 



Cf the direct Collision of Bodies. 

285. We suppose, in what follows, that no account is taken of 
the gravity of bodies, of friction, or other resistance. 

We suppose also that the bodies, whose collision is the subject 
of consideration, act the one upon the other according to the same 
straight line, passing through their centres of gravity, and that this 
straight line, is perpendicular to the plane touching their surfaces at 
the point where they meet. 

We shall consider bodies as divided into two classes, denomi- 
nated unelastic and elastic; the former are supposed to be such 
that no force can change their figure ; the latter are regarded as 
capable of having their figure changed, that is, of being com^ 
pressedj but as endued at the same time with a property .by 
which this figure is resumed after the compressing force is re- 
moved. 

Although there are not in nature bodies of a sensible mass, 
that answer perfectly to each of tliese descriptions, yet it is only 
by proceeding upon such suppositions, that we are able^to de- 
termine the action of such bodies as are actually presented to our 
observation. 
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Of the direct Collision of unekutie Bodies. 

286. Two unelastic bodies which meet, (or one of which Ms 
upon the other at rest,) communicate, or lose, a part of their 
motion ; and in whatever manner this takes place, we mtj al- 

* ways, at the instant of the collision, represent each body, accad- 
iog to the principle of D'Alembert, as urged with two velocities 
one of which remains after the collision, while the ocher b de- 
lta, stroyed. 

287. Let us, in the first place, suppose the two bodies o 
move in the same direction. That which goes the fiister, wl 
evidently lose a part of its velocity by the collision, and tk 
other will gain by it. Let m be the mass of the iropingiog bodr, 
and tt its velocity before collision ; n the mass of the impinged 
body (which may be less or greater than m), and v its vdodtf 
before collision. Let us suppose that the velocity u changes » 
u' by the collision ; m will accordingly have lost u — - u^ I «1 
consider m as having, at the instant of collision, the velocitj i< 
and the velocity ti -^ u^ If we suppose, in like manner, tbu 
becomes v' by the collision, n will have gained v^— >«; lea 
accordingly consider it, at the instant of collision, as haviog tii 
vek)city t^', in the direction of the actual motion, and the ftbciff 
«/ — « in the opposite direction ; since, on this supposition, it wif 
reaUy have only the velocity v' — («' — v) or v* 

As, therefore, among these four velocities there can, bj sop- 
position, remain only u' and o^ the two others n — s'» ^ 
»' — «, must be destroyed in the act of collision. Now m tbese 
are directly opposite, it is necessary that the quantities of aoi^ 
which the bodies would have in virtue of these velocities, sbouU^ 
equal ; we have, thereforci 

••• fn{u — u') = n (v' — v). 

Now in order that u' and v' may, as we have snppos^* ^ 
the velocities which the two bodies m and n have after ooffi^ 
these velocities must be such, that the impinging body shall notfa>^ 
the greater action over the impinged, that is, that the tiro bo&f 
shall, after collision, proceed in company ; we havoi acooriOPF* 
0^ = tt'; and hence form the equation. 
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m (« -^ tt') =s n (n' — r), 



or, 



mu — mtt' = ttv — nVi 



we obtain 



ti' = -f- ; 



therefore, when the bodies move in the same direetUmy in order to, 
find the velocity after collision^ %oe take the sum of the quantities of 
motion, which the bodies had before cottisionj and divide this sum by 
the sum of the masses. 

Thus, if m, for example, be equal to 5 ounces and n to 7, tt 
equal to 8 feet in a second, and t; to 4 feet m a second, we shall 
have, 

yf =. SX8 + 7X4 . 40 + 28 ^ 

^ — 5 + 7 — 12 -- Tf — »f» 

that is, the velocir|r after collision will be five feet and two tBicds in 
a second. 

288. If one of the two bodies, as ft for example, were at rest 
before collision, we should have t? = 0, and the expresaon of the 
velocity after collision would accordingly become 

, m u 

u' = 



m-\-n^ 



that is, we should divide the quantity of motion belonging to the 
impinging body by the sum of the masses of the two bodies. 

If, however, instead of deducing this case from the more gen- 
eral one, we would find it directly, we should proceed according 
to the same principles, and consider the impinged body as hav- 
ing, in consequence of the collision, a velocity u'y equal to and 
in the direction of that which it is to have after collision, and a ve- 
locity — It', of the same magnitude, but in the opposite direction. 
Thns, since it is to preserve only the first, it is necessary that in 
virtue of the second it should be in equilibrium with the body m, 
having a velocity « — u^ which it b to lose. Accordingly we must ^^^ 
have 

MLedi. S3 
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m (s — ac') = n «', 

from which we deduce 

iitf 

the same as the expressioo above obtained firom the g^eral far- 
inula* 

289. When the bodies moYC in opposite directions, in order to 
find the velocity after collision, it is only necessary to suppose in the 
first formuhi, that v is negative, which gives 

Mu — nv 

vf = 5 ; 

that is, when the bodies move in opponte dtreedonM, in order to fai 
the velocity cfier collision^ toe take the difference of the quaniitia tf 
motion belonging to the bodies brfore coUision, and divide ijr ^ 
sum of the masses ; and this velocity wiU take place in the direetim 
of ihaiTfody which had the greater qnantity of motion. 

We might also obtain thb result directly by proceeding as in the 
above examplei 

Thus the laws of the direct collision of unelastic bodies reduce 
themselves in all cases to this single rule ; the vdodty after coOitum 
is equal to the sum or to the difference of the quantities of motios 
before collision (according as the bodies move in the same or isi op- 
posite directions)^ divided by the sum rf the masses. 



Cf the Force of Inertia. 

290. We have supposed in what we hkve said, that indepeo- 
dently of gravity, the resistance of the air, and other obstacles, 
one of the two bodies opposes a resistance to the other, and makes 
it lose a part of its velocity. But how can a body without gravity, 
and which is confined by no obstacle, oppose a resistance? 
Does not this seem to imply that it would be capable of ^viog 
motion ? 
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Now every resistance does not always imply an actual motion 
ia the resisting body. If the body Jli for example, be drawn at 
the same time by two equal and opposite forces represented by ABf 
wdFC, it would evidently have no motion. But it is not less evident Fic.146. 
that if a force equal to CA were to act upon it in the direction CB^ 
this force would be desU*oyed by the effort AC^ and the body 
would yield in virtue of the force AB^ equal to that just applied. 

We do not pretend to decide whether the resistance which 
bodies oppose to motion, does or does not arise from a cause of this 
kind. However the fact may be, the resistance in question which 
we call the force of inertia ^ differs from the resistance opposed by 
active forces (as that of bodies which impinge against each other in 
opposite directions) in this, that these last annihilate a part of the 
motion ; whereas, with respect to the force of inertia, while it de- 
stroys a part of the motion in the impinging body, this motion 
passes wholly into the impinged body, as is clearly shown by the 
equation 

m (u — !«') = n (ti' — r), 

above obtainedf or determining the nx>tion after collisioo of two 
bodies which move in die same direction ; for « — if' is the v^ 9V7. 
locity lost by the impinging body, and consequently n (u — vf) b 
the quantity of motion which this body loses by colliaoo. We 
have, in like manner, seen, that u' — v, is the velocity, and 
n (tt' — v) the quantity of motion, gained by the impinged body. 
Now we have shown that these two quantities most neceanrily be 
equal. 

The force of inerda, therefore, is, properly speaking, the means 
of the communication of motion from one body Id anocber. Everj 
body resists modon, and it is by resisting that it receives modoD; it 
receives also just so much as it destroys b the bodj dnt adi 
upon it. 

We hence see that, every obstacle beii^ removed, however 
small we suppose the impinging body, and however great the masi 
impinged, motion will always take place apon collisioo. When, (or 
example, one of the two bodies is at rest, the vekKky which has far 
its expression 



u' = 



m-^-n 



ISO DjpMtmiei. 

en nevo* beeome sero, mbntBret be the values inigiied to m, Mj 
tnd « ; the only case where «' can be infinitely small, is that in 
which n is infinitely great. Thusi if in nature we see bodies lose 
the motion that they have received, it is because they comoQunicate 
to the material parts of the bodies which surround them. Now it 
is evident from the ibrmula, 



W = 



that the greater the mass of the impinged body n, the less (other 
things being the same) will be the velocity ti^, n being considered 
as the sum of the material particles among which m parts with its 
motion. It will be seen, therefore, that the velocity u' may soon be 
so reduced as to escape the nodce of the senses, even when it is 
not opposed by immovable obstacles, as friction, &c. 

291. The force of inertia, being a force peculiar to matter, 
exists equally in every equal portion of matter, and ccHisequently io 
a determinate mass it takes place according to ibe quantity of mat- 
ter, or in proportion to the mass ; and as the mass is proportional D 
the weight, the force of inertia may be regarded as proportional to 
die weight* But we must take care not to infer hence, tbat the 
force of inertia arises from gravity ; it is altogether independent of 
it ; indeed, if while a body is falling freely, it be forced forward by 
the hand with a vekx^ity greater than that of its natural descent, the 
hand will experience, on overtaking the body, a bk>w or resistance 
that manifestly cannot be attributed to gravity, which acts onif 
downward. Still less can it be ascribed to the resistance of tbe 
air ; for the re«stance of the air, being capable of acting only on tbe 
surfaces of bodies, cannot, like the force of inertia, be proportionil 
to tbe quantity of matter. 

The force of inertia, therefore, is a force peculiar to matter, by 
which every body resists a change of state, as to motion and rest 
TAe force of inertia is proportional to the quantity of matter^ and 
takes place in aU directions according to which an effort is made to 
nunfc a body. 
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Applkatwn of the Principles of Collision of undastic Bodies. 

292. The principles which we have laid down respecting the 
collision of unelastic bodies are applicable, whether the bodies im- 
pinge directly upon each other, as we have supposed, or whether 
they act upon each other by means of a rod which join^ their 
centres of gravity, or whether one draws the other by a thread, 
provided the action is immediately and perfectly transmitted to 
the centre of gravity of each. 

If, for example, the two bodies m and n act upon each other Fig. 146. 
by means of a thread passing over a pulley P, and we would de- 
termine the motion that they would receive b \^rtue of their grav- 
ity, we observe that gravity tends to impress the same velocitjr 
upon each of the two bodies at each instant. Now as one cannot 74^ 
move without drawing the other, the same thing will take place 
with regard to the two bodies at each new action of gravity, as if 
the two bodies drew each other in opposite directions with equal 
velocities ; therefore, in order to find the resuhing velocity, it is 
necessary, calling u the velocity produced by gravity at each 
instant m a free body, to take the di&rence mu — n « of the 
quantities of motion, and to divide it by the sum m -f- » of the 
masses ; we have accordingly 

mu — nu m — n 

or — : — tt 



for the actual velocity that each new action of gravity would 
give to the body m. We see, therefore, since m, n, and u, are 
constant quantities, that tbe body m is carried with a motion uni- 
formly accelerated, and that the force which actually accelerates it, 
is to free gravity gg. 






•• — n m — n . 

-—— — u : u : : — j — : i : : m — n : m + n. 

Consequently, if we call g the velocity which gravity communi- 
cates to a free body in one second, we shall have that which it 
wouM communicate in tbe same time to the body m, impeded by 
the body », by the proportion 



182 

m + n :m~n ::g : ^^ ^. 

ft 

If, therefore, we call w the velocity of m at the ezpiratioii of t 
264. number t of seconds, we shall have 

m — n 

to =: It ix 

m X « 

267. and the space which it will have described, will be 

which is readily found, by putting for t the given number of seo- 
276* onds, and for g 32,2 feet. 

293. If at the first instant the body n, supposed to have less 
mass than the other, receive an impulse or velocity o, that is, if it 
were struck in such a manner, that, being considered free and without 
gravity, it would pass over in a second a number of feet denoted 
by Vj it would divide this action with the body m which it would 
draw during a certain time. In order to determine how the 
action in question would be divided, it must be remarked, that 
at the first instant the action of gravity being infinitely snaall or 
nothing, the body n, urged with a velocity v, acts upon the boij 
m as if this last were at rest. It is necessary, therefore, in order 
to find the velocity remaining after the action, to divide die 
28. quantity of motion n t; by the sum of the masses, which gives 

— i — for the velocity with which n would draw m, if grawty 

did not act in the following instants. But as we have seen that 
it would act in such a manner as to give to the body m, in the 

opposite direction, the velocity — -j— g t in the time ^ ; it fol- 
lows that, at the expirafion of the time ^, the body n will have 
only the velocity 

nv m — n 



m + n m + n 



Whence it will be seen, that however small n may be, and how- 
ever small the velocity v, and however considerable the iHass of the 
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* 

body m, » will always draw m for a certain time, after which m 
will prevail, and draw n in its turn. 

Indeed, whatever may be the quantity of motion n v, impressed 
upon n, so long as it is of a finite value, it is evident that it would 
always be necessary, in order to counteract it, that gravity should 
act for a certam time, for it only acts by degrees infinitely small at 
each instant. 

If we would know at the expiration of what time m will cease 
to ascend, we should proceed thus. Let if be the time employed, 
by a heavy body, falling freely, in acquiring the velocity v } accord- 
ing to article 263, we shall have 

v=gf; 

therefore the veloci^ of n will be changed to 

ng t^ m — It . 

m + n m + n ^ ^ 

which being put equal to zero, gives 

ngf = (m — n)gt, 
from which we deduce 






«— n 



If, for example, the velocity v, supposed to be impressed upon h 
is such as a heavy body would acquire in one second, we should 
have i^ = I". Suppose m = 100*-, and n = !"»•, we should 
have 

— *'' — J!L 

"" 100-1 "" 99 ' 

that is, the body n would draw the body m only during one ninety- 
ninth of a second ; still it would draw it. 

We see, therefore, that there is not a finite force, however 
small, which is not capable of overcoming the weight of a body ; 
and that it is not possible for a body actually in motion, to be 
placed in equilibrium with the weight of another body, that is, 
with a body that has the sample tendency of gravity. The former 
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would fint draw the latter, and afterward be drawn bj it ; there 
would indeed be an bstant of rest, but it would be that in wfaidi 
the former bad lost aU the velocity impressed upon it, and tlos 
state would continue only for an instant. 

294. Thus the force of bodies m modon cannot be esdmated 
by weights, that is, by the simple tendency of gravity in bodies 
destitute of local motion ; but only by other forces of the same 
kind, as those of heavy bodies having fallen from a certain beigbt 
Hence, in order to have an idea of the force of a bodj of 3 
pounds, carried with a velocity of 50 feet in a second, I riioald 
seek by the method of article 277, from what height a heaij 
body must fall to acquire a velocity of 50 feet in a second, and 
I should find it to be 38,8 feet nearly. I should conclude, there- 
fore, that a body of 3 pounds, urged with a velocity of 50 feet in 
a second, must strike as if it had fallen from a height of 38,8 
feet. 

295. The force which bodies in motibn are capable of exerting 
is called percussion* 

The force of percussion cannot, therefore, in any way be com- 
pared with simple pressure, or the eShri which a mass is capaUe 
of making by its weight without local motion. A blow of t 
hammer, though feeble, will drive a nail into a block of wood ; also 
a body of small mass, which by its fall had acquired but liuk 
velocity, would be attended with the same result, while a very 
considerable weight would produce no effect. 

The reason of this difference is, that in the former case, all 
the degrees of velocity possessed by the body in motion, are exert- 
ed in an instant ; whereas in the latter, the weighty which exerts 
only a pressure, receives its degrees of force successively, and 
imparts them in the same manner to the nail and the surrounding 
mass ; and as each of these degrees is infinitely small, it is ab- 
sorbed as soon as it is received. 
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Of the CoUuion of elastic Bodies. 

296. Although elastic bodies, according to the definition which 
we have given, must be compressible, we are not hence to infer that 
tbey must be so much the more compressible, as they are more < 
elastic. A ball of wool, for example, is not more elastic than a 
ball of ivory, although it is much more compressible. 

Be this as it may, compressibility seems to be inseparable 
from elasticity. A body in virtue of its compressibility, changes 
its figure, when a force is applied to it from without; and in vir- 
tue of its elasticity, it tends to recover this figure. But among 
all elastic bodies, some recover their figure entirely, others only 
in part. These last are called imperfectly elastic bodies. As to 
the former, they may resume their figure more or less promptly, 
and by very different degrees. But if tbey are such that, after 
being struck, they restore themselves according to the same de- 
grees by which tbey were compressed, we call them perfectly 
dasiic bodies. In other cases they are denominated simply elastic 
bodies. We shall here consider only those that are perfectly 
elastic. 

We observe with respect to perfectly elastic bodies, that in 
collision, a resistance takes place on the part of the body which 
has the least velocity, and consequently a compression, and that 
on this account not only a restoration of the figure follows this 
compression, but this restoration is itself followed by a new 
change of figure directly contrary to the first. To this succeeds 
anotlier, which reduces tlie body to the figure first given by the 
compression, and so on. In this way the parts of each body 
have, with respect to their centre of gravity, a vibration, or mo- 
tion backward and forward ; since the parts tend to return to 
their first figure by a motion which goes on increasing, and thus 
carries them beyond their former position. These changes of 
figure, which alternate with each other, are sensible in several 
elastic bodies, when struck, and particularly io those that are of 
the sonorous class. 

Meek. 24 
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It is not, however, lo be supposed, that these vibrations afict 

the velocity which the bodies take after collision. They caa 

^ ' have no influence upon the motion of the centre of gravity, since 

this motion takes place in each of the two bodies independentij 

of the other. 

The collision of perfectly elastic bodies is to be viewed, 
therefore, in the following manner. When the two bodies w, s, 
Fig.148. come to meet in C, the resistance which n opposes to m, causs 
them to be mutually compressed, until the two centres and the 
point of contact have all the same velocity ; thus far every thin; 
takes place, as in the collision of hard bodies, with the exceptiQa 
of the change of. figure, which can contribute nothing to ti^ 
quantity of motion lost or gained. 

The change of figure is effected in such a manner, that each 
of the two bodies is flattened to the same degree on oppose 
sides ; since the parts farthest removed from contact, advaodi^ 
more rapidly in the one body and less rapidly in the other, 
until the compression is completed, crowd very muoh the inter- 
mediate parts. The compression once finished, the parts of 
each body bordering upon the points of contact, support tbem- 
selves the one against the other, while the contact is transferred; 
and the recoil of the spring takes place toward the parts oppo- 
site to the point of contact, with all the force by which the bodies 
tend to restore their figure. 

It will accordingly be seen that the impinging body loses bf 
the recoil, a velocity equal to that which it had lost by the com- 
pression } and that, on the other hand, the impinged body gains 
by the recoil a velocity equal to that which it had gained dar- 
ing the compression ; and, although the two bodies do not cease 
to exert their elastic force when they have regained their ori^ 
nal figure, they have no longer any action upon each other, 
since, the force with which they go on to dilate themselves be- 
ginning now to grow less, they separate from each other at this 
conjuncture. 

If, when the two bodies move in the same direction, « is the 
velocity of the impinging body, and v that of the impinged ; «' 
being supposed the common velbcity which they would have 
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after coIKsiod, considered as unelastic, v — u^ would be the 
velocity lost by the impinging body ; when, therefore, the recoil 
of the spring (taking place in a direction opposite to the motion) 
causes as much motion to be lost, as had already been lost by the 
compression, there will remain only the velocity 

u — 2 (u — u') = 2 tt' — M. 

As to the impinged body, u' — v is the velocity gained by col- 
lision ; and we have seen that, by the recoil of the spring, it ac- 
quires as much more ; it will have, therefore, 

This case comprehends that in which one of the two bodies is at 
resd before collision. 

If the bodies move in opposite directions, the reasoning is pre- 
cisely the same for the one which has the greater quantity of 
> motion. As to the other, it would, considered as unelastic, 
lose its velocity by the coliisioo, and acquire another in the op- 
posite direction ; «' being this velocity, we shall have i? + ^' 
for the velocity lost. Doubling this effect, ou account of the 
bodies being elastic, and adding it to the original velocity — v, we 
have 

2 (v + u') — V =:2u' + v. 

297. By attending to the resulting expression in each of the 
above cases, it will be seen that the circumstances of the collis- 
ion of bodies perfectly elastic are all comprehended in this single 
rule } 

Seek the common velocity which the two bodies would have after 
collision^ if they were destitute of elasticity ; then from double this 
velocity^ take the velocity which each had before collision^ and we 
shall have the velocity of each after collision ; it being understood 
that when the bodies move in opposite directions before collision, 
the sign — is to be given to the velocity of that body which has the 
less quantity of motion. 

298. From the principles above laid down, we might easily 
obtain, for the collision of elastic bodies, formulas which should 
coDtam only the masses and velocities before collision. In order 
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to tfaisi it would ooly be necessary to substitute, in the ejfnssm 
2 »' — « and 2 ti^ d: o, the value of «' furnished by the raks 
of articles 286, 288. But as these formulas would not presefii 
themselves in a manner so easy to be retained as the rules we han 
given, we leave this substitution to be made by those who may vnda 
to see the result. 

299. We observe that, when one of the two bodies is at rest, 
the velocity which it would receive by the collision is double that 
which it would have had, considered as non-elastic. This is an efi- 
dent consequence of the general rule. 

300. To give a few examples of these rules, let us suppose, m 
the first place, that the two bodies are equal, and that one of 

them is at rest ; then — -p — , which expresses the velocity afier 

collision, the bodies being considered as unelastic, becomes 5— « 

^^' i ti. From twice | u or ti^ therefore, we subtract u to obtain ik 
velocity of the impinging body after collision, which is consequenilf 
zero. To find the velocity of the impinged body, from twice \ v 
or «, we subtract 0, which it had before collision, and we have 1 
for the velocity after collision. Hence we see that the motion of 
the impinging body passes wholly into the impinged. Accord* 
ingly, if several equal elastic bodies be placed in contact with eadi 
other in the same straight line, and one of them be made to im- 
pinge against the others in the direction of this line ; the only efiect 
would be, that the one at the opposite extremity would be dn^^^ 
off with the same velocity. If two are made to impinge at tfae 
same time against the others, two would be detached from the other 
extremity, and so on. 

Let us suppose the two bodies to move in the same directioD, 
one of 5 ounces, and with a velocity of 6 feet in a second, and 
the other of 7 ounces, with a velocity of 2 feet in a second. For 
the common^velocity which they would have after collision, consid- 
ered as unelastic, we obtain 

5X6 + 7X2 _,,_„, 
6+"7 - TI - 3t- 

If, therefore, firom double this quantity or 7 j-, we take the veioci- 
tie^t before collision, namely, 6 and 2 respectively, we shall here 
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r the Telocity of the impSogiog body after edliMon l|, eod for 
lat of the impinged d^« 

If the impinged body, instead of 7 ounces, had a mass of 20 
jnces ; the velocity, after collision, the bodies being considered 
3 uDclastic, would be, 

5X6 + 20X2 _ , , _ 24 

f frocn double this quantity or 5|, we subtract the velocities be- 
Dre collision, namely, 6 and 2 respectively, we shall have, 

5| — 6 and 5} — 2, 
bat is 

— i and 3|, 

!br the velocities after collision, in which the sign — before | indi- 
[^ates that the impinging body would rebound. 

If the two bodies are made to move in opposite directions with 
the same masses and the same velocities, as in the first of the 
above examples, the velocity after collision, the bodies being coo* 
sidered as unelastic, would be 

6X6 — 7x2 _ 30 — 14 _ ,. _ ,» 
r+7 - 12 - T* ^ ^T- 

If from double this velocity or 2|, we subtract the velocity 6, 
which the impinging body had before collision, we shall have 
— 3^ for its velocity after collision ; it will rebound, therefore^ with 
a velocity of 3| feet. As to the impinged body, it will be recol* 
lected that to twice 1 ^ or 2|, the velocity before collisioa is to be 
added, which gives 4| for its velocity after collision. 197. 

301. Since, when elastic bodies move in the same directioo 
before colliaiOD, the velocities after collision are S^* 

2 tt' — u and 2 ti' — v^ 

tt' being the velocity which they would have, considered as une- 
lastic ; the difference u — v of these two velocities, is the sanoe 
as the difference of the velocities before collision. This difference 
is called the relative velocity, and is accordingly die same before 
aod after collisioii. 
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When, on the other hand, the bodies move before colfiaoii b 
opposite directions, their velocities after collision are, 

2 uf — u and 2 u' + ^'j 
the difference of which is u -|- o, and this was their relative veb- 
city, or that with which they approached each other before cd- 
lision. Therefore the velocity with which they separate iroai 
each other after collision, is the same as that with which tbej 
approach each other before collision ; thus, vnth respect to dastk 
bodies the relative vdodty is the same before and after 



Of the Motion of Projectiles. 

302. By the motion of projectiles, we understand that of 
bodies, which, being thrown with a certain force, are afterward left 
to the action of this force and that of gravity. We shall first seet 
the path that would he described in free space. 

Fig.149. From the point A^ let a body be thrown in the direction AZ^ 
and with any given velocity. If gravity were out of the ques- 
tion, it would move uniformly in the direction of the straight lioe 
AZ» But as gravity acts without interruption, the body wiD vxi 
be in the straight line AZ^ except for an instant ; instead of AZ, 
it will describe a curved line ABCot which AZ will be the uo- 

Gaom S^°^ ^^ ^^ P^'°^ -^9 ^'"^® '^^ '^ ^^^ ^^ ^^ instantaneous direc- 
97. tions of the moving body. 

303. In order to determine the nature of this curve, let AE 
be the velocity communicated to the projectile, or the number of 
feet that it would describe in a second, if it preserved contioinUy 
this velocity ; and at the instant of its leaving the point A^ kt 
us suppose this velocity composed of two others, one AD hori- 
zontal, and the other AF in a vertical direction. It is evident 
that the direction of gravity being vertical or perpendicular to 
ADy its action will not tend either to diminish or increase the ve- 
locity ADy and that consequently whatever course the body may 
take, it will preserve constantly the same velocity parallel to the 
horizon. 

As to the velocity in the direction AF^ when the body, in 
virtue of its constant velocity, parallel to the horizon, shall have 
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aidvaticed by a quantity equal to AP^ it will not have risen to 
at height PN^ equal to that at which it would have arrived, 
uninfluenced by gravity, but to some lower point M in the same 
irertical PN; because, its velocity in a vertical direction being 
directly opposed to that of gravity, the space which it would 
have described in virtue of this vertical velocity, must be dimin- 
ished by the space which the action of gravity would have caused 
the body to describe in the same time. 

Accordingly let v denote the velocity' communicated in the 
direction AZ^ or the number of feet that the projectile would de- 
scribe uniformly each second, in virtue of this velocity, and t the 
time, or number of seconds or parts of a second, employed in pass- 
ing from A to.some point iV, we shall have aOL 

AN:= vt. 

Let g be the velocity communicated by gravity in a second, 
\ g ^ will be the space that a heavy body would describe in a 
number t of seconds. If therefore M be the point where the body 
will arrive at the expiration of the time ^, we shall have 

NMz=z\gfl. 275. 

Through the point Ay draw the vertical AX^ and through the 
point ilf the straight line MQ parallel to the tangent AZ. Calling 
^Q, a/, and Qilf, which is equal to ANy y, we shall have 

0/ = I ^ <*, aod y' = r ^. 

If from this last equation we deduce the value of t, namely, 

V 

and substitute it in the first, we shall obtain 



I 

^ 



or 



»« 



But ^ expresses the height from which a heavy body must fall to 
acquire the velocity v ; hence, if we call this height A, we shall 977. 
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have ^ = A, and coosequeotly — = 4 i ; 

therefore, . 

4 i j/ = /«. 

We hence infer that each point M of the curve AMC has Ais 

property, that the square of the ordinate / or Qilf) paralld to the 

tangent AZ^ is equal to the product of the abscissa AQ^ or ^ \ff 

Trir. ^ constant quantity 4 A ; therefore the curve AMC is a panbola 

176. which has for a diameter the vertical line AX^ and for its paran- 

eter the quadruple of the height due to the velocity of projechoB. 

and of which the angle AQM, made by the ordinates with tls 

TVi|. diameter, is the complement of the angle of projection ZAC 

182. »pj|jg ^jypyg^ therefore, is easily constructed, when the velocity of 

projection and the angle of projection are known. 

304. We proceed to examine some of the properties of tbb 
curve, considered as tlie path traced by a projectile ; and for tUs 
purpose we refer the different points M to the borizomal Ibe 
AC by drawing PM perpendicular to AC, 

We designate AP by a?, PM by y, and the angle of projec- 
Tri^.W-jioQ ZAC by a. In the right-angled triangle APN we have 

1 : .4iV^ : : sin NAP : PN, 
:: 90S NAP : AP; 
whence 

PJV=: ^IZ^sin NAP r^vtmna, 
and AP or d? = t; t cos a. 

Also, since MN =z ^g fi^ as we have seen above, 

PM or y =L V t sin a — i g ^^ 

Deducing from the former equation the value of i^ namely. 











V COS a* 


and 


substituting 


it in 


the latter, we shall have, 






y 


X sin a 
0O8 a 


V> CM «>' 
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or, 

ifi v^ X flip a x^ 

^i g ^ j^g cos a cos q^ 



r« 



or, putting for j— its valae 4 A, and raultiplyiog both members 
by cos a*, 

4hy cos a^ =z 4hx sin a cos a — a^j 
which wiU furnish us with the following properties. 

305. As the velocity communicated to the projectile is sup- 
posed to be limited to a certain measure, its effect in a vertical 
direction must be exhausted at the end of a certain time by the 
action of gravity, so that at a certain point the body will cease 
to ascend, and thence will commence a downward motion ; but, 
as its horizontal velocity does not change when it has reached 
its highest point, as £, it will describe the second branch BCof 
the same curve, and will again meet the horizontal line AC m 
aDOther point C. Now in order to determine the distance AC^ 
called the horizontal range * of the projectile, we have only to sup- 
pose y = 0. We have, accordingly, 

4 & 07 sin a cos a — a;' or a? (4 A sin a cos a — «) = ; 

which gives a? = 0, and x = 4 A sin a cos a. The first value of 
X indicates the point A ; the second is that of ACj which may be 
determined by producing XA till AK is equal to 4 A, and lettbg 
fall from the point K upon AZ the perpendicular £L, and from 
the point L upon AC the perpendicular LC; since we have 

R =z I : sin JT = sin a : : AK := 4 A ; Aid = 4 A sin tf, 
and JF2'= 1 : sin ALLC =: cos a : : AL = ^4 A sin a : AC 
= 4 A sin a cos a. 

306. If with the same velocity of 'jprojection we would know 
what angle would give the greatest horizontal range, we take the 
differential of the value of AC^ by regarding a as variable, and 

put this differential equal to zero ; thus Cal. 40, 

4AcIacosa^^-4A(2a8ina' = 0; 



* Sometimes called also random and amplitude. 
Meek. 25 
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fipom wlucb we deduce. 
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sin 0* = cos a' 



or 



Bin g^ 
coso^ 



= 1, 



TVif.8. thatisi 



and consequendyi 



tang a" = I9 



tang a = 1, 



Trig. 24. 



in other words, the tangent of the angle of projection is in Ab 
case equal to radius; accordingly this angle is equal to 45^. 
Therefore, the greatest horizontal range is obtained^ other thistp 
being the samej tohen the angle of projection is 45^. It is here sop- 
posed that 
Trfr.20. sin a = cos a = j^^ ; 

this value substituted b the above expression for AC^ gives 

-4C = 4 A Vi Vi = 4 A X 1 = 2 A; 

therefore, the greatest random is double the height through tMtk t 
body must fall to acquire the vdodiy of projection. 

307. If we would know to what height the body ascends, or 
the highest point B of the curve, we proceed thus ; in the equa- 
tion 

4Aycosa^ := 4Axsinacosa — c*, 

we put equal to zero, the differential of y, taken by regarding x 
only as variable, which gives 

4 A d 0? sin a cos a — 2 a? d a? = 0, 

from wliich wd obtain 

d? = 2 A sin a cos a ; 

therefore, since ^C = 4 A sin a cos a, if we suppose the perpen- 
dicular BD^ we shall have 

X or AD = 2 A sin a cos a = I AC. 

Moreover, this value of x being substituted in the equation. 



Motion of PrqectUei. 195 

4 A y cos a^ = 4 A a? sin a cos a — a*, 



4 A y cos a' =i 8 A' sin a^ cos a* ^ 4 A^ sin a* co3 a*, 

from which we obtain 

y or £i> = A sin a\ 

This determbes the vertex of the axis, since d y being zero at the 
point Bi the tangent at B is parallel to AC^ or perpendicular to 



308. We propose now to determine the direction AZ^ to be 
given to a projectile in order that it may fall upon a known point Fig.160. 
My that is, the inclination that a mortar, for instance, must have to 
throw a shell upon the known point M. 

The perpendicular MP upon the horizontal line pasang through 
the point A^ being drawn, the distance AP, and the angle MAP^ 
are to be considered as known. AP being designated by c, and 
the angle MAP hj e, we shall have 

-mM-rk c sin t 

cos 6 : c : : sm 6 : MF = , 

cos e 

we have, therefore, for the point M^ x =z Cj and 

c sine 



y = 



cos e * 



Substituting these values in the equation 

4hy cos cfl =: 4 A 0? sin a cos a-^a^f 

we obtain, 

4 A c sin e cos a^ 



cos e 

or 



= 4 A c an a cos a — c*, 



4Asinecosa^ = 4Asina cos a cos « — - c cos e, 

or 

4 h cos a (wa a cos e — sin e cos a) at c cos e, 

that is, ™«'"' 

4Aco8aan(a — e) = ccose; 
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t, sDce 

OS (I sin (a — e) = | {sin (a + — e) — au{a — o + e) ), 
4 ft i (sin (3a — e) — sin«) = c cos «, 

nd 

3 A . ,„ . 3 A sin e , 

SID (2 a — e) = 1- c, 

COB e ^ ' coa e 

rhich may be given bjr the IbllowiDg coostrucdon. 

Having raised upon AM tlie indefinite perpendicular di£; 
rom tbe middle D of AK = 4 A, we erect upon AK the perpen- 
licular DJ^ cutting AS in some point £^ from which as a cenin, 
nd with a radius equal lo £L4, we describe tbe arc ANN'S; 
lariug produced PM till it meets this arc in the punts N, N', if 
re draw the lioes ANZ, AN'Z', these will be the directions t. 
rhich, the projectile being thrown widi a velocity due to the height i, 
1 will in either case fall upon the point M. 

Indeed it will be readily seen that tbe aogle EAD of tk 
igbt-angled triangle ADE is equal to MAP, Therefore, sinct 

ZD = 2A, ED = ?A?15J ; and, since ^^ = 6, wo shall hnt, 



nmsequeDtly, 



) + ^P or £/ = ^i^ + c 



— sin (2 o — e) = £r. 



3ut in tbe same triangle ADE, AE = ; therefore 

^£ sin (2 a • e) = EL 

jet the arc KNA be produced till it meets, in Q, tbe vertical G£ 
nd from the pmnla N, N', draw the perpendiculars NL, N'i^- 
a tiie triangle NEL, we have 

NE : NL,<kAE I EI :: 1 : sin AEG; 
Aence, 

AE sio AEG = Eli 
ccofdiog^, 
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sm(2a— e) s siaJVEG, 

and « 

2 a — c = JVEG = NBA + c ; 

consequently, 

a = 1 JVE./J + c- 

But because the angle NAM has its vertex in the circumfer- q^^ 
ence, and AM is a tangent, JVw^Jtf is equal to | JV!E.d ; also the i^i. 
angle MAP = e ; whence 

a = JV^JM + JH5P = NAP ; 

therefore the point N satisfies the question. 

The same may be shown with respect to the point A^. Indeed 
in the triangle N'ED^ we have 

NE : JV»I/, or .^ : £J : : 1 : sin NEV, 

: : 1 : sin NEG, 



whence 



and, since 



AE sin NEG = EI; 



AE m{2a — e) = EI, 

as above shown, we have 

so (2 a -— e) ss am N^EG, 

and 

2a — e = NEG = JV^JEU + e; 

thereibrei 

a = 1 A^£;/« + e = NAM-^ MAP = A^^P. 

309. Thus with the same force of projectioui a projectile may 
always be made to fall upon the same point ML, according to 
two different directions, provided that AP does not exceed DR. 
The direction AN^ is the most favorable for crushing buildings 
or odier objects with shells. The direcUon ^JV is to be pre- 
ferred, when the purpose b simply to throw down waUs and 
breast-works, and by rebounding to lay waste at a distance. This 
leads us to speak of rieoehei firing ; but we shall first remark 
that the equation a? = o ^ cos a, found above, gives a simple e%r 
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pression for the time employed in passing from A to any poim 
JUL We have only to put for x its value c, and for v its val» 
2TT. y^2^&, and we have 






cos a ^figh 



Now we have seen how A is determined by experiment, and ve 
know that g = 32,2 feet 

Trif . so. When the mclmation is 45^, cos a being j^^ or | j^% we bf? 



t = 



Jv^2v^2^A V'^*' 



hence, if the point M is in a horizontal Une, which ^ves c eip^ 
to the range or to 2 A, we obtain 



t = ** 



^/i^/^ 



-4- 



This general expression for the time may be made use of in rege- 
lating the fusees of bombs. We proceed now to the subject i 
ricochet firing. 

310. By the above term is meant a motion by which a pro- 
jectile, after meeting with an obstacle, rebounds and comrocDoes 
a new motion similar to the first. The smaller the angle of ele- 
vation above the horizon, the greater, other things being tbe saioe, 
is the tendency, upon rebounding, to proceed forward ; since tbe 
projectile force is exerted almost entirely in a horizontal direc- 
tion, and much time is required for the resistance of the air and 
other obstacles to destroy it. If the projectile be of an unelasde 
substance, and the surface upon which it falls be horizontal and 
Flg.l5i. unyielding, it would not bound, since upon arrivmg at C, accord- 
ing to any direction Jlf C, its velocity might be decomposed into 
two others, of which QC, perpendicular to the surface, would be 
simply destroyed, the rebounding in other cases being caused en- 
tirely by the elasticity, so that the other part PC remains (no ac- 
count being taken of friction and the resistance of the air), and the 
body would move along CZ. 
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311. But if at the point C, where the body meets the surfaced- 1(^2. 
there be a mouDd or eminence CJ5, the motion according to MC 
beiDg decomposed into two others, one according to QC perpendic* 
ular to the surface CEy and the other PC in the direction of this 
surface, the body would proceed according to this latter, describing 

the line PE^ and might, after leaving the point £, describe just 
such a curve as it would have described, if it had been projected 
from Ej according to C£, with the same velocity ; so that it would 
elevate itself to a certain point, and then return to the surface in 
some other point J, when die motion under similar circumstances 
might be again renewed. 

312. A ricochet motion, therefore, depends upon the. position 
of the obstacle against which the body in question strikes. But if 
the obstacle be flexible or yielding like the earth, water, &c., this 
motion may take place even when the surface is perfectly horizon- 
tal. Indeed, by the vertical velocity QC, the body tends to bury^««iw, 
itself, and does bury itself more or less, according to the nature 

of the obstacle; while with the velocity PC it ploughs th6 earth, 
and forms a furrow, the depth of which increases uU the vertical 
velocity QC is destroyed. Then by the remaining velocity in a 
horizontal direction, it drives before it the matter which lies in 
its way, and in working for itself a passage, it inclines in the direc- 
tion from which it experiences the least resistance, and the 
surface of the furrow becomes, with respect to the body, what 
CE was in the last case. Now as the remaining projectile Fig.162. 
force, other things being the same, is so much the greater ac- 
cording as the depth of the furrow is less, and as this depth 
depends upon the vertical velocity QC which will be so much the 
less, according as the angle MCP, or the angle of projection RAZ, 
is less, it will be seen how the smallness of the angle of projection 
is favorable to this sort of motion. 

313. The figure of the body also is of great importance. 
If, for example, the question related to a motion upon water, and 
the body were of a spherical shape, the velocity MC must be 
such that the vertical velocity QC may be destroyed before the 
vertical diameter of the body is entirely immersed, since, when 
the body is once covered, the resistance of the water would act 
equally in every direcuon, and there would be nothing to change 
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its directiOD, except grtvi^) th^ tendency of which would be to fxe- 
▼ent a ricochet. 

314. As this inimersioo, howeFer, takes place gradoany, k 
will be seen that the motion of the centre must be in a curved line : 

Fig. 164. since while any part of the body remains above the surface, 
the direction in which the resistance acts b changing continualk. 
If, for instance, when the centre C, after having described aej 
line PCy tends to move according to the probngation CI 
of this line, we imagine two tangents BR, D5, parallel to lUs 
direction, it is evident that the part BFJj only would be exposd 
to this resistance ; and that if the body is spherical, the resuhact 
CKot all the resistances exerted upon the different points of £FL 
would have a direction tending to elevate the body above CI] se 
that the parallelogram CIEK being formed, CE will be fte 
course which the body would take instead of CI, no allowasce 
being made for gravity. 

315. Finally, if the body and the obstacle are flexible wd 
elastic, this circumstance will further contribute . to a ricochet 
moiion. We take a- jvery simple case, as an example ; let ilie 

Fig. 166. body only be considered as flexible and elastic, and let this elas- 
ticity be perfect ; the body beiAg supposed at the same time to be 
destitute of gravity. At the instant in which the body, projected 
according to AC^ comes to touch the surface, its velocity is 
decomposed into a horizontal velocity which would remain al- 
ways the same, if there were no firiction, and no resistance on the 
part of the medium in which the body moves. As to the peipen- 
dicular or vertical velocity PC, it compresses the body, and 
being destroyed gradually, while the horizontal velocity coniinues, 
it is evident that the centre C approaches the plane HZ by 
degrees, which go on decreasing, while the rate at which it advan- 
ces parallel to HZ^ remains the same. Consequently, if at 
each instant we imagine a parallelogram having its horizontal sides 
to its vertical, as the horizontal velocity is to the velocity that 
remains in a vertical direction, the diagonal of this parallelogram, 
which must mark the course of the centre each instant, will 
be different and differently situated each instant, so that the 
centre C will approach HZ in a curve, while the compression is 
going on. When the compression has ceased, the centre C wiH 
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be carried for an instant in the direction of a tangeot parallel to 
HZ ; after which, the recoil taking place, the body recovers by 
degrees the velocity by which it tends to depart from the plane 
after the same manner in which the velocity was destroyed by- 
the compression during its approach to the plane, and it will de- 
scribe the second part AO of the curve perfectly smilar to AC. 
Lastly, when it shall have arrived at the point O, distant from 
the plane HZ by a quantity equal to the radius IC^ it will move 
according to the tangent OT^ situated like AC\ that is, the ob- 
lique collision of a body against an inflexible and unelastic plane 
(friction being out of the question) takes place in such a manner 
as to make the angle of reflection equal to the angle of incidence, 
these angles having for their measure the inclination to a hori- 
zontal plane of the tangents at the extremities C, O, of the curve 
described by the centre of the body during its compression and 
subsequent recoil. 

316. If jBD be the direction in which a body is thrown, re- 
gard being had to gravity, this body will describe the portion 
DC of a parabola of which BD is the tangent, until it touches 
the plane, then, when the compression has ceased, it will describe 
another portion SO of a parabola equal to the first and placed in 
the same manner. 

317. Friction, moreover, contributes to the ^ kind of motion 
under consideration, since it occasions a rotation in the body that 
aids it in rising above obstacles, as we have already seen. 

318. We conclude what we have to say on the subject of 

projectiles moving in an unresisting medium, with observing that, 

since gravity draws a body downward from the direction giveq it 

by the projectile force, when we take aim at an object in shooting 

or in throwing any body, we should direct the sight above this 

object, and so much the more above it, according as it is more 

distant, and according also to the feebleness of the force employed. 

It is on this account that in fire-arms the line of sight makes 

an angle with the axis of the piece, so that these lines produced 

would meet at a point beyond the muzzle toward the mark* 

The projectile, ball, or bullet, propelled in the direction of the 

axis, commences its motion in a direction making a greater angle 

with the horizon than that made by the line of sight ; so that the 

Mtth. 26 
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precaution is the same as if we had taken aim in the directioQ of 
the axis but at a point above the object. 

319. We remark further, that there are cases in which, al- 
though we have given no impulse to a body, and seem to aW 
don it to gravity alone, yet this body describes a curved line 
common to all projectiles. A body, for example, which is suf- 
fered to fall from the mast-head of a vessel under sail, really des- 
cribes a curved line. If we attend to the point of the deck where 
it strikes, we shall find it just as far from the mast, other thinp 
being the same, as the point from which it started, so that ik 
body describes a line parallel to the mast ; but with respect to a 
spectator at rest, it has actually described a parabola (the resist- 
ance of the air not being considered), for, at the instant it was 
dropped, it must have had the same velocity with the vessel; ihe 
case is therefore precisely the same, as if, the vessel being sta- 
tionary, we had thrown it with a velocity equal to that of the 
vessel, and in the same direction. It will be seen, also, at (be 
same time, why it describes with respect to the mast a siwzk 
line parallel to this mast ; it is because they both move with (be 
same velocity, and in the same direction; considered horizootai- 
ly, therefore, they must preserve the same distance from each 
other. 

320. In the foregoing theory, we have taken it for granted; 
(1.) that the force of gravity is the same throughout the 
range of the projectile. (2.) That it acts in lines parallel to 
other. (3.) That there is no resisting medium. The two fifst 
suppositions, although not strictly conformable to fact, are attended 
with no material error in practical gunnery, and those arts to which 
this theory is subservient. But the third is of essential importance 
to the truth of the results we have obtained. We can readily put 
the theory to the test of actual experiment. 

The initial velocity of a cannon-ball, for instance, may be 
obtained with considerable accuracy, by either of the followi(ig 
methods. 



321. (1.) Let the cannon together with the carriage 
other weight if necessary, be suspended like a pendulum, so 
as to move freely in the direction opposite to that in which the 
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ball is to be discharged.* UpoD the explosioD taking place, the 
centre of gravity will remain unchanged, that is, the quantities 184. 
of motion in opposite directions will be equal ; consequently, if 
the motion of ihe gun, &lc., be made so slow by means of the 
attached weight, as to admit of its velocity being taken by actual 
observation, the velocity of the ball will be as much greater as its 
mass is less. Knowing the mass of each, we should use the follow- 
ing proportion ; as the mass or weight of the ball to that of the gun, 
carriage, &c., so is the velooity of the latter to that of the former. 

322. (2.) The ball may be discharged into a large block of 
wood suspended so as to move freely after the manner of a pen- 
dulum,* and, the velocity being observed as before, we then say 
as the mass of the ball to that of the pendulous body, so is the 
velocity of the latter to that of the former. This latter method is 
adapted to finding the velocity at different distances from the cannon. 

It is thus found that the velocity of a cannon-ball varies ac- 
cording to the quantity and quality of the powder, the size of the 
ball, the length of the piece, &c. At the commencement of the 
motion, it is ordinarily between 800 and J 600 feet in a second. 

323. With a velocity equal to 800 feet in a second, the angle 

of projection being 45°, for instance, the horizontal range, greatest 306,807, 
elevation, dLc, are readily determined by our formulas. 

We first find the height A through which a body must fall to 
acquire the velocity of projection 800 feet, and double this height 
will be the horizontal range required. Now to acquire a veloci- 
ty of 800 feet in a second, a body must fall through a space equal 

, (800)« . 800 ft....log....2,90309 277. 



h = 


: 9937,75 
2 


' 64,4.. 

• • 

: 3,7 miles. 


...log.. 

• 


5,80618 
..1,80989 

3,99729 


Range = 


19875,5 = 





* It will be seen hereafter at what point in the pendulum the 
impulse must be applied in order that no part of it may be expended 
against the supports from which the pendulum is suspended. 
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The greatest elevation is equal to k multiplied by the me 
square of the angle of projection, that is, equal to k (sia 45^)^. 

h = 9937,75ft. log 3,99729 

46^ log sin 9,84949 

9,84949 



Greatest elevation = 4969 feet 3,69627 

4969 wants only 311 feet of a mile. 



^ 



Moreover, according to the . case supposed, we bare 
— as the expression for t the time of flight. 

h = 9937,75....1og....3,99729 
g=i S2y2 log 1,50786 

2)2,48943 

17",57 1,24472 

2 



^ = 35, 14 



On the supposition of a velocity of 1600 feet in a second, the 
angle of projection being the same, we should have for the hori- 
zontal range 79503 feet or 15 miiesy for the greatest elevation 
3,7 miles, and for the time of flight 3 minutes and 38 seconds. 
So great, however, is the resistance of the air, that a cannon-boIL 
under the most favorable circumstances, is seldom known to ha^e 
a range exceeding 3 miles; the paih described is not strictly a 
parabola or any known curve ; its vertex is not in the middle, but 
more remote from the point of projection than from the other ex- 
tremity ; and the path through which the body descends is less 
curved than that through which it ascends. This resistance increas- 
es faster than the velocity ; so that in the slower motions, there is 
a nearer approach to the foregoing theory, than in those which are 
more rapid, as is apparent to the eye in the spouting of water, and 
more especially of mercury, from the side of a vessel. To treat 
of this resistance, and to estimate its effects, belongs to that branch 
of our subject which has for its object the motion of fluids and that 
of bodies immersed in them. 



Motion down ineUned Planes. 305 



Of the Motion of heavy Bodies down inclined Planes. 

324. A heavy body left to itself upon a plane surface £LjB7,Fig;.i66. 
incliDed to a horizontal surface PIHNj cannot yield entirely to 

its gravity. A part of the force derived from this cause is em- 87. 
ployed in pressing the plane, and the other serves to bear it along 
the plane. It is necessary, therefore, to decompose its gravity into 
nwo forces, one of which produces the pressure upon the plane, and 
the other the motion along this plane. 

325. Let G be the centre of gravity of the body m, or the 
point in which all its action may be considered as united. Let 
GB be the space through which it would fall in an instant, if it 
were free. Let CrC be drawn perdendicular to the plane; and 
suppose a plane to pass through GB, GC, this plane will be per- 
pendicular to the two planes KLHIy IPNHj since it passes through ^f,*™* 
the straight lines perpendicular to these planes. If, therefore, we 
conceive DE, EF, to be the intersections of this plane with KLHI^ 
IPNII; DEj EFw'iW be perpendicular to the common intersec- (j^m^ 
tion flJof these two planes. ^^' 

Draw. GA parallel to DE, and construct the parallelogram 
GAB C of which GB is the diagonal, and GA^ G C, the sided. 
We may suppose that gravity, instead of urging the body according 
to GB, urges it at the same time according to 6C with the veloci- 
ty G C, and according to OA with the velocity GA. Now it is 
evident that G C, being perpendicular to the plane, cannot but be 
destroyed, if the point O where it meets the [Jane is at the same 
time a point common to the plane and the body m. 

.As to the force GAy since it tends neither to approach toward, 
nor to recede from the plane, k cannot but have its full effect. 
GA, therefore, represents the velocity with which the body tends 
to move, and with which it would move in the first instant. 

As the force GA is in the plane of the two right lines GB^ 
GC, it is in the plane DEF. We can therefore leave out of con- 
sideration the extent of the two planes KLHI, IPNH, and employ 
only the plane DJ^jP represented in figure 1 57, so that the body 
may be supposed to move in the right line DE. 
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326. Since the force GJl passes through the centre of grMj 
O of the body m, it must distribute itself equally to all parts of ibis 

116. body. Therefore, so long as friciioa is supposed to have do inS'.- 
ence, the body can have no motion except that of sliding along tb 
plane, that is, it can have no tendency to roll, whatever may b 
its 6gure, provided the perpendicular GB meets the plane io a 
point that belongs at the same time to the surface of the body. 
This would not be the case, however, as we have seen, if the per- 

.196. pendicular did not meet the base of the body, or the surface bj 
which it rests upon the plane. The influence of friction, moreorefi 
tends to produce a rolling motion. 

327. Since the body m must describe GA in the same time 
io which it would describe GB by the free action of graritj, il 
we conceive that at the end of the first instant, gravity acts anev; 
as it communicates in equal instants equal degrees of velochjj bj 
supposing for the second degree of velocity communicated in i 
vertical direction, a decomposition similar to that above made ior 
the first instant, it is evident that the second parallelogram will be 
equal in all respects to the first. We accordingly* infer, in like 
manner, that the force perpendicular to the plane will be d^ 
strnyed, and the force parallel to the plane, and equal to G«i) 
will be added to GA. By reasoning in the same manner for 
the following instants, we should conclude that the velocity along 
the inclined plane is accelerated by equal degrees ; in other voris, 
that the motion of heavy bodies down an inclined plane is a motion 
uniformly accelerated. Hence all that has been said upon the sob- 
ject of motion uniformly accelerated, is strictly applicable to ibe 
motion that takes place down inclined planes. Consequendjr in 
this latter case, as well as in the former, the velocities are as the 
times, the spaces described are as the squares of the times, or ss 

264, Slc. the squares of the acquired velocities, &c. 

328. Therefore, in order to determine the motion that takes 
place upon a plane of a known inclination, we have only to 6^^ 
the ratio of the accelerating force to gravity, that is, the ratio of 
GA to GB. Now GAy GB, being parallel respectively to D£> 
DF, the angle AGB is equal to EDF, and, the angle A being a 
right angle as well as the angle F, the two triangles AGB^ EDFi 
are similar ; whence, 



273. 
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DE : DF :: OB : GA ; 

hat is, the length of the inclined plane is to its height^ as the velocity 
ohich gravity communicates to a free body^ is to that with which it 
irges the body along the inclined plane. « 

329. Now as gravity gives to a free body, in a second of time, 
a velocity by which a space of 32,2 feet are described uniformly 
in a second, it will be easy to determine the velocity acquired 
by a body in the first second of its descent down an inclined 
plane. If, for example, the length of the plane is double the 
height, the velocity acquired along the plane during the first 
second, will be half of 32,2 feet ; that is, at the end of the first 
second, if gravity ceased to act; the body would pass over 16,1 
feet in a second. 

Having thus determined the velocity for the first second, we 
shall have the velocity after any proposed number of seconds, 
by multiplying this by the number of seconds; also the space 
is found by multiplying this first velocity by half the square of S67. 
the number of seconds. In short, it would be easy to determine 
alt the other circumstances of the motion in question, by articles 
267, be. We hence deduce the following propositions. 

330. If two heavy bodies, setting out at the same time from 
the point D, descend, one along the plane D£, and the other in Fig. 153. 
the direction of the perpendicular DF^ and we would know in 
what part of the plane DE the first would be, when the second 
bad arrived at any given point .4, we have only to let fall from 
the point A upon DE the perpendicular AB ; and the point B 
will be the place sought. Indeed if we represent by g the velo- 
city that gravity communicates to a freeJ body in one second, by 
calling t the time employed in describing DA^ we shall have ^ 

DA=\gi^, 267. 

on the other hand the velocity acquired in a second by the body 

that descends along the plane !>£, is ^ ^^ — ; accordingly by 

calling V the time employed in descending from D to £, we shall 
have 

Dl? — ^ ^ y » f'*- 
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wbencei 

DA : DB :: ig fi :?^j§^X if^r 

: : DE X «' : DjP X ^• 

But by similar triangles, 
G«o». DjI : DB :: DE : DF ; 

213. ' 

consequently, 

DE : DF :: DE X t^ : DFx t^-, 

therefore, 

^ = <a or t' = <. 

Fig.159. 331. Hence, if DG be a third plane described by a ihii^ 
body setting out from D at the same time with the other two, by 
drawing from the point A the perpendicular AQ jJ, B, C, are 
the three points at which the three would arrive in the same 
time. 

332. If upon DA as a diameter, we describe a semicircDio- 
ference, it will pass through the points C and jB, since the ansles 

Gcom. at C and B are right angles. Consequently, the cliords DCr 
DBf and the vertical diameter DA^ are all described in the same 
time ; and as this does not depend upon the length or inclinatioo 
of the chords, we may draw the general conclusion, that the t^ 
employed by a body in falling through any chord of a circle^ dram 
from the extremity of a vertical diameter ^ is the same as that ew/bf- 
ed in falling through this vertical diameter. 

333. We have seen that g being the velocity communicated 

ff X DF 

to a free body in one second, - -^^ — is that given in the same 

time to a body that descends along DE. Let ^, ^, be the tiroes 
employed in describing DF and DE respectively ; we 
have 

whence, 

DF.DE.'.^gfi: -^^— X 1 1", 
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tvhich gives, by moltiplying the extremes and means and reduo- 

^9 

or 



or, taking the square root of each member, 

DF X f zziDEx t; 
in other words, 

t : f :: DF : DE. 

In like manner, if f' represent the time employed in describing 
DO ; we shall have 

t : f' :: DF I DG; 

whence, 

f : r :i DE : DG -, 

that is, the times employed in describing different planes of the same 
height J are to each other as the lengths of these planes. 

334. The velocity of the body which descends along DP, is 
^ ^ at the expiration of the time U For a similar reason, the anr. 

velocity of the body that descends along DE^ is ^ j^^ — X ^ at 

the expiration of the time f. Accordingly, if we call «, 9, the 
velocities acquired by the two bodies reflectively upon arriving at 
the points jP, £, we shall have. 



whence. 



u :v ..gt.l^^xf. 



DF 
vgt=%gX^^Xf. 



But, as we have just seen, tts. 

t I If II DF : DE, 

which gjves 
Mech. 27 
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DFx <' 



i = 



DE ' 

substituting for t this value in the above equation, we ^all have, 



V = n. 



Therefore, if several hodies descend along planes differemly indud 
but of the same height ^ they tpUl have the same velocity vpon omri^ 
at the same horizontal line. 



Of Motion along curved Surfaces. 

335. If a bpdy without gravity and without elasticity, <ie- 

scribes, in virtue of a primitive impulse, the successive sides AB, 

Fig.ieo.jBC, be., of any polygon, upon meeting each side it will lose a piR 

of its velocity, which may be determined in the followiog miQ- 

ner. 



Let us suppose that the body moves from A toward B, 
that when it is at B, its velocity is such as in a determinate time, 
one second for example, would cause it to describe, if it wens 
free, the line BF in AB produced. Having erected upon BC 
from the point jB, the perpendicular BE, we imagine the rectaif 
gular parallelogram BDFE, of which BF is the diagonal, 9si 
the sides of which are in the direction of BC and BE. lostesi 
of the velocity J8F, we may suppose that the body has at the saoe 
time the two velocities £D, BE; and as the side BC f^y^ 
ks obeying the velocity BE, it is manifest that its velocity is ^ 
duced to BD. 

If from the point B, as a centre, and with a radius BF, w 
describe the arc JPi, Dl, which is the difference between BF and 
BD, will accordingly be the velocity lost. Now DI is the venal 
"*^*^* sine of the arc Fl, or of the angle FBC, made by the two conug- 
uous sides AB, BC. Therefore so long as these two sides make 
a finite angle, the body will lose a finite part of its velocity upoo 
meeting each of the sides. 

336. But if the angle formed by^ the two sides is infinitely 
small, the velocity lost will not only not be a finite quantity, bat 
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it ^91 not be an infinitely smaD quantigr of the first orderi it wiB 
only be an infinitely small quantity of the seoood order* Id e»* cari. 4. 
tablisbing this, the question reduces itself to showing diat the 
versed sine of an infinitely small arc is an infinitely small quao* 
tity of the second order ; and this may be done thus. CD beiog ^-i^* 
amy arc of a circle^ and BD a perpendicular npaa the diamrter 
AC J we have JST* 

AB I BD :i BD . BC} 

hence, if CD, (and for a stronger reason BD) be infinitely smaB, 
jBC the versed sine of CD^ will be infinitely smsdler than jBD, 
since it is contained in BD as many times as BD is contained m 
the infinitely greater quantity AB. Therefore JBC is infinitely 
small of the second order. 

337. Accordingly, if a body ti^Uhout gravity move along AeFig.lBSL 
curved surface ABC, it tnU have throughout the same velocity* 

For by considering this curve as a polygon of an infinity number of 
sides, since the sides make angles infinitely small with each otheri 
the loss of velocity at the meeting of each two adjacent sides is 
an infinitely small quantity of the second order with respect to 
the original velocity. Consequendy the sum of the velocities 
lost in passing over an infinite number of sides, that is, in pasang 
over any arc ABC, can only form an infinitdy small quantity of 
the first order. Therefore the velocity is not afibcted by this cir- 
cumstance. Cal. 4. 

338. We come now to the motion of heavy bodies along 
curved surfaces. We shall conader for the present only that 
which takes place in a vertical plane. 

339. Accordingly, let AMB be a section of a curved surface, Fif. 161. 
made by a vertical plane, and the path described by a body 
along this surface. Let us consider this curve as a polygon of 

an infinite number of sides, and let us suppose that the body has 
just described the small side LM, As its meeting with the aide 
MN canuoi occasion any loss of velocity; it will describe MN *%• 
with the velocity which it had in JIf, gravity being supposed no 
longer to act upon it. But the force of gravity being exerted 
according to the vertical MOj urges the body anew as it would 
urge one upon a plane of the same inclination. Conseqaently, 
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if we imagine die velocitj JIf O, which gtmtj tends to ^ve b 
an instant, decomposed into two parts, one MD perpendiculai to 
Jlf JV, and the other DO or ME directed according to MN] vk 
shall see that it is by virtue of this last that the velocity of tk 
body will be accelerated. Now hj letting fall the perpendiculir 
jRJV', and comparing the similar triangles MOE, MNR^ we sfaal 
have, 

MN iNRi.MO I ME= ^^^^^ - 

Let us suppose that die different points of the curve J3iB are r^ 
ferred to the vertical axis BZ. If we call 

BP, 0? ; PJlf , y ; and the arc BM, s ; 

we shall have 

PqorRN=:—dximdMN=z — ds. 

We give the sign-^ to these quantities, because x andi goon 
diminishing while the time t mcreases. Let g be the velocity 
which gravity gives to a free body in a second } g d t will be ibat 
267. which it would give in the instant d i. We shall therefore ia^ 
the velocity represented by .If O as follows, namely, MO =^gi^ 

Calling V the velocity which the body has when it arrives at M] 
d V will denote the augmentation received during the ome'^; 
thus, 

ME=:dv. 

Substituting die vahies above obtained in the equation 



•^- MN ' 



we shall have, 



J — d X ,, d X ,, 

^'''=^'=rT-s^Sdt=:-j^XgdL 

But, by article 280, ds =i vdt^ordt = — -, or, s being ooosid- 
ered as decreasing while t increases, d t =z — — ; whence, ^ 

V 

substitution, 
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ds ^ V » ' 



or 



V dv =. — g d X. 
The integral of this equation is, CaL 83. 

whence, 

«■ = 2 C — 2^0?. 

In order to determine the constant C, let us suppose that the 
point A from which the body begins to fall, is elevated above a 
horizontal line passing through J& by a quantity BZ = h. It is 
necessary, therefore, when v is zero, that x should be equal to h ; 
accordingly we have 

= 2 C — 2gh, 

and consequently 

2 C = 2^A,or Czzzgh; 

whence, by substitution, 

«*=2^A — 2gx=:2g{h — a?), 

= 2gxZP. 

Now, if a heavy body fall through the space ZPf the square of 
the velocity which it will have upon arriving at P, will be 

Therefore, when a body descends along any curved Kne, it has, at 
any point whatever, the velocity which it would have acquired hy 
falling fredy through a space of the same perpendicular elevation. 

Thus the veloci^ which a body successively acquires by its 
gravity in descending along the concavity of a curved line, is alto- 
gether independent of the nature of this curve. 

340. Hence, if the body, after having arrived at the lowest 
point B (the tangent to which I supposed to be horizontal), meets 
the concavity of the same or of any other curve, touching the first 
in jB, it will rise upon this last to a height equal to that from which 
it descended. 



877. 
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Indeed, let us suppose that the body is actually in £, or that 
0? s= ; its velocity will be such, that we shall have 

by calling this velocity u to distinguish it from the other. Let os 
imagine that with this velocity it ascends along any curve BMf ; ve 
shall find by the same reasoning as that above pursued, that i& 
velocity in any point Jlf , is determined by the equation, 

by calling t/ the velocity in this case, and <^ the arc BAPj and 
observing that iK diminishes according as f^ ^, and x increase 

respectively. Consequendy, putting (or d ills value -— p, we shal 

have 

— dt/ = ^ ^ ort/di/ x= — gdx; 

and by integrating, 

1^ = 2 C—2gx. 

But; when a? = 0, the velocity i/ is « ; accordingly, 

aa=-2 C— 0, 
and since 

u^=z2gh, 

we have 

v^=z2gh'^2gx. 

Now when the body ceases to ascend, t/ = 0, which gives 

0=z2gh — 2gx; 

whence we deduce 

X SI h. 

Therefore the point at which the body will have arrived in any 
curve BA'f will be at the same height as the point A» 
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341* As to the time employed in describing any arc AM or 

of the cunre ; since dt zz , substituting for v its 

equal V^^/k — 3gx, we have, 

— ds 



dt = 



so that it would be necessary by means of the equation of the 
curve to find the value of d 5 in a? and d x^ and having substituted 
it in the expression for d t^ we should have that of t by integrat- 
ing. 

• 

Cf the Motion of OscSlation. 

342. We have seen that a heavy body having descended 
through any are of a curve AB must, setting aside the resistance 
of the air and friction, ascend again to the same height in a curve 
SA' which has at the point B the same horizontal tangent with 
BA. Accordingly, thb body in returning would describe in a 
contrary direction the whole extent of the curve A'BA; and thus S40. 
would . continue to move backward and forward without end* 
This kind of motion is called oscillation. We have seen what is 
in general necessary to determine the duration of each oscillation 
which must evidently be double the time employed in describing 
the arc AB^ if BA' is the same as AB. 

When the curve through which the body descends is circular, 
and the oscillations take place through small arcs only, they 
have this remarkable and important property, that their duration 
is not sensibly affected by the extent of the arc AB ; so that tbepig.KM. 
arc AB being small, as four or five degrees only at the most, the 
body will always arrive at B in the same time very nearly, wheth- 
er it set out from the point A^ or from some other point O, taken 
between A and B. 

Tlus, retaining the denominations used above, and designat- 
ing by a the radius JBCof the circle BAD^ we shall have, by 
the nature of the circle, "Jj^* 

y* = 2aic — a!*ory = V^ a x — x* ; 
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from which the value of Mm^ot dtar ^d:^ + d^ is reafflf 
fouod to be as foDows, namely, 

, adz 

Cd. 78. rf # = 



V2o^-- ^' 



But since the arc BMis small, x is small with respect to a, and 
a^ may be neglected when taken m connexion with 2 ax withoat 
material error, which leaves 

■ adx 

a $ =z 



\/STx* 



841. Substituting this value of J « in the expression for dtjVre ahd 
have 



dt = 



— adx — adx 



ax %^2gh — 2gx %/i \/a \/x ^g Vk — r 

— \ adx 

v^ \/jr \/A X — j3^ 



or, smce 



-7= = \/a, and — ;= = ^ I — 9 




^^-" ' s/hx — 7^ 



adx 
Now as y^^ ^T ^ expresses the element of an arc of t 

circle of which the diameter is 2 a and the abscissa m} so, in like 

JArfx 
manner, , = expresses the element of an arc of a cir- 
cle whose diameter is h and abscissa x. But the line BZ being 
A, if upon BZ as a diameter we describe the semicircle BMZt 
M' mf will be this element ; so that we shall have 
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whence 



^A% _dlBM) 



•Ax — «■ k 

Substituting this value in the expreaskn fbril /, we btve 




and by integratiiig 

BM 



-c-JI 



X 



TT' 



We have therefore only to determine the constant quantity C; 
and it will be seen, that when ^ = 0, that is, when the body sets 
out from the point Aj the arc BMf becomes the semicircumfer- 
eoce BM'Z ; accordingly, 




whence 



<'=4fx^' 



therefore 



-Jfx^-Jfx 



BM! 

k 




We have thus an expression for the time employed in describing 
any arc AM^ the time being supposed to be reckoned in seconds. 
But when the arc AM becomes AB^ that is, at the end of a semi- 
oscillation, the arc ZM' becomes ZM'B ; consequendy, by calling 
the duration of a semioscillation ^ If, we shall have 
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or. 



= Jf^ 



Geom. Now* n being the circumfereDce of a circle whose diameter is 1, 

291. 



1 : 3v : : A : 2 ZM'B ; 



whence 






and coDsequendy 



or 



=. II. 

We have thus an expression for the duradon of an entire os- 
cillation ; and as this quanUty does not contain A, or the bei^ 
from which the body falls, and which determines the extent of the 
path described AB, it follows that the time f does not seosUf 
depend upon the extent of the arc, so long as this arc is very smaE. 
Therefore, the otdUationa which take place in tmall arcs of a eink 
are sensibly isoeronaus or of the same duration. 

343. This property belongs to the small arcs of all cur?esi& 
which the radius of the evolute at the lowest point is not zero; 
since the arcs are confounded with those of the circle by which 
Cai. 79. their curvature is measured. 

If we would know the error liable to be committed by V^f^ 
this value of f for the duradon oi a semioscillation in a circle, we 
proceed thus ; 

Taldng the value found above for d Sj namely, 

J adz 

d s =z 



>/2 a x — x^ 



Cai. we redtice it to a series, retaining the three first terms 00)^/ 
^^ which are abundandy sufficient for our purpose, and we shal 
have 
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by substituting this value io the expreasioo for d <, naindf, 
and reducing, we obtain 

As we know already the mtegral of the 'first temi, wo shall coo- 
fine ourselves to finding that of the two last. Representing it bjr 
•| i^^j we shall have 

To obtain the integral of this equation, we have recourse Io the 
method laid down in the Calcului, articles 128, kc., and put | f 
equal to the following expression, namely, 

J <// = _ 1 JZ (^ :p i + B X t ) (A - a:) * 

The co-efficients are then determined as follows, namely, CaL 189. 

a 3 „ 1 9k ^_ h 91fi 

Now the integral of « * d a? (A — x) ', or of 

or of r-r X 



IS 
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therefore the whole iotegral is 

To determme the constant D, we observe that when jr = i 
V' must he equal to 0, and that the arc BM! hecovnes BMZ', k 
this case, therefore, we have. 

Substituting the value of D obtained from this equation io tlie 
expression for | ^^ making x z=z hin order to have the eoOre 'a- 
tegral, and observing that BMf becomes then zero, the result vl 
be 



But, by taking n for the ratb of the circumference of a ciitk to 
its diameter, we have — ^ — = -j ; accordingly. 

Comparing this value of f^ with that of f found above, we skill 
have, 



or 



^ V8 a "^ 266"aa/' 



a quantity in which - is the versed sine of the arc described doJ^ 



a semiosciUadoo, radius being 1. 
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Suppose f equal to l^^ and that the arcs described od each 
side of the yertical are 5^, The versed sbe of 5^ is 0,0038053, 

radius being 1. Consequently, g— = 0,0004757. With respect 

to the term ^^^ — «, it is less than a unit of the sixth place. 
The error in each oscillation will, therefore, be 

f = V' X 0,0004757 = 0",0004767. 

Thus, if a body descend by the action of gravity along a circu- 
lar curve, and describe arcs infinitely small on each side of the 
lowest point in a second of time, the duration of each oscillatioo, 
DO allowance being made for friction or the re^stance of the air, 
would difier only 0^^,0004757 from that of an oscillation through 
an arc of 5^ on each side of the lowest point, so that in a day or 
during 24 X 60 X 60 = 86400^' vibrations, the difierence would 
amount to 86400 X 0'',0004767 or '41''. Thus a pendulum of 
the length required to vibrate seconds, and performing its oscilla- 
tions through arcs of 5^ on each side of a vertical, would lose 
only 4V^ a day, when compared with one vibrating in arcs infinitely 
small* 

If the arcs described on each side of the vertical were only 1^, 
the versed sine of which is 0,0001523, the daily loss would be 
only ^^64, that is, 1| nearly, and for half a degree, the loss 
would be 0^^,41 or | of a second daily. 



Cf Pendulums. 

344. What we have said is particularly applicable to pendulums. F«.i6a. 
By a pendulum^ is to be understood a rod or thread suspend- 
ed at one extremity from a fixed point, and supporting at 
the other extremity one or several bodies. It is called a timpk 
pendulum when it is supposed to consist merely of a mass or 
weight sustained by a thread or rod without gravity, and when at 
tbe same time this mass is of a diameter very small relative to 
the length of the pendulum. We shall speak for the present only 
of the simple pendulum. 
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When the pendulum CB is drhwn from its vertical postioo, 
force of gravity acting according to the vertical line AM is not 
wholly employed in moving the body ; a part is exerted agaios 
the point C Lict therefore the whole force of gravity, represented 
by AMf be decomposed into two others, represeoted the ooe bj 
ANi directed according to CAN^ which will be destroyed, and 
the other by AP which urges the body along the arc AB, Nof 
as the radius CA is perpendicular to the arc, it will be seen that the 
motion is here decomposed in the same manner as in the case 
above considered, where the body is supposed, without m 
material connexion with C, to descend along the arc ABj whid 
has for its radius the length ^C of the pendulum. Accordioeir 
every tiling which we have said is applicable to pendulums. Tk 
following are some of the consequences which are derived tm 
the preceding investigation. 

345. We have found for the duration^ of an oacillatioo,tbe 
following expression, namely, 

t = n V— • 
g 

Hence, for another pendulum whose length is afj and which b 

urged by a different force of gravity, or one that is capable of 

giving the velocity g^ in a second, we shall have, by callbg f the 

duration of an oscillation in this second case, 

hence we derive the proportion, 

E S! g E! ^i ^^ 

that is, ifUDO pendulums of different lengths are urged by Aje^ 
gravities f the durations of the oscillations are as the square rooU^ 
the lengths of the* pendulums, divided by the square roots o/tk 
quantities which denote these gravities* 

346. As gravity is the same in the same place, we shall in^ 
for pendulums of different lengths vibrating in the same place or 
same part of the earth, gf :=z g, and consequently in thb case die 
proportion becomes 
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that is, in the same place the durations of the oscUlatiom are as the 
square roots of the lengths of the pendulums. 

S47. But if the same peDduIum be successively exposed to 
the action of two different graviues, a being equal to afj the pro- 
portion 

t :f :: sJjL : V— 

g g* 



becomes 



g g* 



in other words, the durations of the osdttations of the same pendu^^ 
lum in different places are inversely as the square roots of gravity, 

348. Let n be the number of oscillations or vibrations made 
by the pendulum a in a given time, as one hour or SQWj we 

shall have t = . For the same reason, if we represent 

by nf the number of vibrations made by the pendulum a' in the 

same time, we shall have tf = ; — ; 

accordmgly, 

, ^ 8600" 3600" 

t I tf : : : ; — : : n' : ni 

n n' ' 

« 

that is, the numbers of vibrations made in the same time by two 
pendulums of different lengths are inversely as the durations of 
their respective vibrations. Consequently, since 

g ff 

g' g 

tbat is, the number of vibratums made in ihe same time by two pen- 
dvlums of different lengths^ and which are urged by different gramr 
^, are in the inverse ratio of the square roots of the lengths of ^ 



n : nf 



! 
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pendidumi divided by the iquare roots of the gravHies; so thu'ti 
the gravities are the same, the number of vibradoiis will be ledp- 
rocally as the square roots of the lengths of the pendulams ; aal 
if the lengths are the same, the number of vibradoos win be diieei- 
I7 as the square roots of the gravities. 

349. Hence if the same pendulum, carried to diffbrent pft 
of the earth, does not make the same number of vibratioos in die 
same mtenral of time, it is to be inferred that gravity is not tk 
same in these places, and the number of vibrations actuaflj madf 
m the same time hj the same pendulum in two difierent places 
will furnish the means of ascertaining the reladve intensities d 
gravity at these places. It is by experiments of this kind, takes 
in connection with the foregoing proposidon, that we are ooir as- 
sured of the diminudon of gravity as we approach toward the eqia- 
tor, and on the other hand of its augmentadon as we proceed im 
the equator toward either pole. 

* 

350. If we call t the dme employed by a heavy body, (aUiif 
freely, in describing the diameter BD or 2 a, we shsJl have 

2 g 4 ^ 
Fig. 164. whence 

Subsdtudng this value in the equadon. 



g 



we obtain 



f zulnt or i <' = J « f , 



which gives 

^f:t:i^n:l; 

diat is, the duradon of die descent through any small tucAB'l 
to the dme of falling through die diameter, as die fourdi of the 

circumference of a circle is to its diameter. But the fourdi of ^ 

2»i dicumiiumce is less dian the diameter; consequently a bodj 



G«OM. 
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employs less time in descending along a small arc of a cirde 
of which the iDferior tangent is horizontal, than it would empbj 
in falling through the diameter; and since the time repaired 
to pass through the diameter is the same with that required lo 
describe any chord AB^ it will be seen, that a body wouM pass 
sooner from A to B^ by descending along the arc AB^ dan by 
moving through the straight line AB. Therefore, ahhoogii the 
straight line is indeed the shortest way irom one pobt to another, 
it is not that which requires the least time for the passage of a 
heavy body. 



Of the Lint of sw^iesi Descent, 

351. Not only is not a straight line that along which a heavy 
body would proceed in the shortest time from one point to aooiher, 
out of the same vertical, but it is not the arc of a circle which 
answers to this description ; it is the arc of another curve which 
may be found in the following manner. 

Suppose AMR to be the curve sought, or that throogb wfaidiF%.iiK 
a heavy body would pass in the least time from a ^ven point Jig 
to a given point B. If we take in this curve two paiot»^ mf^ 
infinitely near to each other, the arc M wl must also be described 
in less time than any other arc passing through these same points 
JIf, m', since these two points may be taken as the very points 
in question. Having taken the point iV^ inSnitely nearer to Mmf 
than Jll is to m^ suppose infinitely small straight lines M N^ Nmf to 
be drawn ; since the time of describing Mmmf must be a mini- 
mum, it follows that the di&rence between the time of paaaog 
through Mmmf and the time through MNtHf^ which is the d^&r- 
ential of the time, must be zero. 

Through the points Mj Nj m^, draw the bamoatal fines JWP, 
m P% mf P", and through A, the vertical line AC. CaJl AP, z ; 
PMj y ; AM^ $ ; and suppose Mm =, mwtf^ or tLat, if # is coo* 
stant. Then mr=:zdx, rM=zdy^mr^=zdz + ddZf 
r' mf =z dy + ddy. Let « be the vekxrity with which the body 
describes Jlf m ; it will be the velocity with which MN'ts described ; 
and u + d tt will be that with which »«" and iV^w" will be dcicribad^ 

Medu 29 
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Therefore the time of passing through M m will be — j and the 
24. " 

time through w mf will be , . . 

From the points M and mf as centres, and with the radS .lE^' 
m mfy describe the arcs JNT n, mi} then comparing the triangles 
^mrtj J^mtj with the triangles Mmr^ m mf r'^ we shall have 

n m = JVfi* X J—, 

a s 



and 



a 5 



Whence 



MJ^=ds — A-ffi X ^, 

a 9 



and 



JVm' = d, + JV«»x^/-^. 



Therefore the time through MN will be 

d« — iVm X i^ 

o s 



w 
and the time through J^ mf will be, 

___^ as 

tt + rftt 

We have, therefore, 

rf,_A-„X^ d, + JVm X ^^^±^^ . 
Z-?_i_ d s as as ^^ 

an equation which reduces itself to 
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then, by integrating, we have 

— ^ = -77, or C o v = u a #. 

But since the velocity u is equal to that which the body would 
acquire in falling from the height APj we have 

Therefore, 

Cdy:szdsj^2gXj 

and 

(? d y« = 2 g 0? d *3 = 2 g- a? (d a? + d y*) ; 

whence we deduce 

, dx ^2gz 

To determine the constant C, it will be observed that when 
\/2^r = C, we have dy = d «, answering to the lowest point R^ 
of the curve, where d x = 0, and x =: A ; therefore if we call t^ the 
velocity which the body will have at the pdint where ^'Wglc == C, 
the equation C d y =1 u d s becomes Cd s=2vdsj which gives 
C z=.v. And if we call A the corresponding height AC^ we shall 
have 

t;» = 2gA; 
hence 

(? = 2^A. 
Therefore 

- d % 4/Tgx dx^lt 

is the equation of the curve. But the better to oodenlaDd ifaii 
curve, let us give another form to the equation. 

Imagine the vertical line JRD drawn through the point R, 
where dy =; ds; and having produced PM to O, caO ^D^ a ; 
OR, a/; and OM, yf. Then «=A— «", y = a ^y", 
(2a;= — dxf^ dy sz — d y^; sobsdtutiflg these valnesy we bare 

_4Adx' — I'd*' , 4*il3c' 

+ 



tn. 



V Aif — x^ ^ \/J¥^xf* 
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Therefore 

/ihdif 

Imagine that upon DR or A, as a diameter, is described the 
seoiicircle DER. We shall have OE = VX"F=:5«, and the arc 

RE= r±^^L^' 

we have therefore generally, 

OJtf = C + OE + iRE- 

To determine the constant C', it must be observed that when 
^ =2 O^vre have y^ = 0. Therefore, since OE and RE then be- 
come zero, we have C^ = ; consequently OM = 0£ -|- RE; 
and the curve sought is therefore the common semicycloid, of 
Cd. 86. which DER is the generating circle, and AD the semibase. 

The only thing which remains to be determined, is the qaaiH 
tity h ; for the only things given are the two points A and J9, 
through which the body is to pass, h is determined in this maoner. 

Having drawn the vertical BK^ which meets in K the hori- 
aontal line AK passing through the point A, we describe upoo 
AK as a semibase, the semicycloid AVTj that is, a semicycloid 
of which the generating circle has AK for the length of its semi- 
circumference. And having drawn AB cutting this cycloid in F, 
we draw F£, and parallel to VKj through the point J?, we draw 
BDy which determines AD for the semibase of the cycloid sought, 
that is, for the semicircumference of its generating circle. This 
.construction is (bunded upon the circumstance, that the cycloids 
AVTj ABRj which have their bases upon ADj and the point A 
common, are similar, as may be easily shown.* 



* Since the diameters of circles are as their circumferences, or 
as their semicircumferences ; 

2?"' DR : KT : : DA : KA ; 

but 

DR : KT : : DB : KV, 
hence 

DB : KV :: DA : KA. 
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352. We have supposed the body to have no velocitj on its 
leaving the point A. But if it had already acquired a certain 
velocity in a given direction, the origin of the curve would be 
at some higher point. The equation C dy = u d Sj found above, 

gives Yi = j^ y whence the constant C must be such diat, the 

initial velocity being divided by it, the quotient will be equal to 
the sine of the angle made by the direction of this initial velocity 
with the vertical, a condition, which, with the other, that the body 
must pass through A and £, will determine the cycloid for the 
case in question. 

353. Besides this property of being the curve of swiftest 
descent in an unresisting medium, the cycloid is on several other 
accounts quite remarkable. It has^ for example, this singular 
property, that whatever be the point 2, from which a body be- 
gins to descend along the concave part of the curve, it arrives 
always at the lowest point R in the same time. This property is 
thus proved. 

Calling i the time, and s the arc RM corresponding to any 
point Mf where the body is found at the end of the time ^, we 

have d < =: — — . Now designating by hf the height of X 

above the horizontal line OJM, we have t* i= V2 g (fi' — x^y More- 277. 
over, it is easy to infer from the value of d y^, fpund above, that 

J dx' y/H 

d s -=. T=- ; 

hence 

di = - -1^=^=^— l^x — x-iiL£jL- 



therefore. 









whence, reasoning as above, and calling f the whole time employed sag. * 
in falling from X to A, we conclude that 
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ir beiog the ratb of the circumference to the diameler. Tboe- 
fore 



^'Ja?' 



that is, the time f is lodependeDt of the be^ht hf fitun whkb ^ 
body sets out* 



Cf the Moment of Inertia. 

Fif.167. 354. Let M, u^f uf', be any masses witbout grarity, and b 
tbem be considered as points situated in the same plane with tbe 
point JP, and connected together, and with the point JP, in such i 
manner as not to admit of any change in their relative distances^ 
or of any motion except about the point JP, or about an axis pass- 
bg through F^ perpendicularly to the plane in which they are at- 
uated. Let us suppose that these masses receive at the same tinie 
impulses according to the lines ir, v/^ ti/', directed in the abore 
plane, and such, that if the masses were free, they would have ve- 
locities represented by these lines respectively, it is proposed id de- 
termine the motion that would ensue. 

We decompose, according to the principle of D'Alembert, the 
188. velocities u;, u/^ u/^, each into two others, one of which shall be 
effective, and the others such, that if the masses h, m', uf\ had re- 
spectively only this velocity, they would remain in equilibrium. 

Now it is manifest that the velocities, which the bodies are 
supposed to have, since they admit only of a rotation about the 
point JP, must be perpendicular to the radii r, b^ r'^. Moreover, 
> in order that these velocities may take place, that is, not mutually 
disturb each other, it is necessary that they should be proportion- 
al to these radii, or to tbe distances respectively from F. Accord- 
ingly, the communicated velocities tr, t(/, v/', being decomposed 
into the efiective velocities t?, t/, t/', and the velocities v, tc', tt^'i 
with which the masses would be in equilibrium about the point jP, 
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have 

V : v' : : B, : r\ and v : i/^ : : b, : b." (i). 

L^ettiog fall from F the perpeodiculars a, af^ af\ upoa the direc* 
tioDS of the velocities ti, u\ u'^j we obtaio, 

M • t* • a + igf ' vf • of — u" ' u" ' of' = 0. 

* 

Now if we let fall also the perpendiculars e, d^ d'^ upoo the direc- 
tions W| v/, v/'y we shall have, hj article 62, 

or 

In like manner, 

itf • vf • of := Mf ' vf • d — uf • t' • Bf. 

If from the som of the two first of these three equatioos we sub- 
tract the last, we shall have 

or 0, equal to the expression below, tbos, 

But the above pioportioDS (i) give iK = .1.^ and v'^ = ^-1^'; 

substituting these values ibr tf and 9^^ the 
=M*trT •^' id *td ' d — itf' * W ' ff 

— M * « « a 

B B 

= ifwc- + wf ' id ' d — Bf' •W * d' 

(m - B> 4- M^ ■ B^ + K^^ * B^^ 

whence 

_ M-lg'C + BI^'l^'C^ — wT '^" d' 
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Now the numerator of this fractioDi since it expresses the sum 
of the moments of tlie forces m - to * c, he., is equal to the moment 
of their resultant. If, therefore, we call this resultant f, and 
its distance from the point JP, D ; the sum of the moments will be 
^ X D* Moreover the denominator of the above fraction, beic; 
the sum of the products of each mass or particle into the square 
of its distance from JP, if we represent in general any one wfait- 
ever of these masses by m, and its distance from F by r, the sam 
of these products may be represented by the abridged expres- 
sion J ^^i{J denoting the word sum) ; we have accordingl; far 
the velocity of any given point m, whose distance from the uis 
JPis FM or B, the following expression, 

r m r* 
also, 

( 355.. Although we have supposed that all the forces, and aB 

j parts of tlie system are in the same plane, it will be perceived 

that we should arrive at the same result, if they were in planes 
parallel to each other, and perpendicular to tlie axis of rotatioo, 
provided that all parts of the system admit only of a rotaiioo 
about a fixed axis. 

356. Accordingly, as a solid body of whatever figure may be 
considered as an assemblage of material points, thus conoected 
together, we may say generally, that when a body L of whatever^' 
Tig. 168. ure, and urged by forces of whatever number and magniivde, cm 
have no other motion^ except a motion of rotation about afixeioiif 
AB, situated unthin or without the body, the velocity belongi^ ^ 
any given point is found by taking the sum of the moments ofeB 

♦ the forces {or the moment of the resultant), dividing this sum by tie 

sum of the products of the several parts of the body into the sjwrts 
of their distances respectively from the axis of rotation, and sd- 
tiplying the quotient by the distance of the point in question fr» 

I \ this same axis. 

I%.a69. 357. Let G be the centre of gravity of the body L, and let 
us suppose that while any point m, in turning, describes during 
an instant, the infinitely small arc v, the centre of gravity 6 
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would describe the arc GG^ perpendicular to FO; tbrough the 
point O' let the line &K be drawn parallel and equal to OF. 
Instead of supposing the body to turn about JP, we may imagbe it 
carried parallel to itself with a velocity equal to 6Gr^, and that at 
the same time • its several parts turn about a movable point O 
with such a velocity that by taking G^K=. OF^ the point K 
would describe the arc KFj equal to G'G; for, on this supposition, 
the point JP of the body L would still remain stationary. Now the 
body in this case being free, the resultant of all the motions of rota- 
tion about the movable point G is zero. Consequently the result- 79. 
ant of all the motions with which the body is actually urged is no 
other than that which the body L would have, impressed with the 
velocity GG' ; that b, this force must be perpendicular to FG, and 
equal to 

L X GG', 

the mass of the body being denoted by L. Now since the parts of 
the body describe similar arcs, we have 

FGxv 



FM : FG :: V : GG' = 



FM 



therefore, the resulting force of all the motions of rotation about 
the pomt JP, is 

FM • 

But although this resultant is the saitie as if, the body being 
free, the centre of gravity had received the velocity GCH^ still it 
will be seen that this resultant does not pass through G, but 
through some point O of FG produced ; since, the more remote 
parts having the greater force, the resultant, while it falls on the 
same side of F with the centre of gravity, must pass at a greater 
distance from F than this centre. Designating this distance FO 
at which the resultant passes by i)^, we shall have for the moment 
of the resultant 

FM ^ ^' 

If now, at the instant when the forces m * u; * c, &c., above con- 854. 
adered, begin to act upon the parts of the body, there be opposed 
to them, at the distance D', a force equal to that just determined ; 
Mech. 30 
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diac 189 equal to the whole e£brt which the abovementxRied farce 
would exert upon the body, there would evidently be an eifiiiibri- 

urn ; but in this case the moment y^g X I^ must le 

equal to the moment ^ X i'; accordingly, aiuce 

we shaM have 

FM ^ ^-FmJ "^"^^ 

and, oonsequeotly, 

ty ^ vXfmr^X FM __ fmt^ 
"" FMx LxFGxv "" Lx FG' 

358. We hence derive the general conclusion, that, if ctj 
number whatever of forces, directed in any manner toe fieoK, a 
planes perpendicular to the axis of rotation^ act upon a body, (oi 
are capable of producing only a motion about this axis; (1.) T^ 
force thus exerted, will be equal to the mass of the body mu^jiid 
by the velocity belonging to the centre of gravity; which velociiyB 
determined by article 367. (2). This force tnU be perpendkt 
lar to the plane passing through the axis and the centre ofgraati, 
(3.) Its distance from the axis (always the same, whatever k tk 

forces and their directions) will be equal to the sum of the proitdi 
of the several particles of the body into the squares of their ditt(t«o 
respectively from the aocis, divided by the product of the mass ^ At 
body into the distance of the centre of gravity from this same m* 

359. V denoting always the velocity with which a detenniitf^ 
jpoint M of the body L tends to turn in virtue of (he actioo i 
any number of forces, or of their resultant ^, if we desigDUte (^ 
distance of any particle from the axis of rotation by r, and the 

mass of this particle by m, since FM : v : : r : -ttd, we sbJI 

rv *^' 

have -TTj^ for the velocity of rotation of the particle m, and yj 

for the force it would exert, and consequendy for the resisUDce ^ 
^. would oppose to ( by its inertia ; accordingly. 



Moriknt of hiertia. 335 

vill be the moment of this resistance ; therefore the sum of the 
noinents of these resistances which the particles of L would op- 
>ose to the motion of rotation, produced by f, upon these par- 

Bcles, is —p^i or J^f "* **> ^^r the two expressions are the 

same, since v and JPilf do not change, whatever be the particle mi 
which we consider. 

« 

We hence perceive, that, other things being the same, the re* 
sistanee which the particles of a body oppose to the modon of 
rotation, communicated to them, is so much the greater tajmf^ 
is greater. 

The quantity -pj^ Cmr^ is called the moment of inertia of 
a body, 2nd Cm r^ the exponent of the moment of inertia. 

360. We shall see soon how the exponent of the moment of 
inertia in any body may be determined ; but when this expo- 
nent has been determined with respect to any axis whatever, it 
is very easy thence to infer, what it must be with respect to any 
other axis parallel to the former. 

Let ^B be any axis, and A'B' another axis parallel to it, andP^*!''^* 
passing through the centre of gravity O of the body^ Let m be 
any particle of this body ; and through m suppose a plane m JTJP, 
perpendicular to the two axes AB^ A'B' ; m F, m jP, being drawn, 
and the perpendicular m P being let fall upon FF', the linea 
mF^mF^j will be perpendicular respectively to ABj A'B'* Ma!"' 

Tins being supposed, we shall have, 

mF=zmP + FF + 2FF' X FP; 

hence, SS?"*- 

' 101. 



Jm^mF=fm*mF' +fm • FP +Jm - 2 FP X FP. 

Now, since the distance FP is always the same, whatever be the 
particle m under consideration, Jm * FP is simply FP 'fit^ w 
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FF X Lf the mass of the body being represented by L. For 
the same reason/m X2FF X FP is simply 2 FPfm X F¥. 
But fmx FPj being the sum of the products of the particles 
into their respective distances from a plane passing through A^B^^ 
64. that iS| through the centre of gravity, must be equal to zero ; ve 
have therefore simply, 

fm • mF =Jm • mF' + L X FP. 

Hence, hnmoing the exponent J m* mF' of the moment of nterte 
with respect to an axis passing through the centre ofgrafntyywhan 
the exponent unth respect to any other axis parallel to this^ by aiHsg 
to the first the product of the mass into the square of the £sUmt 
betufeen the two axes. 

SM. From this result, and the expression for the velocity of ntt- 

don, it may be inferred that of all the axes about which a body us/ 
be made to turn in virtue of any force or impulse^ those about vUi 
the velocity of rotation will be the greatest are such as pass tkrwgk 
the centre of gravity; since the exponent of the moment of ioertn 
with respect to an axis passing through the centre of gravitj, is 
less than it is with respect to any other axis. 
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361* The foregoing propositions vrill be found to be of tk 
greatest importance in many inquiries to be resumed hereafter; 
we shall confine ourselves for the present to the use that may be 
made of them in finding the cei^re of percussion^ and centre (f 
TmATi. oscillation^ of bodies that admit only of a rotation about a (lete^ 
minate axis or point. We understand by the centre of percof- 
aon, the point O of the straight line FO^ where it would be ne- 
cessary to place a body in order that it might receive the greatest 
impression fi*om the body L turning about JP. Now it is evideot 
that this point must be that through which passes die resohaot 
of the motions of rotation of all the particles in L. The ceotre of 
percussion, therefore, is determined by the proposition of aiti- 
de358. 






Asto tbe ceoCre of osdltfiQB, k is Ae poiift O of a Wr I««rf%jn. 

system of bodies, wbose f&smice from F h tqai m libe 
which a simple peodoloffi nwst have in order «> peribra Jb 
tioos in the same time. We shaD see that tiis ccs;ac k ibe 
as the ceotre of percossaoo. 

Indeed, when the questioQ relates to grantr, tbe face ^ 
suiting from the action of gravity, exeiied opoo eath 
particle of a body, is equal to the whole mass multiplied faj the 
velocity communicated by gravity in an instant to each paitkfe ; 
that is, 

u representing this velocity. Moreover, thb resultant f passes 
through the centre of gravity ; and consequently its perpendicular 
distance from the fixed point P, or from the axis passing through F^ 
is FH ; hence the velocity of rotation v, of any pobt M^ when the 
body is left to the action of its gravity, b 

so that, for the centr6 of gravity 6, the velocity is 

^^^U_XLXFH 

fm r» 

Now in order that a simple pendulum, whose length is FOj 
may make its oscillabons in the same dme with the body Xi, it 
is necessary, L being supposed to be dravm from a vertical po- 
rtion by the same angular quantity, that the velocity impressed 
by gravity at O (fig. 172), perpendicularly to FO^ should be the 
same as that of the point O (fig. 171); in other words, that it 
should be to the velocity of G (fig. 171), as FO is to FG. Now 
by decomposing the velocity u or OP (fig. 172), communicated 
by gravity m an instant to a free body, into two others, namely 
OK in the direction of JPO, and OO perpendicular to FO, we 
shall have 

u ; OO' :i FO : OZ :: FG : FH; 

whence 

II : OO' t: FG : FH, 

and consequendy 
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^^ — FG ' 



We hence derive the proportion, 

iO< FH^ ^ u X L X FH 
FG ' fmr^ 

which gives 



X FG :- FO : FG, 



FO = u X FH X ^^^ = ^^^^ 

'" X x^ X ^y^Ly^pHxFG LxF& 

^B7. which is the same as the expression for the centre of percussoa. 

363. Since all the forces which act upon the body L, or upoi 
a sjrstem of bodies that admit only of a motion of rotatiea about a 
point or a fixed axis, cause in this body such a velocity thai, fat 
any given point Jtf, we have 

and since it is evident, that if this body were to turn in the op- 
posite direction with the same velocity, there would be an qui- 
librium among all these forces ; we infer, that if a body, tunuDg 
with a velocity which for a determinate point M is equal to r, 
would have its motion counterbalanced by a power ^, the direc- 
tion of which passes at a distance from F equal to D, this powet 
taken in connexion with its distance JD, must be such that the 
moment g X D shall be equal to the velocity of the point M, di- 
vided by the distance FM, and multiplied by the sum of the 
products of the particles into the squares of their distances re- 
spectively from F, or from the axis passing through F. Indeed 
this power must be such as will be sufficient to produce the 
same velocity in the body jL, supposed at rest ; and this velodt; 
would be 



= 5^xf;h 



which gives 



9X0 = 2?f /« r'- 
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363. If a body L^ of any figure whatever, admitting ooly of ai%.ra. 
motion about a fixed point J^, or about ao axis passing throi^ jP, 
which may in other respects be situated as we choose, if, I say, a 
body L be struck by a body iV, the motion of each after ^^li^V^p 
may be determined by the principles above establii 



Thus, let u be the velocity of Nj before cdlision, according to 
the perpendicular TH, and u' its velocity after collision ; « — v' 
will be the velocity, and iV (u — u') the quantity of laocioo, lost 
by collision, and which will pass into the body L. This quantity of 
motion will cause in L a velocity of rotation, such thai the point T, 
for example, will turn with a velocity 

FH being drawn perpendicular to TH. Let the infinitely small 
arc TP, described about the centre F, represent this velocity ; 
the parallelogram TA TC being formed upon the tangent TA 
and the perpendicular Tff, it wiH be seen, by substituting ibr 
TT the velocities TA^ TC, that the veloci^ TA cannot affect 
the velocity u^ which the body N must have ; but that the veli>* 
city TC would impair the velocity u^ if it were smaller than mf ; 
accordingly, since we suppose that u' is actually the velocity 
which N preserves after collision, it b necessary that TC 
should be equal to u'. Now the similar triangles FHT^ TCPy 
give, 

FT : FH : TT or v : TC, 



whence, 

V X FH 



= TC = ^, 



FT 

and consequently 

tt' X FT 



V = 



FH 

Substituting for v this value in the equation (i), we have 

u' X FT _ N{u — u') XFH «^ 
FH "" fmf^ X r^, 

from which we deduce the value of ^ ; thus. 
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u' yfmr^ N X u' X FH _ N X u X FH 

fmr^XFH'^ fmi^XFH^ JHH^ ' 



ufV 



fmt^ + NxFH \ _ NXuX FH 



, _NXnXFH ^ fmr^XFff 

^ fmf^ + NxFH 



_ jY X tt X FH 

fmr^+NxFH 

« 
From this the value of v, or the velocity of rotation, is read!]/ of)* 

taioed. But the equation t; = —pfr— i ^^ * -^^ = ^ ^*^> *"** 
it gives the proportion 

u' : V i: FH : FT, 

makes it evident, that u' is the velocity of rotation of the poiot E] 
from which it will be seen, that the point H turns with the velocitj 
that remains to N after collision. 

364. We hence perceive, that in order to find the motion (A 
bodies that turn about a fixed point or axis, we must be able to 
determine the value of /*m r** This will always be easy, as we 
shall soon show, when the bodies are such as admit of being ex- 
pressed by equations. We may, indeed, in any case consider the 
body as composed of parallelepipeds, pyramids, &c., which ^ 
capable of being thus expressed ; and finding for each compoDeot 
part the value of^m r^, take the sum of these as the total value 
oi Jm r* for the entire body or system of bodies. 

When the body is such as admits of being expressed bj >d 
equation, we proceed thus m finding the value of f m r'. 
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Liet AB be the axis of rotation, and through AB suppose two 
planes PQ, AR^ to pass perpendicularly to each other ; iec m beF^.174. 
any particle of the body in question, and having let fall the per- 
pendicular m F upon AB, we draw m J7 perpendicularly to the 
plane RA; and joining JPJ7, this line will be perpendicular to 
AJ3f and consequendy to the plane PQ. The right angled trian- 
gle m HF gives 



Fm = FH+ Hm; 
whence, 



fm X FmoTjmf^=Jm X FH+fmHm. 

« 

The problem, therefore, reduces itself to finding the sum of the 
products of the particles into the squares of their distances from 
two planes, which pass through the axis of rotation, and are per- 
pendicular to each other. Now, when the algebraic expression 
for thb sum is found with respect to one of the planes, it is easily 
obtained with respect to the other. Let us therefore inquire how 
we can find the sum of the products of the particles of a body 
into the squares of their distances respectively from a known 
plane. 

We will suppose the body divided into infinitely thin strata, 
parallel to the given plane; and, representing the thickness of 
one of these strata by DI^j its surface by o, and its distance PD Fig. 176. 
from the plane in question by x^ since the points of the surface a 
are all distant from the plane PQ by the same quantity «, we 
shall have a^ a d x for the sum of the products of all the points 
of this surface into the squares of their distances respectively 
from this plane, and consequently fa^ a dx for the entire sum 
of these products for the whole body. 

If we represent, in like manner, by a/ the corresponding dis- 
tances from the plane perpendicular to PQ, and passing through 
the axis of rotation AB (the body being supposed to be divided 
into strata parallel to this second plane), and by a^ the surface 
of one of these strata, we shall have J xf^ f/ dxf for the sum of 
the products of the particles into the squares of their distances 
respectively for this second plane ; and accordingly 

lUk^ 31 
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fcfi a dx ^fx'^ J iixf 

will be the value of the sum of the products of each particle of 
the body into the square of its distance from the axis AB. 

365. Let us now suppose, by way of illustration, that tbe 
body in question is a rectangular parallelepiped, turning aboot 
the axis AS perpendicular to the axis of the parallelepiped, and 
to the side /£ By the nature of this body, the surface a is coo- 

stant ; thus the integral J* c^ o d x\s -^, which, when x b 

equal to the altitude h of the parallebpiped, becomes -k-. 

In like manner, a* being a constant quantity, fxf^ ft' da^ it- 
comes 

or, MAT being represented by A', which gives if zs. \W^ 

and, as the plane which passes through the axis divides die bodj 
into two equal parts, the two halves will be 

therefore the entire sum of the products will be 

367. If we would find the centre of percussion or of oscillatioD, we 

have only to divide this quantity by the product of the mass of the 

parallelopiped into the distance of its centre of gravity ; that is, 

^m. by A A' / X I A or J A^ A' /, JM being denoted by /, which gives 

for the distance of the centre of percussion or of osciUatioo 

2A3<j ^ A^3a^ 2A , A'a 

since 

a = A'/, and a' =s A/. 
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If V IS very small with respect to A, so that ^^^7 b^ neg~ 

lected, the expresaon becomes -7. Hence, the distance of the 

centre of percussion or centre of oscBlation of a straight Une^ or of 
a paraUelogramj turning about one of its sides, as an axis, is { of 
the length from the point of suspension or axis. 

Thus, the rod or bar FA, turning about the fixed point F would Fig.irr. 
strike a nail T with the greatest ethct when the distance of the nail 
FP b equal to f FA. 

If the rod FA be considered as turning by the action of 
gravity only, the force which it would exert upon the nail, 
would be equal to the mass of the rod multiplied by the velocity 
acquired by the centre of gravity G, in falling along G^O^ that 
is, by the velociQr acquired by a heavy body in falling through the 
height GD. 389. 

366. We take the sphere as a second example. In this case Fig. 178. 
the surface which we have called a, is a circle, having for its radius 
IMj which I shall call y ; and, n being the circumference of a cir- 
cle whose diameter is 1, we have 

Liet DI be denoted by z, and the radius of the sphere by b ; we 
have 

v« = 2 R ar — 2», Trig. 

^ ' 101. 

and consequendy, 

Calling DFy a, 

FI Of X =z z + ay and dx =z dz', 

consequently, 

J^afi a dx 

becomes 

f(z + ayxn{2»z — a^dz, 
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or, by developtng the whole, 

Cal. 86. and by integrating, we have 

« (a«B«« + t a R«» — ia««» + i Bar* — J aa?* — i2«), 

which, when ;r = 2 b, becomes 
„ (4 a« R» + V « »* — I «• »' + 8 »* — 8 a B* — V B?) 



or 

n 



(t o* b8 + f a B* + } B«)- 



To find the value of /* x^ </ d a/, it is not necessary to bcgm the 
calculation again, since from the regular figure of the sphere^ i 
is evident that this value will be similar to the former ; we have 
only to suppose, therefore, that a, which expresses the distowe 
of the plane PQ from the surface, becomes — b ; that is, that 
this plane passes through the centre, it being supposed at tk 
same time to be perpendicular to its first position, and we ^ 
have 

JT (I B» — I B» + } b5) or W X tV »*. 

The two integrals being added together, make 

« (I a« B» + I o B* + H »0- 

Q^„, Since the bulk of the sphere is « X | b* or | « b', and the &• 

^^- tance of its centre of gravity from the plane PQ is a + b, if ^ 

divide the above result by the product | « b* X (a + b) of these 

two quantities, we shall have the distance of the centre of oscill^^ 

857. and that of percussion > thus, 

^ « r8 (a 4- b) 



Centra of Peraunon and (heUkUon. 245 



_ fl« + 2aB + |R« 


a + R 


_ a« + 2aR + R«+|R« 


a + R 


rS 



Hence the centre of oscillation and that of percussion are below the 
centre of the sphere; and the centre of the sphere cannot be 
taken for the centre of oscillation or that of percussion, except 
when its radius is very small compared with the distance of the 
centre O from the point of suspension. 

If the sphere is suspended by a rod or lamina, and we would 
have regard to its mass, it will be recollected, that we have 966« 

found -^1 1- ,^ for the sum of the products of the particles 

of such a body into the squares of their distances respectively from 
the fixed point or axis. Now h is what we have represented by a ; 
moreover, since 

a = hffj and i/ = A /= a /, 
we shall have by substitution, 

this quantity and that for the sphere must be multiplied respec- 
tively by the specific gravities 5, 5', of these bodies, if their spe- 
cific gravities be different ; then by adding the two products, we 
shall have, 

for the sum of the products of the particles of the whole system 
into the squares of their distances respectively from the axis. This 
sum divided by the product of the masses, S a hff -^ S' ^nt? 
into the distance of the centre of gravity from the axis, gives the 
distance of the centre of oscillatibn. 



367. It may suffice io practice to divide the body into a great 
number of parts, and multiply each part by the square of its distance 
from the axis in order to obtain with sufficient exactness the value 
of Jm t^. 
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368. The number of vibrations performed in the same time 
by tviro different pendulums, urged by the same gravity, beic^ 
inversely as the square roots of the lengths of these pendulums, 
we can find very nearly the length of the seconds pendulum for 
any given place by a very simple process. Having suspended 
to a very fine wire of at least three feet in length, a small dense 
body, as a ball of lead, gold, or platina, we ascertain the lez^ 
of this wire and the radius of the ball with great exactness. We 
tfaeo cause this pendulum to vibrate by drawing it a little from t 
vertical position, and count the number of vibrations performed la 
a given time, as one hour, very carefully determined, and then 
make use of the proportion ; as 3600, the number of vibratioDS to 
be performed by the pendulum sought, is to the number actual;' 
performed by the above pendulum, so is the square root of the 

846. length of this latter pendulum to a fourth term or a?, which will be 
the square root of the length of the pendulum sought ; and bf 
squaring this fourth term, we shall have very nearly the length of 
the pendulum required to vibrate seconds. 

This result would be exact only on the suppo^tion that the 
wire or string is without weight, and that the ball consists only 
of a smgle particle or has its matter concenurated at the centre. 

369. If we attempt to find geometrically the centre of 09c3- 
lation of the ball and wire, we shall still be liable to some small 
error arising from irregularities in the form and distribution of 
the matter in question. We accordingly have recourse to 
another method, depending on a curious property of die com- 
pound pendulum by which the distance between the point of sos^ 
pension and centre of oscillation, answering to the length of die 
simple pendulum vibrating in the same time, can be asceitaioed 
with the greatest precision. 
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We have obtained a general expresaton for the distanoe in 
question, as fallows, oameljy Fi^.iTO. 

F0= -^ "*'''' _fm'mP 
LXFO^LXFI"' 

But 

fm ' m F = /*» *mF + L X FF j aeo. 

whence, by substitution, 



— ^3 

^"" LXFF * 



that is. 



FOoiFP + ro = ^3^^ + Fr, 



whence 



'^ LX FP 

Thus, ike distance cf the centre of oscittaiUm below the centre of 
gravity it equal to the turn of all the parts mtdtiplied by the sqnaree 
cf their respective distances from the axis dravon through the centre of 
gravity, divided by the product of the mass into the distance of the 
centre of gravity from the axis of su^ension* 

Now by multiplying both members of the above equation by 
FFj and dividing both by jPO, we shall obtain, 



JPF = 



__ fm ' m F 



L X OF* 



Accordingly, if we consider the body as inverted, and make O the 
point of suspension, F will become the centre of oscillation, since 
we have the same expression as before for the distance of this point 
bebw the centre of gravity. 

We hence infer, that the point of suspension and centre ofoseH' 
hiion are convertible^ that is, either being made the point of nupen- 
^ the other becomes the centre of oscillation. 
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Reciprocally, if two points are so chosen, or so adjusted to 
each other by movable weights, that the pendulous body shiB 
vibrate in the same time when suspended from one as when sus- 
pended from the other, these points are ahernately the centres of 
oscillation and points of suspension, and the distance asunder is the 
length of the pendulum in question, and equal to that of a simple 
pendulum vibrating in the same time. The above proposition was 
demonstrated by Huygens, the original author of the theory of the 
pendulum, but it was not till very lately applied to any useful pur- 
pose. Captain Kater was the first to perceive that it furnished a 
very simple and accurate method of determining the length of the 
compound pendulum. 

Figure 179 represents Captain Kater's pendulum. The axes 
JP, O, were adjusted by means of intermediate movable weights 
C, X), and with so much accuracy that the number of oscilla- 
tions made in twenty-four hours, JP being uppermost, di&red firtxn 
those performed in the same time with O uppermost, less than 
half a vibration ; and the means of twelve sets of observations with 
first one then the other uppermost, dififered from each other less 
than the hundredth of a vibration. The length of the pendulanii 
as thus obtained, is stated to be 39,1386 inches. This is for the 
latitude of London, or 51^ 31^ 08^^04 N.y and on the suppositioD 
of tlie arcs of vibration being infinitely small, taking place in a 
vacuum, and at the level of the sea, the temperature being 62^ bj 
Fahrenheit's thermometer. This determination exceeds what was 
considered the most accurate result of the methods previously is 
use by 0,00813 or nearly one hundredth of an inch, a veiy im- 
portant difference in researches where the ten-thousandth of aa inch 
is an appreciable quantity. 

It may be observed, moreover, that if the two axes of the 
pendulum be cylindric surfaces, the points of suspension and 
oscillation are truly in these surfaces, and the length sought is 
rigorously the distance between these surfaces. This second 
property, so necessary to the completeness of the method, when 
actually applied to practice, was discovered by Laplace. See 
Ed. Rev. vol. xxx. p. 407. Phil. Trans, for 1818. 
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370. it is not necessary to go through the same process id order 
to find the length of a pendalum required to vibrate in any other 
proposed time, as half a second, or half a minute. The principles 
we hare investigated will enable us to solve all problems of this 
kind with the greatest facility and exactness, when the length and 
time of vibration of one pendulum is known. Thus if it is pro- 
posed to find the length of a pendulum required to vibrate half ^^* 
minutes, the proportion 

i^ : i'^ : : a : of, 

by substituting for t, i', V and 30"', and for a 39,1386, the length 
pf the seconds pendulum, we have 

1« : : (30)« : : 39,1386 : a' = 39,1386 X 900 = 36224,74 
inches, or 2935,39 feet. 

In like manner, the length and time of vibration of one pen- 
dulum being known, the time of vibration, in the same place, of 
any other pendulum whose length is given, may be determined. 
Suppose, for example, that it is required to find the time in which 
a pendulum of 20 feet, or 240 inches in length, would perform its 
vibrations ; by substituting the known quantities in the general pro- 
portion, 

we have » 

V^5«6 : V240 ::!'':<'= IZ^Z = 2^6 nearly. 
^ -^39,1386 
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371. It will be easy now to determine through what space ^ 
heavy body must pass in the first second of its fall, the air and all 
other obstacles being removed* For the equation 842. 

If = 



' = "J7 



^ves, by squaring both members and transposing, 

l^ n^ a 

JifecA. 32 
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ID which g represents the velocity acquired by a heavy body at 
the end of the first second of its fall, and which is double the 
height or space through which it would descend in a seoood from 
M6. a state of rest ; a is the length of the pendulum each of whose 
vibratbns b performed in the time f. Accordingly, if for f we 
put one second, a must be 39,1386 inches for the latitude of Loo- 
don.*- Moreover », the ratio of the circumference of a circle to 

Geom. its diameter, is equal to 3,1416 nearly ; hence 
294. » 1 



g = (3,1416)* X 39,1386. 



Accordingly, 



3,1416....2 log....0,99430 
39,1386 log....l, 59260 

386,28 2,58690 

The value of g, therefore, is 386,28 inches, or 32,] 9f feet, eqoal 
to 32,2 nearly; and half this quantity or 16,1 is the space de- 
scribed by a heavy body in an unresisting medium at the surface 
of the earth in one second from the commencement of its raodoo. 
S79. We have thus fulfilled our promise. 
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372. The pendulum attached to clocks for the purpose of reg- 
Fig.180. ulating their motions, is ordinarily a rod of metal or wood loaded 

* The length of the seconds pendulum, and consequently the 
value of g, is referred to the latitude of London on account of tbe 
great accuracy of the observations that have been made at this 
place. The difference, however, in the length of the pendalum m 
difierent latitudes, at the level of the sea, is so small as to amoant 
only to about | of an inch at the extreme, or when the places to 
which the observations relate are the equator and the pole ; and 
the difference in the value of g at these places, is only about two 
inches, as may be easily shown by the above formula. 

t The most accurate observations on the length of the seconds 
pendulum at Paris in latitude 48^51' give for the value of ^ 
32,182 ft 
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at the lower extremity with a weight in the form of a lens, so 

placed as to meet with as little resistance as possible from the air. 

The axis also or point of suspension is fitted to have very little 

friction. Connected with the pendulum, is a train of wheels and 

pinions, the teeth and leaves of which are so adapted to each 

other, that the motions correspond to the several divisions of 

time, and their axes carry indexes that show by the arcs they 

describe, the hours, minutes, and seconds. Around the axis at ' 

one extreaiity of this train of wheels, is wound a cord bearing a 

weight, that would put the whole system in rapid motion, but for 

the appendage to the pendulum CFD at the other extremity of the 

train of wheels, which, while the pendulum is at rest, effectually 

prevents all motion. But if the pendulum be made to vibrate, 

it will suffer one tooth to pass or escape at each vibration, while 

at the same time the impulse of the teeth upon the arms jPC, ^D, 

is so adjusted, by increasing or diminishing the weight, as just to 

overcome the fricdon and the resistance of the air, and thus to 

keep up the motion, while the action of the weight continues. 

The contrivance by which the train of wheels is connected with 

the pendulum, is called the escapement. 

373. On account of the constancy of gravity tlie oscillations 
of the pendulum, other filings being the same, must be equal or 
of the same duration. There are, however, several causes that 
tend to disturb this isochronism. (1.) The air is subject to changes 
of density, on account of which the arcs of vibration will some- 
times be longer and somedmes shorter, while the maintaining 
power remains the same.* But if these changes are noted, or if 
the arcs of vibration are noted, the deviation from perfect regu- 
larity can be calculated, and allowance made accordingly, f It 
« ■ 11 ■ » 

* As the air becomes more dense the pendulum is more resisted 
and would seem to be retarded, bat the arc of vibration being di- 
minished, the clock goes faster, so that one of these causes tends 848. 
to counteract the other. In like manner, when the motion of the 
axis and wheels is obstructed by dust or want of oil, the impulse 
of the weight communicated to the pendulum is diminished , the 
arcs of vibration are reduced, and hence there is a tendency to 
increase its rate of going. 

t If the pendulum could be made to move in the arc of a 
cycloid, it will be perceived from what has been said of this carve, 
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may be remarked, moreover, that the irregukiity bom dbis 
cause, is rendefed for common purposes ahogether inconaden* 
ble, by makiog the pendulum very heavy, and the arcs of vi- 
bration very small. 

374. (2.) A much more important source of error, in the raie 
of going of common clocks, is to be referred to changes in the 
actual length of the pendulum arising from heat and cold. A 
brass pendulum rod, for instance, has its length increased aboot 
two hundredths of an inch for a change of temperature ef 30^ of 
Fahrenheit's thermometer. This would seem to be a small 
quaiitity ; yet as it is continually exerting an influence, the accu- 
mulated effect in the course of 24 hours or 86400^' amounts id 
more than a third of a minute. The expansion of iron is about 
•| of that of brass. There are some kinds of wood that are sub- 
ject to very little variation of length, particularly in the direcdoo 
of the fibres, on account of temperature. Still no substance is 
entirely free from these changes. The effect of any augmenta- 
tion or diminution of length in the pendulum may be computed 

846. by means of the principles that have been investigated. 

375. But we can obtain more convenient and sufficiently ex- 
act formulas for the variation in the rate of the going of a clock, 
when the changes in the length of the pendulum are very small, 
as those are which arise from heat and cold, a being the exact 
length of the seconds pendulum, or that by which the clock 
would keep correct time, and a' the actual length, as affected by 
heat and cold, if we put n for the number of oscillations in a day, 
performed by the former, n^ for the corresponding number of the 
latter, and i' for the time of this latter, we shall have. 



846. ^ -. 

also 



"" Jt' 



848. ^ - -, 



that all arcs whether longer or shorter, would be described in the 
same time. But the practical difficulties attending all the methods 
hitherto proposed, are such as to occasion errors, that more than 
compensate for the theoretical advantages to be derived from a 
cycloidal motion. 
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whence 



and 



-= I-' 

n' \ a 



. a ffl 
of = 



li^" 



Suppose « to be the augmentation or diminution of length in ques- 
tion, and y the corresponding daily loss or gain in seconds, we 
shall have 

_ _an^ _^ arfi _ arfi _ a 



nearly, neglecting ^ as very small ; that is, 

nearly, from which we obtain, 

2tf a , n X 

X = — ^-', and y = ^r— 

Thus, if for any given rise of the thermometer, the pendulum 
is lengthened one hundredth of an inch, we shall have for the 
number of seconds lost per day, 

nx 86400'' X 0,01 ,-,, • 

y = 2^ = a X 39.l4 = " "*"^J^- 

On the other hand, if a clock is known to keep time correctly 
at a particular temperature, as 55^ for instance, and at 32^ is found 
to gain V a day, we should be able to determine the corresponding 
diminution in length, or the contraction in the rod of the pendulum, 
answering to this number of degrees ; thus, 

^ _ 2y a _ 2 X 7 X 39,14 _ . 

* = -IT = 86400 == ^'^ '''''^^' 

376, It will be seen, therefore, that by rendering the weight 
of the pendulum movable upon the rod, and connecting it with a 
micrometer screw, a correction may be appli d for the expansion 
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and coDtraction according to the state of the thermometeT. But 
a more convenient method has been devised by which the expan- 
sion of one metal is made to counteract that of another. The 
'expansion of iron and brass being to each other as three to five, 

Fig. 181. if i^e make the rod JP£ of iron, and the rod AO of brass in the 
proportion of 5 to 3 ; they being connected at the lower extrem- 
ities, and the weight being attached at O, tlie rod AO will expand 
upward just as much as the rod FA expands downward, and the 
point where the weight is applied, will consequeotly reroaio 
amid all changes of temperature at the same distance from F, 
the point of suspension. A number of rods of each kind is usu- 
ally employed as represented in figure 182, where the rod which 
supports the weight, is attached at JP and free at D, D*, the brass 
rods expanding upward and the iron ones downward as before; 
{SO that if the proper proportion as to length be observed, a com- 
pensation for the effect of temperature will be obtained. Other 
means have been invented for accomplishing the same purpose. 
Of these we shall mention only one which has been attended 
with great success. The weight AB is made to consist of a glass 
tube about two inches in diameter, and from 4 to 7 inches long, 

Fig.183. filled with mercury.* As the rod of the pendulum supporting this 
weight, expands downward, the mercury expands upward, as in 
the contrivance first mentioned, and the quantity may be increas- 
ed or diminished till a compensation is effected. A clock pro- 
vided with a pendulum of this construction, made by T. Hardy of 
London, for the Royal Observatory at Greenwich, was found after 

* The expansions of glass and mercury being, as 1 to 10 very near- 
ly, if the suspending rod be of glass, the column of mercury moscbe 
•^ of the length of the pendulum or about 4 inches. If the rod be of 
iron, as this substance has a greater expansion in the ratio of 3 to 2 
nearly, the column of mercury should be about 6 inches. A steel 
rod would require a column 6,4 inches in length, which, on the sap- 
position of a diameter of two inches, would weigh lOlbs. From 
accurate calculation, it is found that if such a pendulum should keep 
perfectly true time, when the thermometer is at 30^, and that it 
should gain or lose 1" a day when the thermometer is at 90^, the im- 
perfection would be remedied by the subtraction or addition, as the 
cas^ required, of 10 ounces of mercury. 
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two years' trial to varj only ^ of a second in 24 hours from its 
mean rate of going. A clock of the same construction owned by 
W. C. Bond of Boston, though much less costly, has been found 
by careful observation, to go with nearly the same accuracy. 

377. A watch or chronometer differs from a clock by having 
a spring for its maintaining power, and a horizontal instead of a 
vertical pendulum, in which a small, fine spring performs the 
office of gravity. The pendulum or balancej in this case aIso,Fig.l84. 
is subject to irregularity from heat and cold, and requires a 
distinct compensation. Considerable weights m, m^, are attached 

to the balance by means of slips C m, C m\ of brass and steel, 
the brass slip in each being outermost. While, therefore, the 
general expansion of the wheel tends to throw the weight to a 
greater distance, the superior expansion of the brass slip over the^ 
steel brings the weight nearer to the centre, and the length of the 
slip being properly adjusted to the weight, the centre of oscillation, 
or rather of gyration^ will be preserved always at the same distance 
from the axis. 

378. We have found formulas for the difference in the rate 
of going of a clock answering to small changes in the length of 
the pendulum, the position with respect to the centre of the earth, 
and consequently the force of gravity, being supposed to remain 
the same. It will be easy also to find formulas for the varia- 
tion in the force of gravity and in the rate of the going of a 
clock, depending upon small changes of distance from the centre 
of the earth, n, n\ for example, being the number of vibrations 
of the same pendulum at the two stations respectively, the pen- 
dulum being supposed to vibrate seconds at the first; from the 
proportion. 




n I n' XI I— : : . — , 848. 



when a' = a, we have 



g' 



_gn'» 



If the second station be beloir the first, or that at which the 
pendulum vibrates seconds* g* will exceed g, and the clock will 
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gain ; oo the contrary suppositioa it will lose. Let 

and let y denote the daily gain or loss in seconds ; we shall have 
,, ^ , g{ndbyy g{n*dz2wn) 



nearly. Whence, 



ft 



Thus, if a pendulum fitted to vibrate seconds at the equator, 
would, upon being carried to the pole, gain 5' or 30(y^ a day, ve 
should have 

_ 2X 300 _ 1 , 
* "■ 86400 "" 144 ' 

that is, the force of gravity at the equator is to that at the pole, oa 
this supposition, as 144 to 145. 

Let the di&rence h in the distances of the two stations from 
the centre of the earth be given, gravity being supposed to wj 
inversely as the square of the distance, the gain or loss of the clook 
might be readily found as follows. 

If we call R the distance of the centre of the earth from tbe 
first station, and g the force of gravity at this station, the peado- 
lum being supposed to vibrate seconds, we shall have lor the dis- 
tance of the second station R dt h^ and for the force of grant^ at 
this station, 

^ {R d= A)* "• ^ ^ ^ R/ 

nearly. Hence, putting -^ for cr in the above formula, we obtaio 

_2A _L.2y j_^ nh 

=F -^ = =t -^9 and i: y = q= •^. 

Thus, if the second station be above the first, as 1 mile for ia- 
stance, die radius of the earth being 3966, or 4000 nearly, die 
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the formula gives 

the sign — indicatbg that the clock loses. 
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379. It has been demonstrated that when a body L re- Fig. 185. 
ceives an impulse in a direction HZj not passing through its 
centre of gravity 6, this impulse is transmitted entirely to the 
centre of gravity, which moves in a direction parallel to HZ 
according to which the body has received the impulse ; and that 
the parts of this body, in the mean time, turn about the centre of 
gravity in the same manner as if it were fixed. Therefore, if the 
figure of this body, and the forces impressed upon it (of which 
I suppose Q to represent the resultant) are such that it can 
turn only about a single axis; as this axis will necessarily pass 
through the centre of gravity, all that we have said on the 
subject of the moment of inertia, is applicable to this case, 
understanding by r in m r^, the distance of any particle from 864, &€. 
the axis which passes through the centre of gravity, and by ^ X -D 
the moment of the force HZj taken with respect to the same axis, 
or the sum of the moments of all the forces which act upon the 
body, taken with respect to this same axis. That id, the centre 
of gravity will move parallel to the direction of the force ^, with a 

velocity = -|-, L being the mass of the body ; and if we draw 

GZ perpendicular to fiZ, and call « the velocity of rotation of the 38. 
point Zf we shall have 

or ■ ' 

Of this we shall give a few applications. 

380. Let usi suppose that the body N impinges upon the 
body L, according to any direction whatever £Q, in such a man- Figa86. 
Meek. 33 
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ner as to cause do rotation m Ly except about a sb^e axis per- 
pendicular to the piano which passes through the centre of 
gravity (7, and the perpendicular TZ belonging to the poiat of 
contact T; it is proposed to determine the velocities after colliskxi, 
and the directions of these velocities, the bodj L being supposed 
at rest. 

Let us imagine a plane touching the point T, and let the ve- 
locity of Ni according to £Q be decomposed into two othen 
Qoe according to ET perpendicular to ttus plane, and the oiber 
according to EI parallel to this same plane. K N had bo otber 
Telocity but EI, it would only touch L in passing, and would 
comiaunicate to it no motion, the effect of friction being out of 
the question. It is therefore only in virtue of the velocity ET, 
thai the impulse is produced. Now as it is easy to detenoioe 
ET in the parallelogram ETAl^ of which all the angles and ibe 
diagooal EA are supposed to be known, we shall conader tfas 
velocity ET as known and we shall call it u. Let u' represeot 
the velocity of N after collision, according to the directioo EI 
or CZ ; consequently ti — - u' is the vekcity lost by collisioo, and 
N X {u — tt^) is the force impressed upon the body L, wtudi 
we have called ^ • Therefore tbe centre of gravity and all dN 
parts of the body will move ia the direction OM parallel id CZ, 
with a velocity 

V — j^ (I), 

callmg this velocity «• 

But, as the force N X {u — w') does not pass through C, tic 

centre of gravity of i, the body must turn about G, as if this 

136. point were fixed. Let t/ be the velocity of rotation of the point Z 

where 6Z, perpendicular to CZ, meets the latter line ; we sbal 

have, therefore, 

«/ _ Nxju — v^xGZ 
or representing QZ by D, 



, ND» (u — vf) , V 
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It may be observed, moreover, that it is necessaiyi in order that 
the body JV may really have the veloci^ ti^ that the point T of 
the body L should also have this same velocity u^ according to 
TZ. Let us now see with what velocity this point must advance 
according to TZ. 

It will have, in the first place, the velocity v common to all 
the parts of JL Moreover, if we suppose that tlie infinitely small 
arc Tiy perpendicular to GT, represents the velocity of rotation 
of the point T, by constructing the parallelogram TCVB upon 
the directions TTy TA and TZ, we shall have TZ for the velo- 
city of T actx)rding to TZ in virtue of its rotation. Now the am- 
ilar triangles TTCj BTZ, give 

GT X GZ i.TT .TC = ^^^J'^ . 

But since t/ Is the velocity of rotation of the ^int 2, we have 

f/ z TT :: GZ : GTj 

whence 

^^= G£ ' 

and consequently 

TC7_^^X —^52 ^' 

therefore the total velocity of the point T belonghg (o the body £, 
according to EZ^ is v -f- ^ ^ ^^^ hence v -f- f^ == u ' (ui)« 

If from the three equations found above, in order to express 
the conditions of the motion, we deduce the values of t/, v', and «, 
we shall obtain 

~ {N + L)f m f» + LD^ JIfp 
Nufmr^ 



LND»u 
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If the distance OZ or D = ; that is, if the direction of die 
impulse passes through the centre of gravity 6, the velocitj^ of 
rotation t/ = O, the velocities u' and v are equal to each other 

and to ^ . |.| as indeed they ought to be, according to article 

388. The velocity u' being determined, if it be compounded widi 
the velocity £i, which has suffered no alteration, we shall have the 
absolute velocity of A", and its direction after collision. 

If the body L were in motion before collision, we should de- 
compose the velocity of JV before collision into two others, one of 
which should be equal and parallel to that of L ; this would oqd- 
tribute nothing to the impulse, and we should employ the secood 
as we have employed the velocity according to E^ considering 
the body Xf as at rest. 

If we compare the value found above ibr t/ with that which we 
^^' before found for the velocity of rotation, by attending to the differ- 
ence in the import of r in the two cases, we shall be able to deter- 
mine the difference between the velocity of rotation which belongs 
to a free body, and that belonging to one which admits only of t 
rotation about a determinate point or axis. 

381. From the value which we have found for t/, die vekxi^ 
of rotation, may be deduced a method for determining by experi- 
ment the value o(fm r^, and the position of the centre of gravity 
in a body of any figure whatever. We shall apply to a vessd what 
we have to say upon this subject. 

Let us suppose, that, by means of a weight JVand a rope at- 
tached near the stem, the vessel is drawn in a direction perpendic- 
ular to its length, the weight being small compared with the whole 
weight of the vessel. Let this weight pass, for instance, over the 
Fig.187. pulley P. The velocity of the vessel during the experiment 
(which should continue only for a very short time, as a minute or 
half a minute,) will be so small as to make it tinnecessary to take ac- 
count of the resbtance of the water. 

The action of gravity communicates to JV, in the mstant d t 

278. the velocity g dt (g being the velocity acquired in a second of 

time), and produces in the vessel an infinitely small vek)city of 

rotation, which I shall call d t/ for the point Jl where the rope is 
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attached, Putdng, therefore, g dtUx u^ and d t^ for v', in the 
value of t^ found above, N being considered as very small or 
nothing compared with L, the mass of the vessel, which gives 

, NIfi u 

xf = 



/«r«' 



we shall have 






Let 1/ 1/' be the velocity with which that point of the vessel turns 
which is distant one foot from the centre of gravity ; we shall have 

rf t/ : rf »" : : -4© : 1 : : D : 1, 
and consequendy 

Substitutbg for di/ this value, we have 



and, by integratmg, 



^/ _ gND i 



Let 2r be the arc described by the point in question during the iso. 
time t ; we shall have • 

dz z=it" dty 

and consequendy 

i^^gNDjdi^ 



whence, by integrating, 



_gNDfi 



Therefore, if the rope, actmg always perpendicularly to the 
length of the vessel, be attached to another point J, and we call 
2^ the arc described by the same pomt during the same time t, 
we shall have 
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* "" a/mi*' 
calllog ly the distance IG ; whence we hare 

z : z' :: D : ly :: AG : IG; 

AlgfM ^^ hence 

z — z" : z :: AG — IG or AI : AG. 

Now if after each experiment we roBasure, as may easily be 
done in several ways, the angles of rotation, that is, the number 
of degrees cootained in the arcs Jt, z' fespectirely, we may sub- 
ftitute these numbers instead of the arcs z, z', in the proportioo; 
and since the distance Al is known, we readily obtain AG, that isy 
the position of the centre of gravity. 

Ctoom. The value of AG or D being determined, we calcolate dK 
^®*" length of the arc « which has 1 for radius, and of which tie 

number of degrees is known ; then, since A" is knowiif and g s 
fn. %qual to 32,2 feet ; if we take care to observe the number ot 

seconds which elapse up to the instant at which the number of 

degrees in z is counted, we shall know eveiy thing except y « r 

m the equation 

but this equMioa gives 

ft 

whence we obtain the value of /* f» r®, which it would be vx] 
troublesome to obtain by a particular calculation of the different 
parts of the vessel. 

Fig.188. 382. When a body L of any figure whatever, having receit'ed 
an impulse in a direction HZ, not passing through the centre of 
gravity, takes the two motions of which we have spoken, it is 
easy to see, that for an instant it may be regarded as haviog but 
one single motion, namely, a motion of rotation about a fi^^ 
point or axis F, which according to the figure of the body, a^d 
also the distance GZ at which the impuke passes firom Gr, m^/ 
be situated either within or without the body. For if, while the 
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line GZ is carried parallel to itself from GZ to G*Z^ we imagine 
it to turn about the movable point Cr, since the points of the 
body have velocities of rotation greater in proportion to their 
distances from G, it is nianifest that there is upon the line ZG a 
point F which will be ibuod to have described from P toward 
Ff an arc equal to GG', and which may be regarded for an in- 
stant as a straight line ; the point F then will have retrograded 
as far by its motion of rotation as it has advanced by the veloci- 
ty common to all parts of the body ; this point will tlierefore 
have remained constantly in J^, which, for this reason, may be 
considered for an instant, as a fixed point about which the body 
turns. If we would know the position of the point Fy it will be 
remarked that the arcs FPy ZI, which the points F and Z de~ 
scribe in an instant, may be considered as straight lines perpen- 
dicular to GZt or parallel to GG'i now the similar trianglea 
FPG", GZI, give 

G'Z : &F :: ZI: FP, 

or 

GZ I GF :i ZI: G&y 

but we have found the velocity, 



beocet 



therefore 



OG' = 1-, and the velocity 2?J = «^-, 



GZotD : GF'.J-^^ : |j 



"^=^ 



383. The point JP is called the centre of spontaneous rotation^ 
because it is a centre which the body takes as it were of itself. 
This point is precisely the centre of osciUation which the body L 
would have, if it turned about a fixed point or axis situated in J?; 
for fix)m 






we have 
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^^- :Dirx + ^^-^ f^fi 



fmr^ + L XOZ 
^ GZX L 

Now rm f* + "^ X &2 is ID article 360 precisely what we hm 
UDderstood hy fmt^ in article 361 ; therefore the point l^is here 
the same as the point O in article 361. 

We perceive, therefore, that the point ahout which a body 
may be considered as turning for an instant, is independent of 
the value of the force or forces which are applied to this bodj; 
and generally it may be inferred from the value of jP&, that this 
point is the more distant, according as the force in question, or the 
resultant of all the forces, acts at a less distance from the centre 
of gravity* 

161. 384. We have seen that when a body turns about a fiied 

point or axis, its centre of percussion is the same as its centre of 
oscillation ; whence these two centres are found by the same op- 
eration. It is not the same when the body is free. For, let us 
suppose a body whose mass is JL, to turn about its centre of grav- 
ity with a velocity, whichi for a point situated at the known dis- 
tance a, shall be v ; and that at the same time this centre moves 
with the velocity «• It is manifest, in the first place, that the re- 
sulting force of aB the motions belonging to the different parts 

186. of this body, will have for its value L X ti or £« «, that is, the 
same as if the body had no motion of rotation. In the second 
place, the distance at which the resultant must pass from the 
centre of gravity, is evidently that at which a force equal to £ « 
would produce m the body a velocity of rotation equal to that 

866. which it actually has ; but this velocity v has for its expressioa 

— ^^ — 5^-~ > calling O the distance sought ; we have, therefor^ 

_ LuDa 

and consequendy 
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^ « ^ La ' 

and hence we see that the distance of the centre of percussion 
of a free body depends on the ratio of the velocity of rotation to 
the velocity of the centre of gravity ; and particularly that it is 
nothing when the velocity of rotation is nothing, as in fact it ought 
to be. 

We may hence determine at what point to place an obstacle 
in order to stop a free body which has a progressive and rotato- 
ry motion at the same time ; namely, at the centre of percussion 
of this body, or the point where it would give the strongest blow 
or exert the greatest force. 



Method of estimating the Farces applied to Machines, 

385. Any force has for its measure, as we have already said^ 
the product of a determinate mass, into the velocity which the 
force in question is capable of giving to this mass. It seems^ 
proper, in this place, to add something by way of illustraung the 
application of this principle to machines. 

When two weights act against each other by means of a sim* 
pie fixed puUey, it is necessary in order to an equilibrium that 
their masses should be equal; and this equilibrium once estab- 
lished, will always remain. 

But if instead of opposing a weight to a weight, we oppose 
the force of an animal, as that of a man, for example, although 
it be true that, in order to an equilibrium, this man has only to 
exert an effi>rt equal to the weight to be sustained, that is, equal 
to the quanti^ of motion represented by the mass of this body 
multiplied into the velocity which gravity communicates in an 
instant ; it is, nevertheless, evident that if the man were capable 
of but one such efibrt, the equilibrium would continue only for 
an instant, because gravity renews each successive instant the 
action which was destroyed in the preceding. 

Meek. 34 
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It is DOt, therefore, by the mass only which the roan supports, 
that we are to estimate his strength ; but we must consider, also, 
the number of times that he is able to exert an action equal to 
that which gravity communicates every instant to the body. Nov 
if g represents the velocity which gravity is capable of giving 
10 a free body in a second of time ; and d t represents an io- 
267. finitely small portion of any time t^ g dt will be the velociljr 
which gravity gives during the instant dty t being supposed to 
be reckoned in seconds. Therefore, if m be the mass which it is 
proposed to sustain, m g d t will be its weight, or the quantity of 
motion which gravity gives it each instant d t; it is accordiD^k 
the efibrt also which must be exerted each instant by the force 
which is to support m, either directly or by the aid of a pulley. 
Therefore, during any time ^, this force must expend a quaati^ of 
motion equal to 

ffngdt or mgU 

Therefore, if i denotes the time at the end of which the agent is 
no longer able to support the mass m^ m g t may be regarded as 
the measure of his strength. We do not mean by this that he is 
no longer capable of exerting any effort ; but his force bavio; 
become unequal to the effect to be produced, it is considered as 
nothing with respect to this effect. Let us, for example, suppose 
that in order to support a weight of 50^- for an hour, it is pn>- 
posed to employ a force, which acting by equal and infiuitelj 
small degree?, is known to produce in a mass of 20^, a velocity 
of 50 feet in a second, at the instant when this force is exhausted. 
It is manifest that this mass of 20'^- will have a quantity of motion 
equal to 

20»- X 60 or 1000. 

Let us see, then, if this quantity of motion be equal to what the 
quantity mgt becomes, by putting 50'^* for m, an hour or 360(y' 
278. for ^, and 32,2 feet for g. It appears to fall far short of it ; such a 
force, therefore, would not support a weight of 60"** during an 
hour. If we wished to know during what time, or what number 
of seconds, it would support it, we have only to suppose 

« 

mgt = 1000 ; 
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and, putting 50 for m, and 32,2 for g^ we shall have 

mg t ' _ IDOO _ 1000 _ JOO _ 5" 
mg ^'^""50X 32,2"" 1610 — 161 "" 8'°®"'^^' 

that is, such a force would support a weight of 50^* only about | 
of a second. 

386. Let us now suppose that it is required not only to support 
the mass m during the time t^ but also to move it during the same 
time with a uniform and known velocity v. 

It is manifest that in communicating the velocity v, either suc- 
cessively or at once, to the body m, there must have been expend- 
ed a quantity of motion equal to m v; and to maintain this velocity 
V during the time tj the action of gravity is to be resisted all the 
while just as if the body had remained at rest ; that is, there must 
have been expended an additional quantity of motion equal to 
m g t; therefore to maintain in the mass m the velocity v during 
the time /, the agent must be capable of producing a quantity of 
motion equal to mv ^ mgt 

387. It is ascertained by actual trial, that a man can work at 
a machine like that represented in figure 97, for 8 hours successive- 
ly, and cause the winch to make 30 turns a minute, the radius of 
the cylinder and that of the winch being each 14 inches, and the 
weight applied at the surface of the cylinder being 25)^. This ex-* 
periment determines the value of 

ni'V -{- mg ty 

and consequently the limit to be observed in estimating the force 
of a man working at a machine, and for a definite period of time. 
Indeed, since the radius of the winch and that of the cylinder are 
equal, the weight in this case passes through the same space with 
the power. Thus, the radius being 14 inches, at each turn the 
power passes through 28 X 3,1416, or 88 inches nearly; andceom. 
since it makes 30 turns a minute, it describes 44 inches a second, ^^* 
or 41 of a foot ; that is, the velocity 

44 11 



^'-"IS"" 3- 



The mass 
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m = 26»-, g = 32,9*-, arid ^ =: 8»»- = 28800". 
Hie substitutions being made, we have 

mv + mgi =i*i' + 23184000 = 23184092. 

By means of this number, we can judge whether the strengdi of a 
man be sufficient to produce a proposed effect For instance, if it 
be adced whether it be possible for a man, with the machine abofe 
referred to, to raise a weight of 60"** with a velocit)- of 10 feetia* 
second, during 6 hours, we shall perceive that it is not. For «8 
should have in this case 

in = 60*-; r = 10 ; g" = 32,2 ; t = 21600" ; 

wbioh gives 

mv + mgt=z 600 + 41731200 = 41731800; 

as this greatly exceeds 23184092, it follows that a single mao is 
unequal to such an effect. 

It may be remarked that in these two examples, the velocity t 
with which the man is supposed to move the weight, is of veiy Stde 
consequence in estimating the force required ; for in the first exam- 
ple, the quantity of motion which answers to this velocity, is 'j%* 
and in the second, 600 ; quantities which are very small compared 
with 23184092 and 41731800. Therefore, in the second esm- 
pie, if we are unable to produce the desired effect, it is not because 
the velocity is greater than in the first case, but chiefly because i» 
mass and the time durmg which it is to be moved, require of the 
agent too great a quantity of motion. 

While therefore the velocity required in the agent is small coat' 
pared with g tj thait is, with the velocity which a heavy body fal^ 
jfreely would acquire in the time during which the agent is sof 
posed to be employed, we may take simply for the measure of tk 
force in question, the quantity mg t; and we shall have 

tngt = 23184000. 

Thus, if the mass (the velocity with which it is to be moved be- 
ing moderate) multiplied by the velocity which a heavy body f^ 
ing freely would acquire in the time during which the po^ 
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is to act, foiTDsa product less than the constant number 23184000, 
or exceeding it but a little, the power may be considered as suf- 
ficient for the proposed effect, it being supposed to act as in the 
two preceding examples. But if the velocity with which the 
weight is to be moved, is considerable compared with g t^ it will 
be necessary to subtract from the constant number 231 84092, the 
quantity of motion m v due to the velocity with which the body 
is to be moved ; and if the weight multiplied by g t, the velocity 
which a falling body would acquire in the time during which the 
machine is to be worked, forms a product smaller than the remainder 
above found, the power may be deemed sufficient. 

388. In what we have now said, we have taken no account 
of friodon. When the motion of the machine has become uni- 
ibroi, (which is the state in which machines ought to be consider^ 
ed) the effect of friction may be regarded as constant, and it 
may be compared to a new mass required to be moved together 
with the proposed mass. Thus, in the case above considered, the 

friction being supposed equivalent to the weight of a known part — 

of the mass m, this resistance will require in the power a quantity of 

modon equal to — m ^ ^, and thus, 

c 

nv+^mgt + mgt, 
or 

m V + f - + 1) mg t 
will be the measure of the moving force. 

If then, in the experiment above referred to (the axle being 
supposed (o have a radius much less than that of the cylinder), 
we soppose the friction to have been fV of the weight, m v being 
neglected, as it may be in this case, we must augment the number 
23184000 by its twelfth part ; then the force of a man in similar 
circuKistaoces may be represented by the number 25116000. 
We see, therefore, that to be able to estimate with sufficient ac- 
curacy the force of a man, we must previously ascertain the ratio of 
tbe force of friction to that of the weight, in the experiment 
employed, with tbe view of determining this force. Then if k 
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be the value derived from this experiment for f — |- 1) «j. 
vre shall have, 

Q + l)mgt=k, 

neglecting m r, when v is small compared with g t. This eqa- 
tioo will enable us to judge for any other supposed value i 

-, whether the force of a man will be sufficient to move the we^ 

. m during the proposed time U 

389. In all that we have now said, we have regarded k 
agent as acting immediately upon the weight, and as deriTif 
no advantage from local circumstances and the nature ci ii^ 
machine. We may often rely upon a much greater effect tire 
the particular considerations now presented would lead us to er* 
pect. For instance, in the use of the pulley a man may add to 
fais own proper force the weight of his body, or a large part di 
There are, moreover, many other circumstances of which he may 
avail himself, and other machines which admit of similar expedieots. 
Frequently the motion is not continued, but takes place by stam, 
as in the pulley ; and if there is a loss on this account, there 
is also this advantage, that the agent by intervals of rest is ca[»Hs 
of exerting the same action for a longer time. We shall oflt 
dwell upon these details which it will be always easy to take ioD 
the account after all that has been said, especially if we pnx^ 
according to experiments in which care has been taken to disdo^ 
the several causes on which the action of the moving force depeodS) 
and to note what belongs to each. 



It is commonly said that a nran can continue during 
eight hours, to exert an efiprt equal to 25^^. It will be seen ftom 
what precedes, that such a statement does not sufficiently deter- 
mine the value of the force in question ; besides, it is necessarf) 
as we shall soon undertake to show, to have regard to the velocity 
with which the man acts ; it is no less necessary to consider also 
the mantier in which the action is applied, and many other circiuo- 
stances which we cannot now stop to enumerate. It is proper) 
when circumstances vary, to proceed in our calculadons upi^ 
new experiments made with reference to these circumstaDces. 
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/ 390. Although we have coDsidered that case only, in which 

> the weight transmits al) its resistance to the power, it is not less 
-easy, after what has been said respecting the ratio of the weight 
to the power in each machine, to determine whether by the aid 
of a particular machine, a given power will produce a proposed 
. effect. la the wheel and axle, for instance, if the radius of the 
cylinder be ds and that of the wheel D ; in order that the weight 
may move with the velocity v, it is necessary that the power 

should have a quantity of motion equal vto ^ ; and since in 

the time t, the action of gravity would give to the body m the 
quantity of motion tn ^ ^, the power in order to sustain this effort 

roust have the force or quantity of motion — ^r — ; finally, if the 

friction is equivalent to the - part of the weight, m being supposed 
to be applied at the distance d, the power will requu*e the addi- 
tional quantity of motion - X — ^ — 5 thus, in order to deter- 
mine whether the power be sufficient to move with the velocity 
V during the time t, the mass m, upon a wheel and axle of which 
the radius of the axle is dj and that of the wheel D, we must de- 
termine by experiment the value of 

fnvd./a.^\mgid 






by employing at a wheel and axle, of known dimensions and 
known friction, a man moving a known mass; then if k is the 

value found by putting for m, v, d, D, -, and ij the values of 

c 

these quantities respectively in the experiment, it will be necessary, 
in every other case, that 



mvd ,/a \ mgt 



should have a value not exceeding h. 

So also, upon the inclined plane, the power acrting parallel 
to the plane ; if we call % the inclination of the plane, m g* ^ sin » ao7. 
will be the quantity of motion which gravity will cooimunicate 
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successively to the movable body, according to die directioiis of 
the plane^ in the time t ; thus the power will be required to have t 
quantity of motion equal to 

m V -|- m g ^ sin » ; 

and if the friction be the — part of the weight, it will be necessaiy 
to employ a quantity of motion equal to 

mv + m^t sin »-| fngt, 

c 

Having, therefore, determined by experiment one value of 

mv + m^^fflnt-f* — mg-i, 

c 

it will be necessary when we wish to determine whether the 
same power be capable of moving a given mass m, with a known 
velocity v, during a known time ^, upon a plane whose iDcIma- 
tion is », and upon which the friction is a known part of the 
weight ; it will be necessary, I say, to determine whether the nloe 
yrinch 

mv-i-rngt sin %-{ — mg t 

will then have, is less than that in the experiment, or at most odIj 
equal to it ; m either case the thing will be possible. 

If the time t^ during which the machine is to be in motioo, be 
not given ; still if we know the space which the power or 
weight must describe with the velocity v ; then, as we suppose 
the motion is uniform, if we call s the space wbiclb the weight is to 

24. pass through, we should put instead of t its value — . 

Such is, in substance, the method which is to be pursued in 
estimating forces applied to machines. Each machine requires 
particular considerations as to the nature of the power and the 
manner in which it is applied to this machine. But by going 
back to the quantity of motion to be expended by the agent, we 
may always determme whether he he capable of a pioposed 
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effect ; and the principles which we have now laid down, will serve 
to conduct us in such inquiries. 



Cf the Maximum Effect of Jlgents and Machines. 

391. When any power is made to act upon a given resistance, 
by the intervention either of a simple or a compound machine, an 
equilibrium will take place when the velocity of the power is to 
the velocity of the resistance as the weight is to the power. In 
this state of things, however, the machine must be actually at 227. 
rest, and therefore incapable of performing any work. If we 
can increase the power, the machine will move with more and 
more velocity, and will have its motion gradually accelerated 
as long as the power exceeds the resistance. But if from any 
cause the power should begin to diminish, or if the resistance 
should increase, or if both these changes in the state of the ma- 
chine should take place at the same time, the acceleration of the 
machine will diminish, and it will at last arrive at a state of uni- 
form motion. Now this increase of resistance may arise in 
many cases from an increase of friction, which often (though not 
always) accompanies an augmentation of velocity; or it may 
arise from the resistance of the air, which must necessarily in- 
crease with the velocity; and therefore all machines are found 
soon to attain a state of uniform motion. When an undershot 
wheel is driven by the impulse of water, the uniformity of motion 
to which it arrives, arises principally from the diminution of the 
power which in this case accompanies an increase of velocity. 
When the mass of fluid strikes one of the float-boards at rest, the 
impulse is then a maximum. When the float-board is in motion 
it withdraws itself, as it were, from the action of the power, and 
therefore its mechanical effect will diminish as the velocity in- 
creases, and if it were possible that the velocity of the wheel 
should become equal to that of the fluid, the float-board would 
not be struck at all by the moving water. Hence it follows, that 
the power itself diminishes by an increase of velocity, and there- 
fore that from this cause alone machines in general would soon 
acquire a motion sensibly uniform. This effect will be more 
easily understood, if we suppose an axle to be put in motion by 

Mech. 35 
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two currents of water, moving with difierent velocities and dm- 
ing two wheels, one of which is placed at each extremity of the 
axle. When the wheels have begun to move, by the joint actioo 
of these falls of water, its motion will at first be slow, and each 
fall of water will perform its part in giving motion to the asle; 
but if the greater fall is capable, by the continuance of its action, 
of giving its wheel a velocity either equal to, or greater than tbe 
velocity of the smaller fall, (hen it is manifest that the smaller 
fall ceases to impel its wheel, and that the whole efiect is produced 
by the action of' the greater fall. Hence it will be perceived froQ 
this statement, not only why a diminution of the impelling power 
accompanies an increase of velocity, but why there is a certaio 
velocity of the machine, which is necessary before we can gain 
all the useful effect which we wish to have from the powers wfaicli 
we employ. 

392. In order to illustrate this in the case of a real macbioe, 
let us suppose that the power of • a man is to be employed in rais- 
ing a load by means of a walking crane. This machine coosi^ 
of a large wheel placed upon an axle, round which is coiled a rope, 
having a weight r attached to its lower extremity; the mao 
walks upon the interior of the wheel, and by his weight gives 
it a rotatory motion, and thereby coils the rope round the axle, 
and elevates the weight r. Let us suppose the wheel or dnm 
so constructed, like the fusee of a watch, that the man m 
walk at different distances from the axis ; and let p be the pover 
or weight of the man, r the weight to be raised, and d the distance 
of the latter or radius of the axle, and d the distance of the fonner 
or the radius of the wheel ; then 

rd 

the distance from the centre of the wheel, at which the man most 
place himself, in order to be in equilibrium with the resistance r. 
But as the machine must be moved, and the weight raised, the mao 

must go to a greater distance from the axis than ; the motioaof 

the machine will therefore be accel^ated, and the accelentioo 
would increase as he moved to a greater and greater distance 
from the centre of the wheel. Hence it is obvious, that as the 
acceleration increases, the man must walk with greater 



: : : D := 
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greater velocity; bat there is an obvious limit to this, for he 
would soon be fatigued by the rapid walking, and would 
therefore be rendered unfit to continue his work. He must 
therefore return to that distance from the axis, where the wheel 
has such a velocity that he can continue to move with that velocity 
during the period that his work is to last 5 that is, there is 
a particular velocity with which the man must walk, in order to 
perform the greatest quantity of work; and it would be easy 
to find this velocity, if we knew the law according to which his 
force is diminished, as his velocity increases. We may suppose, 
however, that his, force diminishes in the same ratio as his velocity 
increases. 

393. Let p represent the force which a man can exert during 
a given time against a dead weight. This force will obviously 
be greater than any which he would exert on the supposition of 
motion taking place ; for a part of his strength in this case would 
be expended in putting himself in motion and in continuing this 
motion. Let v be the velocity with which he wouU lose the 
power of exerting any force ; then, if he move with a velocity 1/ 
less than v, be will exert a force less than p^ and the part lost may 
be found, according to the above hypothesis, that the diminution of 
force is as the increase of velocity. Since he loses all his force, 
or p, when the velocity is «, and none when there is no velocity, we 
have 

V — Oor« : f/ — Oort/ ::p : ^— . 

— is therefore the loss of force sustained on account of moving 
with the velocity t/. There will accordingly remain 



p — ^-— or p 



(-t) 



as the effective force actually exerted against the weight. Now if 
D be the distance at which this force acts, r the resistance or weight 
raised, and 8 the distance at which the resistance acts, and u its 
velocity ; then, when the machine has attained a uniform motion, 
we shall have 



P (^- ?)'* = ''^- 
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9 have, hf GubstiuitioD, 



.(.--r). 



find the mazimum we put the diSerential of the first mendxi 
[ual to zero, tf being regarded as variable ; we hare thus 



pdv" !- — ■ — = 0, 



V = 3 v' and v' = ^ t>. 
ibstituting | o for o' in the abore equatioo, we obtaio 

J the hypothesis, therefore, which we have assumed, the min «il 
< most work when be moves with half bis greatest velocity, uid a 
is case the greatest effect will be \ p v. 

394. It appears, however, by direct experitnents, that the ixte 
a man diminishes as the square of his velocity increases,*' 
tier words, that the effective forces are as the squares of itie 
minutkxis of velocity from the point where the effective foite is 
thing. Calling ;>', therefore, the force answering to the vebci; 
we shall have, according to this hypothesis, 

j,:y :■. (■,-0)':(.-,^)'i 
lence 

A— •'V 



F'=P Q-T^y ='■(?)' (')■ P"'^°S '-''=<'(")■• 
d hence, 

P (") tr' or J) (" ) (t. — w) = r a, 

ice 

iking the difieTeiidal, as before, and putting it equal to zero, vA 
ppresang the constant factor, we have 

* See Dote oo the measure of fbrcea. 
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whence 2 v = 3 u^, and u? = | v. Substituting this value in equa- 
tions (ii), (i), we obtain 

t; — t/ = 1 1>, 
or 

also 



i^=p(V)'=*i'j 



that is, ^Ae work done is a maximum when the agent moves vnih one 
third part of the greatest velocity of which he is capabhj and 
when the Ufcight or load is ^ of the greatest which he is able to put 
in motion during the whole time he is supposed to act* 

395. Having thus considered the maximum efiect of Gving 
agents, we shall proceed to the subject of machines, and shall take 
the case of a wheel and axle, as almost all other machines may be 
reduced to this. 

The powers by which a machine is put in motion, and by which 
that motion is kept up, are called first movers^ or wioving powers^ 
or more familiarly, mechanical events ; and when various moving 
powers are applied to the same machine, the resultant of them, 
or the equivalent force, is called the moving force. 

The first movers of machinery, are, the force of men and that 
of other animals, the force of steam, the force of wind, the force 
of moving water, the weight of water, the reaction of water, the 
descent of a weight, the elasticity of a spring, S^. If a machine 
be driven by two powers acting in two difierent directions, we 
must then find their resultant, and consider the machine as driven 
by the resulting force. 

The powers which oppose the production of motion in a ma- 
chine, and its continuance, are called resistances ; and the resultant 
of aU the resisting forces is called the risistance. 

The work to be performed is, in general, the principal resist- 
ance to be overcome ; but, in addition to this, we must consider 
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renstance of frictioii, and the reeistBiice ariaDg from die io- 
1 of all the pans of the machinery ; for a certala portion of 
moving power is necessarily wasted in orerconaing diese obsla- 
to motion. 

rbe impelled point of a machine is that point at which ibe 
ing power is applied, or rather that point at which the omt- 
force is supposed to act, when this moving force is the resuk- 
of various powers differently applied. The worktag point of 
achine is that point at which the resistance is overcome, or 
poiot at which the resultant of all the resisting forces is sup- 
d to act. 

rhe viork performed, or the effect of a machine, is equal lo the 
tancfl multiplied by the velocity of the working point. 

The moment of impulse is equal to the moving force multiplied 
be velocity of the impelled point. 

196. In proceeding lo investigate general expressions for the 
of the velocities of the impelled and working points of ma- 
ss, when their performance is a maximum, let 

= the radius of the wheel to which the power is applied ; or, 
which is the same thing, the velocity of the impelled point 
of the machine ; 

= the radius of the axle to which the resistance is applied, or 
the velocity of the working point of the machine ; 

= the moving force applied at the impelled point ; 

= the resistence arising solely from the work to be per- 
formed ; 

= the inertia of the moving power j7, or the quantity of matter 
to which that power must communicate the velocity of die 
impelled point ; 

= the inertia of the resistance, or the quantity of matter to be 
moved with the veloci^ of the working point, before aoy 
work can be performed ; 

= the quantity of matter, which, if placed at the working 
pcunt* would create the same resistance as friction ; 
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i = the quantity of matter, which if placed at the working point, 
would oppose the same resistance as the inertia of all the 
parts of the machinery. 

Since d and d are the radii of the wheel and axle, we shall 

r 3 
faave T> : d :i r : — , a weight equal to that part of the power p 

which is in equilibrium with the resistance. We have, therefore, 
p as an expression for the effective force of the power ; and 

as D is the distance at which this force is applied, we have 

p D — r d 

to represent the force which is employed in giving a rotatory 
motion to the machine. The resistance which friction opposes 
to this force will hef9; the moment of inertia of the power p 
will be as m D^ ; the moment of inertia of the resistance as n J", 
and the moment of inertia of the machinery will he as t fi. 
Since the moving force is diminished by the resistance of friction, 
we shall have p d — r d — /^ for the moving force ; and since 
the resistance arises from the moment of inertia of the resistance, 
the moment of inertia of the power, and that of the machinery, it 
will be as m D^ + n fi + t ^. But the velocity is propor- 
tional to the moving force directly and to the resistance inversely ; 
therefore 

the rotatory velocity will be 

p p — r d — / d 
mji^ + nfi + iS^ 

Now, since the velocities of the impelled and working points are as 
their distances from the centre of motion, or as d and ^, we shall 
obtain these velocities respectively by multiplying the rotatory 
velocity by d and d; and as the work performed is equal to 
the resistance multiplied by tlie velocity of the working point; 

we shall have for the velocity of the impelled point 

mo^ + nfi + id^ 5 
for die velocity of the working point 



y p J — f JP — f J* _ 
w »> + « ff" + i S» * 

r tbe work performed 

rypg— t^y — r/J» 

order to obtain absolute measures of tbe velocities and tbe 
lerformed, we must consider that, j being the acceleratii^ 
and J ^ the velocity acquired iu a second, we shall hire 
'. \ qg : V ^ qgi; and as the accelerating forces are pro> 
ihI to the velocities generated bjr thetn io equal times, die 
ing expressions fur (he velocities of tbe impelled and 
ig points may be substituted for tbe accelerating force j 
equation e = j g t, and we shall obtain, for tbe absolute ve- 
of tbe impelled point 

j,D»_ri.g-/DJ 

abaolutfl velocity of tbe working p(»nt, 

m 1>» + » J" + i 5> '•S'' 
r the work performed 

9 a maximum when die difierential, i being cwDsidered as 
le, is equal to zero, which gives 

(p„_2 J (,+/))(„„« + ). („ + ,)) 

— 2J(» + i) (?o» — a'C+Z) ) =0. 

reducing, 
fmD' — ;>D^(n + t) — 23mD'(rH-/) =0; 



J« + - 
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Resolving this after the manner of an equation of the second de- 
gree, we obtain 



p C» + 

When r = 0, we have 



— / i — .V ' » 

This case takes place when the resistance to be overcome exerts a 
contrary strain on the machine, while it consists merely in the iner- 
tia of the impelled body ; as in drinng a millstone, a fly, or in 
pushing a body along a horizontal plane. 

When / = 0, 



o -» u — — — — __— , 

p (» + 

This case takes place when the friction is so small that it may be 
disregarded, which often happens in good wheel-work, where the 
surfaces that touch one another are very small. 

When r = 0, and / = 0, we have 






»+*) _ n I p" m (n + t) _ I m 



This case takes place when the circumstances of the two preceding 
eases are combined. 

When fl = 0, we have 

This case takes place in the grinding of com, the sawing of wood, 
the boring of wooden or iron cylinders, he., where the quantity of 
motion communicated to the flour, the saw-dust, or the iron filingSi is 
too trifling to be taken into the account. 
Meeh. 36 
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When r = 0, /= 0, aad n = 0, we have S = d J"- 
Wbeo « : n : : p : r, we baTe, 



i> ('■ + ') 

^ case takes place when the inertia of the power and the ress- 
nce are proportional to their pressure ; ns when water, minenis, 
r any other heavy body, is raised by means of water acting hj is 
'eight in the buckets of an overshot wheel. 

When, m the last case, » = 0, and / = 0, we have 

lua case often takes place, and parucularly in pulleys ; and mskiif 
^ 1, and r ^ 1, we obtain 

id when p = 1, and d = 1, we have 



-J 



+ 1- 



be preceding formulas will be found applicable to almost enrj 
ise which can occur ; and tbe intelligent engineer will have no 
fficulty in accommodating them lo any unforeseen circumstao- 

«. 

The foUomog table will, in many cases, save the trouble of 
kulaticHi. It is compu[ed from the formula 



beii% supposed = l.andr = 10. 
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Tdbh containing the best Proportions hettceen the Vdodiies of the 
Impelled and Working Points of a Machine^ or bettveen the 
Levers by which the Povoer and Resistance act. 



Proportion- 
al valae of 
the impelling 
power, or 


Value of the Telocities 
of the working point, 
or Sy or of the Kyer, by 
which the resistance 
acts, that of i> being 


Proportion- 
al value of 
the impelling 
power, or 


Value of the velocities 
of the working point, 
or 4, or of the lever, by 
which the resistance 
acts, that of d being 


1 


0.048809 


20 


0.732051 


2 


0.095446 


21 


0.760682 


3 


0.140175 


22 


0.788854 


4 


0.183216 


23 


0.816590 


5 


0.224745 


24 


0.843900 


6 


0.264911 


25 


0.870800 


7 


0.303841 


26 


0.897300 


8 


0.341641 


27 


0.923500 


9 


0.378405 


28 


0.949400 


10 


0.414214 


29 


0.974800 


11 


0.449138 


30 


1.000000 


12 


0.483240 


40 


1.236200 


13 


0.516575 


50 


1 .449500 


14 


0.549193 


60 


1.645700 


15 


0.581139 


70 


1.828400 


16 


0.612451 


80 


2.000000 


17 


0.643168 


90 


2.162300 


18 


0.673320 


100 


2.316600 


19 


0.702938 







In order to UDderstand the method of using this table, let 
us suppose that we wish to raise two cubic feet of water in a 
second, by means of the power of a stream which affi>rds five 
cubic feet of water in a second, applied to a wheel and axle, 
the diameter of the wheel being seven feet. It is required, 
dierefore, to find the diameter which we must give to the axle, 
in order to obtain a maximum efiect. We have obviously jp = 5, 

and r = 2, and since p : r : : 5 : 2, we have p = -^ r ; but, in 

the above table, r =: 10 ; hence p z= -5- 10 =: 25. Now it ap- 
pears from the table, that when p = 25, the diameter of the 
axle, or d, is 0.8708, d being 1 ; but as i> = 7, the diameter of the 
axle must be 7 x 0.8708 = 6.0956. 
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397. Wheo a machine is already constructed, the veVodtf 
I impelled and working points are determined ; and therefore 
xler to obtain from it its maximum effect, we must seek lor 
3est proportion between the power and the resistance, as these 
he only circumstances over which we have any coatrol, without 
ing the machinery. 

In order to find the ratio of p to r, which would produce a 
iraum effect, it is requisite only to make r variable in ibe 
ula above given ; but it often happens, that when r varies, 
mass n sufiers a considerable change, although there are other 
8 when the change in n is too inconsiderable to be m- 
l. 

Let ua, therefore, first take the case when r alone varies witb- 
inducing a change in n. In this case, the expression for tlK 
t performed, namely, 

m D« + » 3" + i aa "' 
be a maximum when 

, _ j»D —f 8 



ill he readily found by differentiating, putting the di^rentiil 
il to zero, and deducing the value of r. But according to 
experiments of Coulomb, the friction is in general equal to -jV^ 
the resisting pressure. Hence we may omit / t, and con- 
r the resistance as ^ r + ^'j r = -^ r. Consequentljr, 

= ■^-g'^ and r = f -fx) ^ Tfi* ^"' '^ ** consider dw 

tion 7g as so oear 1, that the substitution of the latter will wt 

dy affect the result, we shall obtaio, by making p ^ I aai 

: I, r = ^ ; that is, the resistance should be nearly one balf 

le force which would keep the impelling power in equiUbriunii 
lie which is applicable to many cases where the matter 
ed by the working point of the machine is inconsidei- 
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S98. In those cases where n varies akmg with r, it wiD id 
general vary in the same proportion, and we may therefore re- 
present nhy xff some multiple of r. For the sake of simplicity, 
the friction / may be considered as absorbing a certain portion 
of the impelling power, which wiU then be represented hjp — /;. 
and we may also regard the inertia of the machine, or t, as ap- 
plied at the impelled instead of the woricing point; that is, the 
moment of inertia may be considered as proportional to i t>K 
Now, if we make p — /= 1, and d = 1, in the formula 

rpj>d — r^ fi — rffi 
mvl^ + nfi + ifi '' 

we shall obtain 

m + t + xrd*' 
and making m -|- t = «, we have 

s + X r fi 

for the work performed. 

This is a maximum when the difierential, r being considered as 
variable, is equal to zero, which gives 

or, by reducing, 

id — 2$ r fi — j?f*^=0; 
that is, 

2sr 8 



f^ + 



Xfi ""X^3* 



tnd by resolving this after the manner of an equauon of the second 
degree, we obtain 

— * -1. 1^ I ^ _ V$xd + ^-'9 

^ ^~Tfi +^|xJ»'*' IF^ "~ xfi 

When « = 1, we have 



V «« + «■ — » 

ff* ^— ^^— ^ . ■ ■ > 
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This case takes place when the machine is employed in raising a 
weight, drawing water, &c. 

When t = 0,/= 0, and m = p, then m + ior* = p = 1, 



r = 



\/9 ^ i — 1 



When D = ^, as in the common pulley, then ^ = 1 , and 
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In order to save the trouble of calculation, we have added the 
following table, computed from the formula 



^ .^ V^ + i — 1 

Tabk containing the best Proportions between the Power and Resist- 
ance^ the Inertia of the impelling Power being the same unA ib 
Pressure^ and the Friction and inertia of the Machine 16^ 
omitted. 



Values of 

df or the 

velocity 

of the 

workiog 

pointy D 

being 
equal tol. 



i 

i 

1 

2 
3 
4 
5 
6 



Values of r, 
or the resist- 
to be 



ance 



overcome, p 
beugss]. 



1.8885 
1.3928 
0.8986 
0.4142 
0.1830 
O.llll 
0.0772 
0.0580 
0.0457 



Ratio ofr to the 
resistance which 
would balance j». 



0.4724 
0.4639 
0.4493 
0.4142 
0.3660 
0.3333 
0.3088 
0.2900 
0.2742 



to 1 



Values of 
d, or the 
velocity 

of the 
jvorkiog 
point, £ 

beiog 
equal tol. 



7 
8 
9 
10 
11 
12 
13 
14 
15 



Values of r, 
or the resists 
ance to be 
overcomei p 
being = 1. 



0.03731 
0.03125 
0.02669 
0.02317 
0.02037 
0.01809 
0.01622 
0.01466 
0.01333 



Ratio ofr to tke 
resistance v\aA 
wouldbalsncep. 



0.26117 to 1 
0.25000 — 
0.24021 — 
0.23170 — 
0.22407 — 
0.21708 — 
0.21086 — 
0.20524—- 
0.19995 — 



■ 

In order to understand the method of using this table, let us 
suppose that it is required to find the value of the resistance, or 
the quantity of water which must be put into a bucket to be raised 
by a wheel and axle, in which the radius of the wheel is 6 feet, 
and that of the axle 2 feet, and with a power = 8. Since, in the 
table, D = 1, we have 
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3 1 

6 :2 ::d = 1 :a = g = g, 

which corresponds in the table to 1,3928, the value of r when 
p = 1. But, in the present case, j? = 8, consequently 

1:8:: 1.3928 : 11.1424, 
the value of r when j> = 8. 

399. The subject of the maximum effect of machines may- 
be considered in a very simple point of view, if we suppose, what 
is by no means improbable, that the moving power in machinery 
observes the same law that has been found to exist with regard 
to animal force, and also with regard to the force of fluids in 

motion. Upon this hypothesis, we shall have r=j>fl 1, 

and the effect of the machine will be rt/ =pt/fl J, 

which will be a maximum when — = :> Ps and when t/ =: 4 v. 

In these formulas, p is the load that is just sufficient to bring the 
machine to rest, or prevent it from moving, v is the greatest velocity 
of the power when no work is done, and t/ the velocity of the im- 
pelled point of the machine. The above equation, both members 
being multiplied by 9, is equivalent to the proportion, d is to ^, or 
the velocity of the impelled point is to the velocity of the working 
point, when the effect is a maximum, as 9 r to 4 p. 
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Tabh of the Strength of Men, according to different Authors. 



Nomber of jHeiidit to which 


Time in which it 


Duration of the 


Names of the Au- 


pounds rais- 


the weight , is 


is raised. 


Work. 


thors. 


ed. 


raised. 








lOOO 


180 feet 


60 minutes 




Euler 


60) 5 


M ? 


1 second 


8 hours 


Bernoulli 


25> S 


220> g 


145 seconds 




Amontons 


170 ) §. 


lig- 


1 second 


half an hour 


Coulomb 


1000 


330 


60 minutes 




Desaguliers 


lOUO 


225 


60 minutes 
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1 " "7 meo, Bossut, &c. 

1 ass "3 meo, BossuL 



HYDROSTATICS. 



INTRODUCTORT REMARKS. 

400. Hydrostatics is that part of Mechanics which treats of 
the equilibrium of fluids, and that of solids immersed in them. 

A fluid is a collection of material particles, so constituted as 
to yield to the smallest force employed to separate them. The 
fluids with which nature presents us, approach more or less to 
this state of perfect fluidity. The adhesion which exists among 
the particles of several of these substances, and which gives 
rise to what is called viscidity^ opposes itself to the separation 
of the particles ; but in the theory which we are about to uvf 
fold, no account is taken of this adhesion, and we have reference 
only to the perfect fluids. 

We distinguish two kinds of fluids; the one incompressiblef 
or nearly so,* as water, mercury, alcohol, and liquids gener- 
ally. These are capable of taking an infinite variety of forms 
without any sensible change of bulk. The second kind of 
fluids comprehends atmospheric air, the gases generally, and va- 
pors. These are in an eminent degree compressible; they are 
also endued with a perfect elasticity, and are thus capable of 
changing at the same time their form and bulk, upon being com- 
pressed, and of recovering their figure again when the compress- 
ing force is removed. Vapors difier from air and the gases, by 
losing the form of elastic fluids and returning to the state of 
liquids, when compressed to a certain degree, or when their 



* See note subjoined to ibis treatise on the compremibility of 
water. 
Mech. 37 
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temperature is sufficieDdy reduced; whereas air and the gases 
are found, witli few exceptions, to preserve always their elastic 
form in the state of the greatest compression and lowest tempera- 
ture to which they have hitherto been reduced.* 

401. Although we are utiable to assign the magnitude of the 
elementary parts of fluid bodies, we cannot doubt that these par^ 
am material, and that the general laws of equilibrium and nx>- 
tion, already established, are applicable to them as well as to solids. 
But as this law of equilibrium is not the only one required, soae 
other is to be sought on which the equilibrium depends. 

402. As an equilibrium consists in destroying all the forces 
employed, and as we do not know how the parts of a fluid trans- 
mit their forces among themselves, it is only by having recourse 
to experiment, that we are able to establish our first priociples. 
We begin, therefore, by stating what is most clearly and certainly 
known upon this subject. 



Pressure of Fluids. 

Fi«f.l89, 403. Let ABCDhe a canal or tube, composed of three 
branches ABj BC^ CDy of equal diameters. Let us suppose 
that a heavy fluid is poured into the branch AB ; it will pass 
through the branch JSC into the branch CD'j and when we cease 
pouring, the surface of the fluid in the two branches will be io 
the same horizontal line, whatever be the inclination of the 
branch BC. This is a fact abundantly established and uoirer- 
sally admitted. We proceed to make known the consequences to 
be deduced from it. 

404. If through any point E, taken at pleasure, we imagine 
a horizontal line EF to pass, it is evident that the weight of the 
fluid EBCF contributes nothing to the support of the coIuidds 
AE^ DjF; and that consequently the equilibrium would still be 
preserved, if the fluid contained in EBCF were suddenly de- 
prived of its gravity. This fluid, therefore, is to be regarded 

* See note on the condensation of gases into liquids. 
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simply as a medium of communication between the columns AE 
and jDJP; so that EBCF transmits to the column DF all the 
pressure it receives from AE; and reciprocally it transmits to 
AE all it receives from DF: It is also evident that we should 
arrive at the same conclusions, if instead of the columns AlEj DF, 
we substitute two forces of the same value ; hence, as the result 
is not affected by any inclination of the branch JBC, we conclude 
that, if a fluids destitute of gravity^ be cofitained in any vessel, and Fig.l9S. 
ify having made an opening in the vessel, we apply to this opening 
any given pressure^ the force thus exerted unU diffuse itself equally 
in all directions. 

405. Now it will be readily seen, not only that the pressure 
transmits itself equally in all directions, but also that it acts at 
each point perpendicularly to the surface of the vessel contain- 
ing the fluid ; for if, acting on the surface, it did not act perpen- 
dicularly, its effect could not be entirely destroyed by the resist- 
ance of this surface ; there would result therefore an action up- 
on the parts of the fluid itself, which, as it could not but trans* 404. 
rait itself in all directions, would necessarily occasion a motion 

in the fluid ; it would be impossible, therefore, on such a suppo* 
sition, for a fluid to remam at rest in a vessel, which is contrary 
to experience. 

406. We hence conclude, that if the parts of a fluid contain- Fig.i9i. 
ed in any vessel ABCDy open toward AD, are urged by any 
forces whatever, and are notwithstanding preserved in a state of 
equilibrium, these forces must be perpendicular to the surface 
AD; for if there be an equilibrium, this equilibrium would 

still obtain, if a covering were applied of the same figure with 
the surface ADi but we have just seen, that in this case the 
forces acting at the surface AD must be perpendicular to this 
surface. 

407. Accordingly, let us suppose that the forces acting on 
the parts of the fluid are gravity itself; we shall infer that the 
direction of graviQr is necessarily perpendicular to the surface 
of tranquil fluids ; and that consequently the parts of the same 
heavy fluid must be on a level, in order to be in equHibriumj whai^ 
ever be thejigure of the vessel. 
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Fig.lM. 408. Let us now suppose that the vessel ABCDj being closed 
on all sides, is filled with a fluid destitute of gravity, and that, 
having a very small opening at £, we apply to it any force ; it 
is evident that the pressure that woiild hence be exerted upoa 
the plane surface represented by JBC, would not depend in aoj 
degree upon the quantity of fluid contained in the vessel, nor 
upon the figure of the vessel ; but that, since the pressure applied 

. 404. at E transmits itself equally in all directions, the pressure upoo 
BC would be equal to that exerted upon any point of the opening 
Et repeated as many times as there are points in BC. 

409. For the same reason, the pressure applied at Ey trans- 
mitting itself in all directions, would tend to raise the superior 
surface AD^ and the force thus exerted would be for each poiDt 
equal to the pressure applied at any point of the opening E ; so 
that the surface AD is pressed perpendicularly from within out- 
ward with a force equal to the pressure employed at any poiot 
of tlie opening E^ repeated as many times as there are points 
in AD. 

Fig. 198. 410. Let the vessel ABCDEF, the part CD being borizootal, 
be filled with a heavy fluid. We say that the pressure upon the 
bottom CD, arising from the gravity of the fluid, does not depend 
upon the quantity of fluid contained in the vessel, but simpfy 
upon the extent of CJ?, and its depth below the surface AF. 

To make this evident, let us suppose, the line BE being bori- 
Bontal, that the fluid contained in BCDE^ is suddenly deprived 
of its gravity, it is evident that a vertical filament IK^ of heavy 
particles of the fluid contained in ABEF, would exert at the 
point K a pressure which must diflfuse itself equally throughout 
the whole extent of the fluid BCDE ; that this pressure would be 
^^ exerted with equal force from below upward to repel the action 
of each of the other vertical filaments belonging to the several 
points of BE; hence the filament IE' eflects, by itself, an equili- 
brium with all the other filaments of the mass ABEF} therefore 
the mass BCDE being destitute of gravity, there will result no 
other pressure on the bottom CD, than that arising from the fil* 
ament IE, which transmitting itself equally to all the points of 
CD causes upon CD a pressure equal to that exerted at the 
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poiot Kf repeated as many times as there are points id OD. Ao-Fif.lM, 

cordingly, if we suppose the heavy fluid contained in JlCDFf 
divided into horizontal strata, the upper stratum would commu- 
nicate to the bottom CD no other action than that which would 
be communicated by the Glament a b; and the same being true 
of each stratum, the bottom CD will only receive the pressure 
that would arise from the sum of the Glaroents ab^h c^cd, &c« ; 
and since this pressure would transmit itself equally to all the 
points of CD J it is equal to the area of CD multiplied by the 
sum of the pressures exerted upon some one point by the sum 
of the filaments ab^b c^c d^ &cc. ; from aU which we derive the 
following conclusions, namely ; 

(1.) If the fluid ACDF be hamogeneovSf that is, composed of parts 
of the same naturey of the same gravity, ^c, the pressure upon the 
bottom CD unll be expressed by CD X a g ; or^ in other toordsj 
will be measured by the weight of the prism or cylinder which has 
CD for its base and a g for its altitude. 

(2.) J^ the fluid is composed of strata of different densities, the 
pressure upon CD toUl be expressed by CD multiplied by the sum of 
the speciflc gravities of each stratum ; I say by the sum of the spe- 
cific gravities, and not by the sum of the weights ; for it is not 
on the quantity of the fluid contained in each stratum that the 
pressure depends but simply on the proper gravity of each fil- 
ament. 

It is important to observe that the above propositions hold 
true, whether the vessel grows larger toward the top, as in the 
present instance, or whether it is constructed from the bottom 
upward, as represented in figure 195. The pressure which the 
fluid contained in •^CDjP exerts upon CD, is the same as if the 
cylinder ECDG were filled with the fluid, the altitude being the 
same in both cases. This constitutes what is called the hydrO' 
static paradox, and is often expressed in the following words, 
namely; any quantity of voater or other fluid, however small, may 
be made to balance and support a quantity however large. The 
principle is well illustrated by an instrument called the Jiydro^ 
itatic bellows ; see figure 196, in which EF, CD represents two 
thick boards 16 or 18 inches in diameter, firmly connected to- 
gedier by pliable les^ther attached to the edges, which allowa a 
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motion like that in common bellows. Instead of a valve, a pipe 
ABj about three feet io length, is inserted at B, either in the 
upper or lower part of the bellows. Now if water be poured 
into this pipe at A, it will descend into the bellows and grad- 
ually separate the pieces EF, CD, from each other by rais- 
ing the latter ; and if several weights, 200 pounds, for instance, 
be placed upon the upper board, the small quantity of water in 
the pipe AB will balance all this weight. More water h&n^ 
poured in, instead of filling the pipe and running over the top A, 
it will descend into the bellows, and slowly raise the weights; 
the distance between the surface of the water in the pipe and 
that in the bellows remaining the same as before. It is manifest 
from what has been said, that the upward pressure exerted upoo 
each point of the interior surface of CD is sufficient to support a 
column of fluid of the same height with that contained in the tube 
AB, and consequently that the whole upward pressure, or weieh 
sustained, is equal to the weight of a cylinder of water, whose 
base is the area of CD, and whose altitude is that of the column 
of water in AB above the surface of the water in the bellows or 
lower surface of CD. The area of the base, for instance, being 
a foot and a half, and the altitude three feet, the whole mass 
would be 4^ cubic feet, and the weight sustained would be 
4^ X 62|* or 281^ pounds, while the quantity contained in .IB, 
depending on the size of the tube might weigh only one fourth of 
a pound or any less quantity. 

It is obvious that instead of the gravity of the fluid in the 
tube ABj any other force might be employed, as the impulse of 
the breath, or that exerted by a stopper or piston moving in the 
tube AB. Thus, by means of a lever jB7, a dense fluid, as water 
Fi^.197. for instance, might be forced through the pipe CO against a 
large piston supposed to be accurately fitted to the cylinder jFD, 
and connected with the rod or bar DE. A valvef being provid- 
ed at F to prevent the return of the fluid, this action might be 
repeated ; we should thus have an engine of almost unlimited 



*A cubic foot of water at the temperature of 50^ weighs 
1000»*- avoirdupois or 621ii>-. 

t See note on the construction of valves. 
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power contdned at the same time withia a small compass, and 
very simple io its coDstruction. The diameter of the large pis- 
ton being' 12 inches, for example, and that of the small one worked 
by the lever H and moving in AB^ only one fourth of an inch, 
the proportion of the two surfaces, or of the power employed to 
the force exerted at E, would be as ^V ^ 144, or as 1 to 2304. 
Now it would be easy, by means of the lever JHi, to apply to the 
small piston a force equal to 20 cwt. or one ton, in which case 
the piston working in FD would be moved with a force of 2304 
tons. This instrument is called the Hydrostatic or BramaKs 
Press, Mr. Braraah, an Englishman, being the first person who 
made use of the hydrostatic principle here involved, as a substi- 
tute for the screw in the construction of presses.* This machine 
evidently belongs to the class of mechanical powers, and is es- 
sentially different in its nature from those heretofore described. 
The principle of virtual velocities, however, is equally applicable 
to this; since the greater the advantage gained in point of 
intensity, just so much is lost in respect to velocity. Suppose, 
for example, that the pipe ABj filled with fluid, is 2304 mcbes in 
length, the small piston^ by moving through this whole extent, 
and thus forcing the entire contents of the pipe into the cylinder 
FDj would raise the large piston only one inch; so that while 
the pressure upon the small piston is to that upon the large one, 
in case of an equilibrium, as 1 to 2304, the spaces described in 
the same time, or the velocities of the two pistons, are as 2304 
to 1 , and the quantity of motion in each is the same. 

411. Let there be two fluids NHCBFL, EFLMof different Fig.i98. 
densities, but each being homogeneous, considered by itself, and 
let them be made to act against each other at FL by means of 
the vessel in which they are contained. They can be in equi- 
librium only when the altitudes EF, IK, above the horizontal 
plane FL which separates them, are inversely as their specific 
gravities. Indeed, the fluid LFBCGO being itself in equilibrium, 4^)7 
it is necessary that NHGO should be in equilibrium with EFLM; 
it follows, therefore, that the upward pressure exerted by the 

— 

* The same property of fluids is sometimes employed very ad- 
vantageously in a crane and in raising water from mines. 
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column NHGO upon FL^ should be equal to the downwud 
pressure exerted upon FL by the columo EFUtL Now the 
pressure of JVHGO upou FL is equal to the weight of a prism a 
cylinder of this fluid which has the surface FL for its base and IK 
for its altitude ; moreover this weight is equal to the specific 
gravity multiplied by the bulk ; accordingly^ if we call the spe- 
cific gravity 5, we shall have for the expression of the weigh 
S X IK X FL* For the same reasooi if we call jS', the specific 
gravity of the fluid EFLM, we shall have 

S' X EFx FL, 

as the expression for the absolute gravity of this fluid or the pressure 

which it exerts upon FL. Therefore 

• 

SxlKxFLziiS'xEFx FLy 
or 

SxlK:=iS' X EF\ 
whence 

S . S' II EF i IK, 

that is, the altitudes are inversely as the specific gravities. Tbos 
if LFBCHN were mercury, and £FZJIf watery since mercory 
is 13,6 or nearly 14 times as heavy as water, the altitude H 
would be one fourteenth part of EF, whatever be the figure of tbe 
vessel. 

Fif.191. ^^^' From what has been said, it will be seen that tbe acdoo 
of fluids is very different from that of solids. Properly speaking 
it is only the part ECDG which exerts its action upon tbe surface 
CD; and in figure 195, the surface CD is pressed by JlCDF, as 
it would be by the weight of the fluid contained in the cyfioder 
ECDO. If, on the contrary, the fluid ACDF were suddenly to 
become a solid, by freezing, the bottom would support a pressure 
equal to the weight of the entire mass ACDFia figure 194, and 
only equal to the weight o( ACDF in figure 195. 

413. It is necessary here to distinguish between the force or 
pressure exerted on the bottom CD, and that which would be 
sustained by a person carrying the vessel. It is clear that if the 
bottom CD were movable, the only thing necessary to keep it 
m its place, would be an eflbrt equal to the weight of the cylia- 



Pressure of Fluids. 297 

der ECDGy but in order to transport the vessel, an eflbrt would F%.194« 
be required equal to the weight of the entire mass of water con- 
tained in the vessel. This will be demonstrated in a manner still 
more general after we have explained the method of estimating 
the pressure upon oblique plane surfaces and upon curved sur- 
faces. 

414. Let ACDFbe the vertical section of a vessel terminated Fig.iM, 
by surfaces either plane or curved, and inclined in any manner 
to the horizon. If we imagine an infinitely thin stratum ab d Cf 
we can suppose it destitute of gravity, and pressed by the fluid 
above it. Now this pressure will be distributed equally to all 
points of the stratum, and will act perpendicularly and equally 
upon each of the points of the faces ac, b d. Accordingly, as 
this force is equal to that which a single filament IK would 
cause, the pressure exerted perpendicularly upon b d, will be 
expressed bjbdx IK; and it is evident that we should arrive 
at the same result, if instead ot b d heing considered as a small 
straight line^ we regard it as a small surface. We hence derive 
the general conclusion, that the pressure exerted perpendicularly 
upon any infinitely small surface by a heavy homogeneous ftuidj has 
for its expression this surface multiplied by its perpendicular distance 
from the level of the fluid. 

415. Hence the whole pressure exerted upon any plane sur- 
face, situated as we please, is equal to the sum of the infinitely 
small parts of this surface, multiplied each by its distance from 
the level of the fluid. If we represent these small parts by 
m, n, 0, be., and their distances respectively from the level of 
the fluid by AA'y BB', CO, be., according to article 76, we shall 
have 

Q& X{m + n + o + &c.,) 

=:AAf Xm + BB' X n + Ca X + &c., 

that is, tha sum of these products is equal to the whole surface 
multiplied by the distance of its centre of gravity from the same 
horizontal plane. Therefore the pressure exerted by a heavy fluid 
against an oblique plane surface has for its measure the product of 
this surface into the distance of Us centre of gravity from the Biw 
of levd of the fluid. 
Mech. 38 
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416. As the pressures exerted upon the several points of tbe 
same plane surface are perpendicular to tbe surface, and conse- 
quently parallel among themselves, the resultant or whole press- 
ure must he parallel to tbe components. Now as we know bow 
to find tbe resultant as well as that of each of tbe partial press- 
ures, it will be easy to determine, as we have occasion, througb 
what point the resultant passes ; it evidently cannot pass through 
the centre of gravity, but must pass through some point lower 

Fif. 201. down. It is only in the case where the surface is infinitely smal 
that the whole pressure passes through the centre of gravifj of 
this inclined surface. 

417. In order to find the resultant of all these pressures both 
in a vertical and in 'a horizontal direction, any body, whatever 
its figure, may be considered as composed o( an infinite number 
of strata, parallel among themselves, and the surface of the pe- 
rimeter of each stratum may be represented by a series of tra- 
pezoids, of which the number is infinite, when the surface is a 
curve. So that in order to estimate the resultant of the pressure 
exerted by a fluid either upon the interior sides of a vessel, or 
upon the exterior surface of a solid immersed in it, we most de- 
termine the pressure exerted upon a trapezoid of an infinite^ 
small altitude. 



Accordingly, let us suppose a trapezoid ABCD^ of which 
Fv-Soa. two parallel sides are AB^ CDj and tbe altitude infinitely small 
compared with these sides ; and let there be applied at tbe oeo- 
tre of gravity O of tbe trapezoid perpendicularly to its plaoe, a 
force p equivalent to the product of the surface of this trapezoid 
into the distance of its centre of gravity from the horizootal 
plane XZ. 

To determine tbe efi[ect of this force, as well in a borizootal 
as in a vertical plane, suppose through tbe line CD a vertical 
plane CDFEj and through the line ABy considered as horisootal, 
a horizontal plane AFEB. Having drawn the vertical lines 
CEj DFf meeting this latter plane in E and F, we join BE, AFj 
and through the direction O p of the force /?, suppose a plaoe 
KIH cutting CD at right angles, HGK and HI being the iDte^ 
sections of this plane with the two planes ABCD, FECD, re- 
spectively. The, plane KIH will be perpendicular to each of 
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the two planes ABCD. FECD. sioce CD is their commoD inter- 

__,^ S66l 

section ; lasdj, from the point Kj where HK meets AB^ let fall 
the perpendicular KI upon the plane lECD^ this line must be 
perpendicular to HI. 

These steps being taken, I decompose the force p into two 
others, both being in the plane KIH produced, and of which one 
OL is horizontal or perpendicular to the plane FECD^ and the 
other OM vertical. Calling these two forces q and r, and forming 
the parallelogram OMNL upon the line GN^ taken arbitrarily as 
the diagonal, we shall have 

p : q : r :i GN : GL : GM, 
:: GN : GL : LN. 

But as the triangle GLN has its sides perpendicular respectively 
to those of the triangle £Z£f, these two triangles are similar, and 
we have Gecw. 

209. 

GN: GLiLNi: HK : HI: IK; 

and consequently 

p : q : r :: HK : HI i IK. 

Muluplying the three last terms by 5 X C?6', which 

does not change the ratio, we obtain, 

p :q:r 

:: HKX ^^ + ^^ x G& : HI 

We observe now, (L)That JEOT X ^^ "^ ^^ is the surface of 
the trapezoid ABCD; (2.) That since CEj DF are parallel, as 

also CD, EF, CD is equal to FE; whence IK X ^^ j" ^^ is 

J ]D -4- EF 178. 

equivalent to JOT X 5- > and consequently is the sur- 

face of the trapezoid AFEB ; (3.) As we suppose the altitude of 
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the trapezoid ABCD infinitely small compared with die ades 
AB and CD^ EF which is equal to CD^ may be taken iosteid 

AS + CD 

of AB and also instead of CD^ so that JHJ X ^ reduces 

itself to HT X ^~f^ =HI X EF, which is the surface of the 

rectangle ECDF; we have, therefore, 

piqiri: ABCD X GG' : ECDF X GG' : -4FJ2B X G&. 

But we have supposed the force p expressed by ABCD X GG', 
hence the force q will be expressed by ECDF X G^G^} &Qd the 
force r by -4FJ2B X GG\ 

Since a triangle is simply a trapezoid, one of whose parallel 
sides is zero, the same results are applicable to a triangle. 

Suppose now perpendiculars let fall from the angles A, D, C, 
jB, upon the plane XZ. These perpendiculars may be coosider- 
ed as the edges of a truncated prism, the horizontal base bein; 
AFEB, and the inclined base ABCD. Now as AB, CD, are 
supposed to be infinitely near to each other, the bulk of this 
prism may be regarded as not difieriug from that of a prism of 
the same base, and whose altitude is GG' ; but tliis last has for its 
expression AFEB X GCr', which is precisely that just foond fir 
the vertical force r ; therefore this force has also for its expresaooi 
the bulk of the. truncated prism, whose inclined base is ABCd 
and whose horizontal base is the projection of ABCD upoa the 
horizontal plane XZ. 

418. Let any solid be divided into an infinite number of bor- 
Fig.2b8.izontal strata ABDE abdcy and suppose that at the centre of 
gravity of the surface of .each trapezoid of which the surface o[ 
the perimeter of this stratum is composed, forces are applied, 
represented each by the surface of the corresponding trapesoid 
multiplied by the distance of the centre of gravity from a Ixm- 
zontal plane XZ. These forces will represent the pressure ex- 
415, erted by a heavy fluid upon the interior surface of the stratum 
ABDE ab d eof z vessel in which this fluid is contained ; tbef 
will also represent the pressure exerted by a similar fluid upon 
the exterior surface of a solid immersed in this fluid. Now we 
have seen that these forces being decomposed each into two 
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others, one vertical and the other horizontal, each vertical force will 
be represented by the truncated prism virhich has for its base the 
projection of the trapezoid upon the horizontal plane XZ^ and for 
its inclined base, this trapezoid itself. Therefore the sum of the 
vertical forces, or the single vertical force that veould result from 
them, will be represented by the sum of all the truncated prisms ; 
and as the same reasoning is applicable to each horizontal stratum, we 
conclude, (1.) That if a vessel ABCDF, of any figure whatever^ be 
filled vnth a fluid to any line AF, there unU result from all the 
pressures exerted by this fluid upon the several points of the vessel^ 
no other vertical force than that which is represented by the bulk 
of this fluidj or rather by its weight. 

(2.) That if a body, as ACDBM, for example, cf which AIBF Fig.a04U 
is the greatest horizontal section^ be immersed in a flmd to amy 
depth whatever J the pressure exerted upon the superior pari AMB 
ietf^ left out of consideration^ the vertical effort of the fluid to raise 
the body J is equal to the weight of a volume of this fluid comprC" 
handed between the level XZ, the surface AIBFC, and the convex 
sutfaee terminated by the perpendiculars let fall from the several 
paints of the perimeter AIBF upon the plane XZ. 

If we next consider the pressure exerted upon the surface above 
the greatest horizontal sectioo, it will be seen, by the same kind of 
reasoning, that there would result 'from the pressure of the fluid 
upon tliis surface in a vertical direction, a downward eflbrt equal 
to the weight of a bulk of the fluid comprehended between this 
sarae surface, that of its projection AFB't, and that terminated 
by the perpendiculars let fall from the several points of the pe- 
rimeter AIBF, Accordingly, if from the first vertical eflfort, we 
subtract the second, it will be seen that the body is urged ver- 
tically upward by an eflbrt equal to the weight of a bulk of thb 
fluid of which it occupies the place. 

419. We hence derive the general conclusion, that jf a body 
be immersed in any fluid whatever y it loses a part of its weight equal 
to the weight of the fluid displaced, or equal to the weight of its own 
bulk of this fluid. 

420. There remam now two things to be inquired into ; the 
fifst isi to determine through what point the vertical eflbrt, result- 
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ing from the pressure of tl)e fluid, passes ; the secoud, to find what 
becomes of the horizoDtal forces. 

(1.) It will be seen that the vertical eflbrt must pass through 
the centre of gravity of the portion of fluid displaced. For, if 
we imagine this portion decomposed into an bfinite number of 
vertical filaments, the vertical eflfort which the fluid exerts upoo 
each filament, is expressed by the weight of a portion of fluid 

27S, equal to this filament ; consequently, to find the distance of the 
resultant from any vertical plane, it is necessary to multiply the 
mass of each filament, considered as of the same nature with tfab 
fluid, by its distance from this plane, and to divide by the sum of 
the filaments. But thb is precisely the course to be pursued, in 

76. order to find the distance of the centre of gravity of the portion of 
fluid displaced ; therefore the vertical effi>rt of a fluid upon a 
body immersed in it, passes always through the centre of gravitf 
of the portion of fluid displaced, which may be called the etnin «f 
buoyancy. 

421. (2.) We proceed now to consider the boriasontal fcrces 
above referred to. Representing always the solid stratum hj 
figure 203, if through the sides abjb c, be., of the bferior sec- 
tion, we suppose vertical planes to pass terminating in the supe- 
rior section ; these planes will form the contour of a prism whose 
altitude is that of the stratum ; and each face of this prism mD 
417. express by the extent of its surface the value of the horizoDial 
force perpendicular to it. But, since all these faces are of the 
same altitude, their surfaces will be as their bases a 6, & c, <&c., 
Geom. consequently the horizontal forces are to each other as the sides 
abf b Cf &c. Moreover, at whatever point of these faces diey 
are applied, as these faces are of an altitude infinitely small, the 
horizontal forces may be considered as applied each in the ho/t- 
izontal plane abed e f^ perpendicularly to the middle of the ade 
which serves as a base to the corresponding face of the prism in 
question. I say to the middle, since it will readily be seen that 
the resultant of the pressures exerted upon the surface of any one 
of the trapezoids which form the surface of the stratum, mast 
pass through some point of the line joining the middle points of the 
two parallel sides, and that, accordingly, the horizontal force ob- 
tained by decomposing this resultant, must meet the line joining 



176. 



Pressure of Fluids. 303 

the middle points of the two opposite sides of the correspondiDg 
face of the prism. The problem, therefore, is reduced to fiodiog 
what must take place in any polygon, when each of its sides is 
drawn or pushed by a force applied perpendicularly to its middle 
point, and represented as to its value by this side. We shall see 
that they will mutually destroy each other. 

Let us, in the first place, consider only the two forces p and q^ Tig. aos. 
applied perpendicularly to the middle points of the sides AB, 
ACy of the triangle ABC^ these forces being represented as to 
their values by these sides respectively. It is clear that their 
resultant would pass through their common point of meeting JP, 
which, in the present case, is the centre of a circle in whose cir- Geom. 
curaference the points Aj jB, C, are situated. We say, moreover, 
that this resultant will pass through the middle point of jBC, to 
which it will consequently be perpendicular, and that it will be rep- 
resented < in magnitude by BC. For, if we decompose the force p 
into two others, one D e parallel, and the other D h perpendicular, 
to BCy by forming the parallelogram D e j* A we shall have, by 
calling these two forces e and h respectively, 

p : e : h : : Dg : D e : D h : : D g : D e : g e. 

Now, by letting fall the perpendicular AO^ the triangle ^ e D is 
similar to the triangle AOBy since their sides are respectively per- 
pendicular. Accordingly, 

Dg : De :ge :i AB : AO : BO, 

whence 

p : e : h :: AB : AO : BO. 

But, by supposition, the value of the force p is represented by 
AB ; therefore that of e is represented by AO, and that of h 
by BO. 

If we decompose in like manner the force q into two others, 
the one Im parallel, and the other J A; perpendicular, toJBC, it 
may be shown as above, that m is represented by AO, and k by 
CO. The two forces m and e are therefore equal, since they 
are represented by the same line AO. Moreover they act in 
opposite directions, and according to the same line Dl parallel 
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toBCf BiDce D, J^ are the mididle points of AB, ACj respecMf. 
Consequently, they will destroy each other. The resultdat te 
must be the same as that of the two forces h and i ; aod as tb» 
are parallel, being each perpendicular to CB, their resuhaot most be 
equal to their sum, and perpendicular to BC'y that is, (I) It wJObe 
represented by BO + OC or by BC; and (2.) being perpendicfl- 
lar io BC, and passing, as we have just seen, through the centre J 
of the circle circumscribed about ABC, it passes through the 
middle point BC. 

Pi^.20S. This being premised, the resultant g of the two forces p, ^, 
will be perpendicular to the middle of BE, and be represeDid 
by BE. For the same reason, the resultant ^' of the two forces 
(, j/, and consequendy of the three forces p, j^, p', will be per- 
pendicular to the middle of BD and be represented by M 
Lastly, the resultant q'^ of the forces /, 9, and coosequeod^of 
the forces p, q^, p^, q, will be perpendicular to the middle of SC 
and be represented by DC; it will accordingly be equal 
direcdy opposite to the force r; therefore all these forces 
destroy each other. The same reasoning will evidently be appli- 
cable, whatever the number and magnitude of the sides. Heoce 
we derive the general conclusion, that the efforts which result im 
horizontal direction from the pressure of a heavy fluid exerted fff' 
pendicularly upon the surface of a body immersed in it, muixdj 
destroy each other. 

422. The pressures upon any given surface being considered bj 

themselves, the distance at which the resultant, or the centre 0/ 

pressure passes, is readily found. The forces exerted up the 

several points being as the distances respectively of these points 

from the surface of the fluid, they are as the forces that would arise 

from the modon of this surface about the intersecdon of its plaQ^ 

with the surface of the fluid as an axis. But we have seen ibat the 

distance of the resultant in this case is that of the centre of p^^' 

867. cussion or oscillation* Hence the distance of the centre of pressure 

of any given surface from the surface of the fluid, is the same as 

that of the centre of percussion. Accordingly, the centre of pressure 

Fig. 176. on the side of a perpendicular prismatic vessel, is one third of tbe 

866. height from the bottom. 
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Moreovefi since the magnitude of this pressure is equal to the 
surface multiplied by the distance of the centre of gravity, the pres- ^^S* 
sure on the upright side of a vessel of the form of a parallelopiped 
is to the pressure on the bottom, as half the area of the sideF%«176. 
to the area of the bottom, or as half the height of the side 
to the length of the bottom, reckoned in the direction of a perpen- 
dicular to this side. When the parallelopiped is a cube, the pres- 
sure on the side is half that on the bottom, and the pressure upon 
the four sides together, double that upon the bottom. 

Since the pressure of any fluid is proportional to the depth 
below the surface, the strain upon the sides of a sluice^ and the 
banks of a canal, must increase uniformly from the top to the bot- 
tom ; and, when this force is to be resisted by earth or masonry, 
since the strength of the materials may be estimated in a certain 
proportion to the weight, commonly as a third or fourth part, if 
AB be the height of the bank or dike, and a third of its density Fi|;. SOS. 
be to that of water, as AB to BC^ by joining ACj this line will 
represent the proper slope. If the bank be composed of. stone 
or brick, the base BC must be at least equal to the ahitude 
AB; if it be of earth, BC should exceed the height AB by one 
half. 

Let ^C, jBC, represent the floodgates of a canal-lock which rig.S09. 
are opened by means of the extended arms AF^ BF* When we 
shut the gate, ^C is pressed at right angles by the water with 
a force proportional to AC^ and which, from the principle of the 
moment of inertia, must exert a perpendicular effi)rt at the end 

• — * 
C, as AC. The strain thence produced in the direction ^fi 866. 

will be opposed by an equal and opposite efibrt from the gate 

BC. These two forces constitute the power which closes the 

gates. If the angle ACB be very acute, the gates would close 

feebly ; if on the other hand ACB be too obtuse, the gates 

would occasion a great strain upon the sides of the sluice. This 

strain in the direction CA is as ACy other things being the same ; 
it is also as the width of the canal or as AD^ and for the reason 
above given, inversely as CD ; that is, the force in question is as 

AC X AD 

VD ' 

Meek. 39 
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AC 

or, the width of the canal being constant, as ^q« We have^ 

tlierefore, only to find when this is a minimum. It is evidently 

equal to the diameter of the circle circumscribing the triangle 

Ckom. ACB ; and since the least circumscribing circle is tiiat whose ceo- 

^^' tre is I), we infer that the angle ACB of the meeting of the gates 

should be a right angle. 

423. Water is sometimes conveyed in pipes, which, accordiog 
to what is above said, must sustain a pressure in proponioQ 
to the height of the source. There is moreover a (brce exerted 
Fir. f 10 "P^" ^^^^ interior of the pipe depending upon its diameter. ADE 
being a transverse section of the pipe, let .^ be a particle of the 
fluid pressed by two contiguous particles B^ C, and kept ia 
equilibrium by the resistance or tenacity of the substance of 
48. the pipe. These three forces will be represented by the three 
sides of a triangle formed upon their directions, or by the three 
sides ^ of the similar triangle OBC, formed i>y lines drawn 
perpendicularly to the directions of the forces. Now if we sup- 
pose BC io become indefinitely small, or that the forces exerted 
by Bj C, are directly opposed to each other, each will be repre- 
sented by the radius of the section. Thus, the height of the source 
being the same, and the substance of the pipe the satne, its thick- 
ness ought to be in proportion to the radius or diameter of the 
bore. 

We may apply the same conclusion to cylindrical vesseb gener- 
ally destined to hold fluids. Large casks are required to be made 
stronger than small ones, in the compound ratio of their diameter 
and height. The same precaution is to be observed, moreover, 
with regard to steam-pipes and steam-boilers of difierem dimen- 
sions, for the above reasoning will hold true equally in the case of 
elastic fluids, as in that of liquids. 



Solidi immersed in Fluids. 

424. Since the eflbrts which a fluid makes in a horizontal 
direction mutually destroy each other, in order to preserve a 
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body in any given posiUon in a fluid, it is only necessary 
to destroy the vertical part of the pressure; and to effect this, 
two things are required, namely, (1.) A downward effort 
equal to that of the upward pressure of the fluid ; and (2.) 
A coincidence of these efforts in the same vertical line. Now 
the vertical upward pressure or buoyancy of the fluid is equal 
to the weight of the portion of fluid displaced j hence, f the por- 
tion of fluid displaced weigh more than the immersed hody^ the 
body will floaty and it will elevate itself until the portion of fluid 
answering to the part immersed, shall weigh just as much as the 
entire body. 

Accordingly, if, when a body floats, we add to it a certain 
weight, or take a certain weight from it, it will sink or rise until 
the increase or diminution of the fluid displaced shall become 
equal to this new weight. If tlie weight added or subtracted 
be small compared with that of the body itself, the quantity IK, 
by which the section AB is depressed or elevated, will be soFiff.207. 
much the less, according to the smallness of this new weight 
compared with the extent of the section AB. When, therefore, 
this new weight is inconsiderable, and the section AB is large, 
JlB and A'B^ may be considered as equal, and the difference 
in the bulk of fluid displaced, occasioned by the supposed 
change of weight, may be estimated by the surface AB multiplied 
by IK, that is, by AB X IK. Therefore if w represent the 
weight of a cubic foot of the fluid,* w X AB x IK will express 
the weight of the bulk in question, the surface AB, and the alti- 
tude If being estimated in feet. Thus, if t^ be the weight added 
or subtracted, we shall have 

w X AB X lK=v/, 

from which we deduce 

^- wxAh' 

that is, in the case of a vessel, for example, in order to find how 
much a certain addition to the cargo wUl sink the vessel, we divide 

* This in the case of fresh water is at a mean very nearly 
^\ and in that of searwater 6A^\ 
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the value'^f^tfais additioD t(/, by the surface of the sectioo maie 
at the water's edge (estimated in square feet), multipEed by the 
weight of a cubic foot of water. 

When a vessel is sheathed, the bulk of the hull is aug- 
mented by a quantity, the method of calculating which has 
CaL iss. been made known. The effect, therefore, is the same, as if the 
cargo were diminished by the following quantity, namely, ibe 
weight of a mass of water equal to the augmentation of die hu!!, 
minus the weight of the materials whiph compose the sbeathio;. 
Accordingly, it may easily be determined how much less or oxxe 
the vessel would sink. 

425. The weight of a body remaining the same, its bulk may 
be enlarged at pleasure, by forming it so as to inclose a spice. 
There is no substance therefore so heavy that it may not be made 
to float. 

426. Since, when the weight of a body is diminished with- 
out changing its bulk, it must elevate itself with an effort which 
can be counterbalanced only by a weight equal to that which 
has been taken from it, it will be seen that this upward pressore 
of water may be advantageously employed in raising large mass- 
es ; in drawing up vessels, for example, from the bottom of bars 
and rivers, by attaching them to other vessels, floating above, aod 
deeply laden with stones or water, afterward to be tbrom 
overboard. 



Specific Gravities. 

427. In general, if S be the specific gravity of afloaiioj 
body, or, which is the same thing, the weight in ounces of a 
cubic foot of this body,* the matter being supposed to be uni- 
formly distributed, b its bulk, S' the specific gravity of the 



• Water is the unit to which we refer all substances, except the 
gases, in estimating their specific gravities. It is immiteriii 
what bulk be used for this purpose, or whether any particular 
balk, provided the two in question be equal. A cubic foot of an/ 
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and 1/ the bulk of ihe part immersed, the weight of this body 
will be S b; and that of the fluid displaced will be S' V ; whence 
we have 

81 = 8*}/, 
an equation which gives 

from which it will be seen, that the weight S 6 of the body remain- 
ing the same, the part immersed will always be so much the less, 
according as the specific gravity of the fluid is greater. 

Moreover, this same equation is equivalent to the proportion, 

h I b' II 8' : S; 

that is, the bulk of the body is to that of the part immersed, inverse- 
ly as the specific gravity of the body to that of the fluid. 

428. If the immersed body weigh more than an equal bulk 
of the fluid, it must sink ; and it can be retained only by a force 
equal to the excess of its weight above that of an equal bulk of 
the fluid. Now if we represent the specific gravity of the fluid, 



substance compared in point of weight with the same bulk of 
water would evidently give the same result as any other measure ; 
and correct results once obtained, we can substitute such other 
bulks as we choose. The cubic foot has this particular advantage, 
that, if the measures be taken at the temperature of 50^ of Fahren- 
heit, the same numbers which express the specific gravities, the 
decimal point being removed three places, or the whole being 
multiplied by 1000, gi?e the absolute weight in avoirdupois ounces ; 
since a cubic foot of water at this temperature weighs 1000 ounces. 
It is usual, however, in determining specific gravities, to refer to 
the temperature of 60^, at which a cubic foot of water weighs 
62,353^*^*, or a little less than 1000 ounces. In the more accurate 
experiments, however, upon this subject, the absolute weight is first 
ascertained, and the cubic inch is taken as the measure, this bulk 
of distilled water at the temperature of 60^, being estimated at 
252,525 grains. ' In France the temperature preferred is that of the 
maximum density of water, or 39^,39. The atmosphere is em- 
ployed as the unit in estimating the specific gravities in gases. 
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and that of the body immersed in H, hj Sf^ 5, respectiveijr, iml 
the bulk of tlie body by 6, we shall have, Sh — S' ( for the 
excess of the weight of the body above that of an equal bolkol 
the fluid. Hence, if we suppose that this body is retained br 
means of a thread, attached to the beam of a balance, and that 
19 is the weight with which it is kept in equilibrium ; we abD 
have 



from which we obtain, 



w = S 6 — S' 6, 



8 ah 



af^ sh—w 



Now 5 6 is the absolute weight of the body, and w its weight id (be 
fluid ; knawingj thertfare^ the abiolute weight of a body, and itt 
toeight when tmmersed in a fluids we easily determine the ratio of 
their specific gratfities^ by dividing hu^ the absolute weigh (^ik 
body the difference of these two weights. If, for example, the ab- 
solute weight of a body be 6 ounces, and its weight when immersed 
in water 5 ounces, we divide the absolute weight 6 by the diffi- 
rence, and the quotient f shows that the specific gravity of the bod; 
is 6 or is to that of the fluid as 6 is to 1. 

In other words, since the k>ss of weight sustained by a bod; 
on being immersed in a fluid is equal to the weight of its own boa 
of that fluid, by proceeding as above, we shall have the weight ci 
equal bulks of the substances in question, and consequent!/ their 
relative weights or specific gravities* 

If the solid substance whose specific gravity is sought be hgliter 
than water with which it is to be compared, it may be made to sink 
by attaching to it a heavier body, whose water-weighi is koovn; 
then, by subtracting this from the water-weight of the co0(XxumI 
body, we shall have that of the body in question. 

When the substance to be weighed is soluble in water, as coo- 
mon salt, for instance, it may be covered with a thin coat of tnem 
wax, which is very nearly, and may be made exactly of the 9Bi^ 
specific gravity with water. The body will thus be protectetii to^ 
the loss of weight, on being immersed, will be the same as if waUir 
occupied the place of th^ covering. 



Spedfe Cfrariiies. Sll 

Another method is to detennine the specific gravity of the body 
^rith reference to some liquid, as alcohol or oil, iii which no solu* 
tion takes place, and whose specific gravity, compared with water, is 
known. We have then simply to use the proportion, as the spe- 
cific gravity of water, is to that of the fluid used so is the result 
above found to the result sought. 

439. If the same body be immersed in another fluid, whose 
specific gravity is denoted by S'\ and v/ represent the weight 
necessary to counterbalance it ; as in the former case we had 
%o z=: S b — S' 6, we shall have, in like manner, ti/ = S 6 — S'' 6. 
Now these two 'equations give 

S'b = Sb — w, and S''b=z Sb — u/; 

vrbence, dividing this last by the preceding, we obtain 

5^_ Sb — ipf 
JSF "" 8b— to' 

Knowing, therefore, the absolute weight S b of vl body, and its 
weight tcK in a fluid, and its weight w in any other fluid, we easily 

determine the ratio ^ of the specific gravities of these two 

fluids. 

By taking a solid glass ball and grinding it to such a size that 
it shall lose just a thousand grains, for instance, when weighed in 
distilled water, at the assumed temperature, then by observing the 
loss of weight I in grains, sustained on being weighed in any other 
fluid, we shall have 

1000 : Z : : 1 : jS = 



1000' 



Thus the specific gravity of the fluid in question is obtained by 
dividing / by 1000, or removing the decimal point three places to 
the lefl. If a larger number of decimal places were required, we 
should employ a ball weighing 10000 or 100000 grains, and di- 
vide acccNrdingly. 

430. The precious iMtals being heavier than those of less 
valae, when ihey are debased^ it must be by means of some sub- 
stance of less specific gravity, and the compound will conse- 
quently be lighter than the metal it is intended to represent* 
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SpiritSy on the other hand, are fighter than the liquids yfA 
which they are aduherated, so that, in each case, the spec^ 
gravity becomes the test of purity. We have, hence, a curbis 
and important problem, namely, knowing (he specific gravity of 
the two ingredients that compose a compound, and the specific 
gravity of the compound, to find the proportion of the ingredi- 
ents. This proportion may be estimated by weight, as is osaally 
the case with respect to metals, or by measure, which is the cooh 
mon method where liquids are concerned. The weight of the in- 
gredients being sought, we put x for that of the denser, and ; is 
that of the rarer or lighter, c representing that of the cotDpoood, 
and jS, S'f 5'^ denoting their specific gravities respectively. We 
have X -^ y =: c; also, on the supposition that the hulk of the 
compound is equal to that of the constituent parts, the specific 
gravity would be the same whether the compound were coosid- 
ered as one entire mass, or as composed of two distinct pans, aod 
the weight divided by the specific gravity in the one case wooU 
be equal to the weight divided by the specific gravity io tk 
ether, that is, 

5 u. i!L — ^ 

To find a?, we substitute in this equation the value of y deduced 
from the first, namely, y = c — a?, which gives 



or 



whence 



X = 





8 ^ 


— X 

8 ~ 


c 

■ ^» 






88' 


-8) _ c 

~ 8>' 


8e 

88' 






88' 
(8'— 8) ^ 




- {8- 


-S-)8 
-8)8"'' 


-i^- 
"(-»- 


.8)S 



In like manner, we have 



y - (S — S)S' ^' 
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Suppose a compound of gold and silver to have a specific grav- 
ity equal to 14, that of pure gold being 19,3, and that of pure sil- 
ver i 0,5 } we have 

S = 19,3, S' = 10,6, S'' = 14 ; 
and consequently, S^J^^ ' J^ 

fi/' — S' = 3,5, \; _ s ' 

p:^ /f,3 S — S' = 8,8, 

/<rA^ S-S-=5,3; 

whence, bj the formula, the proportional weight of gold will be v 

3,5 X 19,3 _ 67,55 _ ^ ^^ 
8,8 X 14 ~ 15S;2 - "»'*^- 

The formula for the value of y gives for the proportional weight of 
silver 

^ ^ X/dT 6,3 X 10,S _ 65,66 _ q 

-/•^ ' 8,8 X 14 - m^ ~ "'**• 

whatever c may be in each case. 

43 1 • Where the proportion of the ingredients by bulk or measure, 
instead of by weight, is sought, as in the case of liquids, the 
process is shorter. Calling b, h\ the bulks of ihe ingredient 
corresponding to the specific gravities S, S'^ as the weight is 
equal to the bulk multiplied by the specific gravity, and the weight 
of the compound is equal to the sum of the weights of the ingre- 
dients, we have 

S"X{h + h') or ^'h + S"}/ z=z Sh + SfV, 



whence 



S''h — Sh = S'V — S'^V, 



or 



that is, 



5(S// - S)=6'(S' — Sf')i 



h iV :: S' — iS^' : S'' — S. 



Suppose a certain spirituous liquor to have a specific gravity 
equal to 0,93, that of highly rectified alcohol or pure spirit being 
Mech. 40 
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0,83 and water 1 ; we have in this case 

S = 0,83, S' = 1, and S'' = 0,93, 

which gives, 

S' — S'' = 0,07, S" — S = 0,1, 

and by substitution, 

b : 1/ :: 0,07 : 0,10; 

that is, the proportion by measure of pure spirit to that of water, 
is as 7 to 10. In what is called proof spirit, it is required that the 
constituent parts of water and spirit should be equal, wbicb gives a 
specific gravity of 0,925, and the degree above or below proof b 
usually denoted by the number of gallons of water to be added to 
or taken from 100 gallons of the liquor in question, to bring it to 
the required standard or proof. 

But more expeditious methods have been devised ibr deter- 
mining the proportion of alcohol in spirits. It is evident that if 
a great variety of mixtures»of known proportions were prepared, 
and hollow glass balls or beads were so adapted to each in re- 
spect to specific gravity, as just to remain suspended io any part 
of the fluid ; by marking the known proportion of alcohol aod 
spirits in each case on the respective balls, similar unknown 
mixtures might be readily examined as to their proportion of 
alcohol. It would only be necessary to make trial of difierem 
balls until one was found which would tend neither to rise dot 
sink when immersed in the fluid. But instead of a large number 
of such balls, a single one with a long graduated stem and mov- 
able weights^ as represented in figure 21 1, might be employed to 
the same purpose. The ball itself should be of such a specific 
gravity as just to sink to the commencement of the graduation od 
the stem when suspended in alcohol, and the weights to be at- 
tached should be such as to cause the ball and some part of the 
stem to sink in any mixture of less specific gravity than pure 
water. Then the weight together with the divisions of the stem, 
which serve to subdivide the difference between two weights, 
would indicate, like the separate balls, the specific gravity of the 
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liquid and conseqaendy its proportion of alcohol. An instrument 
so constructedi is called a hydrometer.* 

432. In making use of the hydrometer, and in experiments 
generally upon speci6c gravities, there are several particulars to be 
taken into consideration. 

(1.) Since all bodies expand with heat and contract with 
cold, it will be perceived that the specific gravity of bodies is 
modified by temperature. Thus bodies are specifically heavier 
in winter than in summer, and the same spirit would indicate dif* 
ferent proportions of alcohol at different seasons, regard not be* 
ing had to this circumstance. Accordingly a thermometer is a 
necessary appendage to a hydrometer, and the correction for 
temperature is applied by means of a movable scale, containing 
the degrees of the thermometer, sliding upon another scale on 
which are placed the numbers of the several weights, including the 
stem. 

(2.) When two substances are mixed together, there is often 
a mutual penetration of parts, whereby the specific gravity is 
increased, and there would seem, by the foregoing methods, to be 
a greater proportion of the heavier ingredient than actually ex- 
ists. Thus a pint of water and a pint of alcohol do not make a 
quart of liquid. The defect is sometimes a 40th part. On the 
other hand, the bulk in certain cases is augmented by compound- 
ing. A cubic inch of tin mixed with a cubic inch of lead will make 
a compound exceeding two cubic inches. No accurate allowance 
can be made for such changes ; consequently the methods above 
given, become in a degree defective, and the results to a certain 
extent uncertain. 

(3.) The number of ingredients may exceed two, or the na- 
ture of one or more of the ingredients may be unknown. In all 
such cases, the problem is in its nature indeterminate. 

433. Questions sometimes occur, especially in chemical re- 
searches, the reverse of those we have been considering, namely, 

* There is a great variety of instru^nients of this kind, all de- 
pending on the same general principles. They are known also by 
a variety of names, as areometer, gfavmeter^ alcoholometer^ pese-- 
liqueur, essay^instrument, d&c. 
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it does when empty. This diTided by 300, or f Vl) P'^ ^ ^ 
absolute weight of a cubic inch of air 0,308 parts of a grain. 
By dividtog this by 252,525, the weight in grains of a cubic inch 
of water, gires 0,00122 or j^^ nearly for the specific gravitj of 
common air, at the surface of the earth in its mean state of deo- 
sify and moisture, the temperature being that to which specific 
gravities are generally referred by English philosophers, name- 
ly, 60^ of Fahrenheit. Hence bodies weighed in air lose at a 
mean j^^ V^^ ^^ ^^ weight lost on being weighed io water. 
Accordingly, if we weigh a body in air and increase this weight 
by T^T of the difference between the air and water weight, ve 
shall bave the absolute weight very nearly ; that is, if w be ibe 
absolute weight, to' the air weight, and u/' the water weight, le 
shall have w ^ u/ + j^^ (u/ — «r") very nearly.* 

If it were proposed to find how much a solid ball must weigh b 
Ae air in order that its absolute weight may be 1000 grains, from 
the equation 

1000 = ti/ + TTTT (*^ — ^')f 
we should have 

v/ = 1000 — yjy (w/ — v/% 

or, 

u/— u/' being 328, for example, ti/ = 1000 — 0,4 = 999,6. 

* To be strictly correct, the formula should be 

bot the object of this formula is to find t0, and when we baie 
obtained it nearly, we may substitute this value, and thus ap 
proximate the true value of to to any degree of exactness. Bot 
generally speaking, the correction derived from the second approx- 
imation is very small. Thus, in the example that follows abore, 
.^ («?' — to") is 0,4 grains, and the second approximation woulii 
give only -^^^ of 0,4 grains or 0,0006 of a grain. Where the re- 
sults are intended to be very accurate, the coefficient ^j^ sboolo 
be corrected for the particular state of the atmosphere at the tine 
of the experiment, the method of doing which depends apoo i^ 
struments to be described hereafter. 
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435. According to what is above laid down, the specific gravity 427. 
of a body multiplied by its bulk gives its weiglu. Now the density 
multiplied by the bulk gives what is called th^na*ss of the body, so. 
which is proportional to its weight. Hence the specific gravity 27SL 
mukiplied by the bulk, is proportional to the density inultipiied by 
the bulk ; therefore the specifir. gratfities of bodies are proportional 
to their densities. Thus S, jS^, being the specific gravities, w, tc/, 
the weights, &, 6', the bulks. A, A', the densiues, and m, m', the 
masses of two bodies, 

S 6 = ti^, and S' i' = «/ ; 

also, 

Ab z:z m I A' b' =z mf : : w : u/ ; 

whence 

Ab : Afb' :i Sb : S'b', 



or, 



A' :: S : iS'. 



By employing the same unit in both cases, as water, for exam- 
ple, at the same temperature, the specific gravities would be equal 
to die densides. 

If fluids of various densities, and not disposed to unite by 
any chemical affinity, be poured into a vessel, they will arrange 
tliemselves in horizontal strata, according to their respective 
densities, the heavier always occupying the lower place. This 
stratified arrangement of the several fluids will succeed, even 
though a mutual attraction should subsist, provided only that its 
operation be feeble and slow. Thus, a body of quicksilver may 
be at the bottom of a glass vessel, above it a layer of coDceo- 
trated sulphuric acid, next this a layer of pure water, and then 
another iayer of alcohol. The sulphuric acid would scarcely 
act at all upon the mercury, and a considerable time would 
elapse before the water sensibly penetrated the acid, or the al- 
cohol the water. Bodies of diflferent densities might remain 
suspended in these strata. Thus, while a ball of platina would 
lie at the bottom of the quicksilver, an iron ball would float on its 
surface ; but a ball of brick would be lifted up to the acid and a 
ball of beech would swim in the water, and another of cork might 
rest OD the top of tbe ak(4iol. 
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Specific OravUies of the more remarkable Subitances. 



Flatinum, purified, . . . 19,50 

hammered, . 20,33 

'• — laminated, . . 22,07 

drawn into wire, 21,04 

Gold, pure and cast, . . 19,26 

hammered, . . • 19,36 

Mercury, 13,57 

Lead, cast, 11,35 

Silver, pure and cast, . • 10,47 

hammered, • . 10,51 

Bismuth, cast, .... 9,82 
Copper, cast, 8,79 

wire, .... 8,89 

Brass, cast, 8,40 

wire, 8,54 

Cobalt and nickel, cast, . 7,81 

Iron, cast, 7,21 

Iron, malleable, .... 7,79 

Steel, soft, 7,83 

hammered, • . . 7,84 

Tin, cast, 7,30 

Zinc, cast 7,20 

Antimony, cast, • . . 4,95 
MoiybdsBnum, .... 4,74 
Sulphate of barytes, . . 4,43 
Zircon of Ceylon, . . .4,41 
Oriental ruby, .... 4,28 
Brazilian ruby, .... 4,53 
Bohemian garnet, . . . 4,19 
Oriental topaz, .... 4,01 

Diamond, 3,50 

Crude manganese, . . . 3,53 

Flint Glass, ' 2,89 

Glass of St. Gobin, . . . 2,49 

Fluor Spar, 3,18 

Parian marble, .... 2,34 
Peruvian emerald, . . . 2,78 

Jasper, 2,70 

Carbonate of lime, . . . 2,71 

Rock crystal, 2,65 

Flint, 2,59 

Sulphate of lime, . . . 2,32 
Sulphate of soda, • . • 2,20 

Common salt, 2,13 

Native sulphur, .... 2,03 

Nitre, 2,00 

Alabaster, 1,87 

Phosphorus, 1,77 



. ... 1,86 



1,72 



Plumbago, 

Alum, . . 

Asphaltum, 1,40 

j^^ 1^ 

Coil, from * .' .' .'l,24tol,30 
Sulphuric acid, • . . . liBi 

Nitric acid, 1>S3 

Muriatic acid^ \t^ 

Equal parts by weight of 
water and alcohol, . . 0,9$ 

Ice, 0^« 

Strong alcohol, .... 0,'$ 
Sulphuric sther, .... 0,74 

Naphtha, 0,71 

Sea water, 1,03 

Oil of sassafras, . . . . 1,09 

Linseed oil, 0,^ 

Olive oil, 0;91 

White sugar, U\ 

Gum Arabic and honey . 1,4^ 

Pitch, 1,15 

Isinglass, IJ^ 

Yellow amber, . . . . 1,08 
Hen's egg, fresh laid, . . 1,05 

Human blood, 1<03 

Camphor, 0,99 

White wax, 0,97 

Tallow, 0,94 

Pearl, 2,75 

Sheep's bone, . . . . 2,S 

Ivory, li^ 

Ox's horn, . . . . • 1.^ 

Lignum vit©, h^ 

Ebony, l.Jo 

Mahogany, ^'^ 

Dry oak, 0,93 

Beech 0,85 

Ash, .0,84 

Elm, . . . from 0,80 to 0,0^ 
Fir, . . . from 0,57 to 0,« 

Poplar, 0,38 

Cork. j^ 

Chlorine, .... 0,009^ 
Carbonic acid gas, . . 0,00164 
Oxygen gas, . . . 0,» 
Atmospheric air, . . "''J"^ 
Azotic gas, . . . 0,OOOW 
Hydrogen gas, . . . 0,(KWw 
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It will be seea by the foregoing table, that there are gases 
much lighter than the atmosphere ; accordingly, if a large quan- 
tity of one of these fluids were conflned by a thin covering, as oiled 
silk, it would rise in the atmosphere as a cork does in water until 
it reached a region of the atmosphere of the same specific gravity 
with itself. It is upon this principle that balloons are constructed. 
They were at first filled with air rarefied by heat, and a fire was 
supported in a car placed under the balloon for this purpose. Hy- 
drogen was afterward discovered, and proved to have a specific 
gravity only f\ of that of common atmospheric air. This gas is 
the lightest of known fluids, and will consequently require a less 
bulk for a given buoyancy than any other. It is universally em- 
ployed in the construction of balloons. 



Spirit Level. 

436. This instrument consists of a tube AB^ nearly fiOedFig.st8. 
with alcohol or ether, the remaining space CD being occupied 
by a bubble of air. Being attached to the vertical or horizon- 
tal circle of a theodolite or other instrument, it serves to deter- 
mine the horizontal position of a line or plane, since if either end 
of the tube is higher than the other, the bubble of air, from its 
specific lightness, will indicate it by tending to the higher part. 
It is usual, where great exactness is required, to make the tube 
slightly curved, the curvature being circular; the bubble will 
then move more readily, settle itself with more certainty, and 
describe equal spaces by equal changes of inclination. A good 
spirit level will exhibit a movement of more than half an inch for 
each minute of inclination, and the bubble will sensibly alter its 
position by a change of five seconds in the inclination. In such 
a tube, the radius of curvature will be about 150 feet. But lev- 
els have been rendered still more delicate. Lalande speaks of 
one, filled with ether, the bubble of which passed over fourteen 
inches by equal spaces of onb tenth of an inch for every second. 
The radius of curvature was consequently 1719 feet, or nearly one 
third of a mile.* 

* The number of 'seconds in a circle is 

360 X 60 X 60 = 1296000. 
Medt. 41 
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Of the Equilibrium of Floating Bodies* 

437. In order that a heavy body may be in eqaiEbrium oa 
the surface of a tranquil fluid, it is necessaiT- that its wei^fat 
should be less than that of an equal bulk of the fluid. There 
is an exception to this rule, however, in the case of very small 
bodies, the particles of which are of a nature not to exert any 
attraction upon the particles of the fluid, or whose attractioo is 
much less than that of the particles of fluid for each otber. In 
this case the fluid is depressed below its level, forming a little 
hollow about the floating body, which may be regarded as mak- 
ing a part of the bulk of the body ; and on account of tins aag- 
mentation, it is evident that the body may float, although its spe- 
cific gravity should be greater than that of the fluid. It is oo 
this account that a needle smeared with tallow may be made lo 
float on water. Small globules of mercury also are supported io 
a similar manner. To render this eflect of no avail, we have 
only to suppose the floating bodies so large, that the void ^paoe 
which may be formed about them (and which is always veij 
small) may be neglected when taken in connection with a bulk 
so much greater. 

438. The weight of a body being smaller than that of an 
equal bulk of the fluid, the body will sink till the weight ot the 
fluid displaced becomes equal to that of the body; and when 
these two weights are thus equal, the body will be in equilibri- 
um, if its centre of gravity and that of the fluid displaced, or 

32. the centre of buoyancy, are situated in the same vertical. With 
respect to homogeneous bodies, the centre of buoyancy coincides 
with that of the immersed part of the body ; and that the weight 
of the fluid displaced may be equal to that of the body, it is 
necessary that the densities should be in the inverse ratio of the 



Calling these tenths of an inch, we have, by dividing by 10 and by 
12, 10800 feet for the absolute length of the circumference ; whence, 

2 9Kor6,283S : 1 : : 10800 : 1719. 

In the best spirit levels, the requisite curvature is effected and 
rendered true by grinding with emery. 
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bulks, OF that the bulk of the immersed part should be to the 
entire bulk of the body, as its density is to that of the fluid ; it ^^* 
Ibllows, therefore, that the deteruiinatiou of the positions of equi- 
librium of a homogeneous body, placed on the surface of a fluid 
of a given density greater than that of the body, is reduced to a 
problem of pure geometry which may be very simply stated. 
It is required to cut the body by a plane in such a manner, that 
tbe bulk of one of its segments shall be to that of the whole body 
in a given ratio, and th^t the centre of gravity of this segment 
and that of the body shall be situated in the same perpendicular 
to the cutting plane. 

439. There are diflerent kinds of equilibrium depending upon 
the form and position of the floating body. With respect to 
the sphere, for example, provided its density be less than that 
of the fluid, it will remain in equilibrium in any position whatev- 
er, since the centre of gravity^ and that of buoyancy continue to 
be in the same vertical. This will be the case, also, with re- 
spect to solids of revolution generally, on tbe supposition that the 
axis remains horizontal. Such an equilibrium is called an equi^ 
librium of indifference* But when, from the form of the solid or 
its relative density, it tends, upon being inclined a little, to return 
to its position, the equilibrium is said to be stable. On the other 
hand, if its tendency after a slight inclination is to depart from 
its first position, the equilibrium is denominated unstabk* 

m 

440. With respect to the diflferent positions of equilibrium of 
the same solid, there is a remarkable property which may be 
demonstrated independently of any calculation. Let us suppose 
that the body in question ^ is made to turn about a movable axis 
which is kept constantly parallel to a fixed and horizontal straight 
line, and that it is made to pass in this way successively through 
all its positions of equilibrium in which the axis has this direc- 
tion ; we say that the positions of stable and unstable equilibrium 
will succeed each other alternately, so that if the body be mov- 
ed from a position of stable equilibrium, the next position will 
be unstable, the third stable, and so on till it has returned to its 
first position. 

Indeed, while the body is yet very near its first position, it 
will, tend lo return to it, this position being supposed to be stable ; 
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but the tendency thus to return will gradualtyg diminish as it ne- 
volves, tin after a time the body will incline the other way, but be- 
fore this tendency changes its sign (to borrow an expression from 
algebra), there ^ will be a position in which it will be notfaii^. 
and in which the body will neither incline to return to its 
Brst position, nor to depart from it ; this, therefore, ' will be 
its second position of equilibrium. Now we see that witUn this 
part of its revolution, the body tends to return to its first posi- 
tion, and consequently to depart from the second. Beyond tfab 
point, the body tends to depart from its first position, and at the 
same time from the second ; therefore the second podtkni of 
equilibrium is not stable, since on each side of it the body teo<b 
to depart from it. Upon its passing this position, its tendenqr 
to depart from it diminishes continually, till it becomes notbiDg; 
and beyond this the body tends to return toward its secood 
position. The point where this tendency is nothing, is a third 
position of equilibrium, which is evidently stable ; for on each 
side of it, the body tends to return to it, either approaching to- 
ward or receding from its second position. If the third positioo 
is stable, it may be shown by the saitie kind of reasoning that 
the fourth is not, and that the fifth is, and so on. 

Thus, when the body returns to its first position, it will have 
necessarily passed through an even number of positions of equi- 
librium, alternately stable and unstable. 

441. It is important to be able to distinguish a stable positioa 
of equilibrium in a floating body from one which is not so. Id 
order to this let us suppose a body which admits of being di?id- 
FSg.2U.ed by a vertical plane /TFi into two parts perfectly similar, both 
as to form and density. Let us suppose, moreover, that thb 
body is made to depart from its position of equilibrium, in such 
a manner that this section HFl remains vertical, and that after 
having thus disturbed it, we leave it to itself without impressing 
upon it any velocity; in this way the section HFl will remaio 
in the same vertical plane, during the whole motion of the* body, 
for the two portions being perfectly similar in all respects, there 
is no reason why it should ever depart from the vertical plane in 
which it was supposed to be first situated. For the same reason, 
the centre of buoyancy will always be in the secti(Ni HFl, as 
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^ell as the centre of gravity. Let G, then, be the centre of 
gjTavtty ; and the position being that of equilibrium^ let B be the 
centre of buoyancy, and JETJ the intersection of the level of the 
fluid with the plane HFIj or the water-line ; in this position, the 
straight line GB^ which connects the two centres, is vertical, and 
consequently perpendicular to the straight line flf; it inclines 
generally when the body is made to depart from this position, 
and at the same time, the centre of buoyancy, and the water-line, 
change their position upon the plane HFL I will suppose^ tbere>- 
fore, that this centre is the point B\ and this line the straight 
line BfT^ when the equilibrium has been disturbed; the forces 
%vhich will tend to put the body in motion are the weight of the 
hoAj which is directed according to the virtical GV drawn 
through the centre of gravity 6, and the resultant of the vertical 
pressures of the fluid upon the surface of the body ; this result- 
ant is the buoyancy of the fluid, and is equal to the weight of 
the fluid displaced, and is exerted at the point B' its centre of I86w 
gravity, in the direction contrary to that of gravity, or according 
to the vertical B'Z* This vertical *and the inclined straight line 
GB being in the same plane, will cut each other in a certain 
point M called the meiacenire. It is on the position of this point 
with respect to the centre of gravity Gy that the stability of the 
equilibrium depends. The point M may be taken for the point ^ • 
of application of the buoyancy of the fluid, which will then be 
exerted according to the straight line MZ } the body will there- 
fore be acted upon by two parallel and contrary forces^ applied , 
at the extremities of the straight line GM> It is now proposed to 
determine in what direction the body will move, and whether 
these forces will tend to restore it to its position of equilibrium, or 
to make it depart further from this position. 

442. In the first place, if they be unequal, they will produce a 
motion of oscillation in the point G. For the centre of gravity X24. 
ought to move just as if the two forces were applied directly at this 
point ; therefore, the initial velocity being nothing, its motion will be 
in a vertical straight line, and in point of magnitude equal to the 
excess of the greater of the two forces over the less. If at the 
commencement of the motion, the weight of the body exceeds the 
buoyancy of the fluid, the point G will begin to descend ; its mo- 
tion win atj first be accelerated, but according as the body sinks 
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in the fluid, the portion displayed will be greater and g^ter, 
and, consequently the buoyant eflbrt will increase, till at lei^ 
it will become equal to the weight of the body. The point G 
will still continue to move on in the same direction by virtue of 
its acquired velocity, but then the buoyancy of the fluid exceed- 
ing the weight of the body, its velocity will be retarded coatin- 
ually, till Anally the downward motion of O will cease, and then it 
will begin to return toward its first position, and thus it will cootinne 
to oscillate till the motion is entirely destroyed by the resstaoce 
oC the fluid. The extent of these oscillations will be smaller, ac- 
cording to the difference at the. outset between the weight of the 
body and that of the fluid displaced, compared with the weigfat 
of the body. , If the body be but little removed from its positioa 
of equilibrium, this difference will be small, the extent of the 
oscillations will consequendy be small, and will not materially aftct 
the stability of the body. 

443. During these oscillations of the point Cr, the body w3 
turn about this centre, in precisely the same manner as if it were 
137. fixed ; its motion of rotation will be produced, therefore, by the 
buoyancy of the fluid, which acts at the point M according to 
the direction MZ; and its state of equilibrium will be stable or 
unstable, according as the straight line OB tends to approach io, 
or recede firom, the vertical. Now it is evident from inspedian, 
that the buoyancy of the fluid will tend to restore the strugfat 
line GB to its vertical position, whenever the point M is abovt 
the point Cr ; on the other hand, if M or the metacentre is below 
the point Gr, as at M'^ for instance, the buoyancy of the fluid, 
which will then be exerted according to M'Z'j will cause the 
straight line CrJB to depart further from a vertical position, and 
tend to upset the floating body. Therefore, when the metacen- 
tre is below the centre of gravity, the equilibrium is unstable; 
and, on the other hand, when the metacentre is above the centre 
of gravity, the equilibrium is stable ; at least with respect to all 
positions in which the plane HFI continues vertical. If, in a 
particular case, the metacentre coincides with the centre of grav- 
ity, there will be no tendency to turn one way or the other, and 
the straight line Cr^ will remain stationary, whatever inclination be 
given to it. 
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444. When the form of the iSoating body is known," on the ' 
supposition that its position is very near that of equilibrium, it 
will be easy to determine the place of the metacentre, or rather 
to determine whether this point is above or below the centre of 
gravity of the body. Let us suppose, for instance, that this body 
is a homogeneous horizontal cylinder of an elliptical base, and of 
half the density of the fluid ; let HFLA be a vertical section ^¥'^^^> 
made at equal distances from the two bases ; in the position of 
equilibrium, one of the two axes will be vertical; and as half 
of the bulk will be immersed in the fluid, it follows that the 
other axis will coincide with the toaterMne^ and will represent the 
level of the fluid. The vertical axis AF is the transverse in figure 
215, and the conjugate in figure 216. Now we say that in the 
first case, the metacentre is below the centre Cr of the ellipse, 
which is also the centre of gravity of the cylinder, and that it is 
above it in the second case. 

Draw through the point O, a straight line A'F making a very 
small angle with AF; let us now suppose that the axis AP is 
inclined till A'F becomes vertical, and that at the same time we 
raise or depress a very little the centre of gravity Gf, so that the 
level of the fluid shall become the straight lin^. £PjP, perpendic- 
ular to the straight line A'F at the point G^. In • this position, 
the part H'Ft of the ellipse HFIA will be immersed in the 
fluid ; and this part is divided into two unequal portions H'FCH 
and FFCy by the straight line G'jP. Now it is evident that the 
centre of buoyancy will be found in some point B\ situated in the 
greater of these two portions, whence it is evident by looking ^at tha 
two figures, that B^M, parallel to the straight line FA^j will meet 
the straight line FA at the point M^ below the centre of gravity in 
the first figure, and above it in the second. 

Thus the cylinder which we are considering is in a stable or 
unstable position of equilibrium, according as the conjugate or 
transverse axis of its base is vertical. Supposing the body to turn 
about the horizontal straight line which joins the centres of the two 
bases, it will pass successively through four positions of equi]ibrium» 
which will be alternately stable and unstable, agreeably to the 
general position already advanced. 
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445. To fix, iQ a few simple cases, the dimensioos of ihe 
solid and its relative density to that of the fluid required for a 
particular state of equillbriura, let the body in quesdoo be a 
homogeneous parallelopiped, placed vertically in the fluid ; and let 
Fif .ti7. J)PE be a section of this body through the axis parallel to one 
of its faces. The solid will evidently sink till the immersed part 
'*^* JVF shall be to tlie whole height AF^ as its density is to the 
density of the fluid ; and its centre of gravity and that of buoy- 
ancy will be G and JB, the middle points respecdvely or the axis 
and of the depressed portion JVF. Suppose now that the body fe 
inclined a little, shifting its water-line from the position BJfl to 
BfKt^ the centre of buoyancy, changing from B to B', will (i^ 
scribe a small arc of a circle, which for the extent under conaden- 
tion may be regarded as a straight line, and B' will be raised by 
a quantity which will be to the altitude PO of the centre of grar- 
ity of the triangle IM", as the area of the rectangle NIF b i» 
that of the triangle JAT, that is, as JVT : \ IF. Moreover the 
horizontal motion of B will be to JVP or | JV7 in the same pro- 
portion. Whence 

Nlyc IF 

But, by similar triangles, 

BB'oT^^^iBMiiIF :M; 

accordingly we have, for the height of the metacentre above the 
centre of buoyancy. 



3 iVF "" 12 NF' 

Let AF9 the height of the parallelopiped, be denoted by k 
its breadth or thickness HI by a, and its density or specific 
gravity by A. When the metacentre coincides with the ceow 
of gravity, and the solid floats indifferently in any position, BJi 

is equal to BO or to 5 ; that is, (water being the im 

in question,) since 1, the density of the fluid, is to A, the deosi? 
of the solid, as AF or A is to A!F or a A, we shall have 
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q» _ h — Ah 
12 A A "^ ~2 ' 

2 a» =: 12 A A* — 12 a* A^ 



or 

.8 ^ 



A' — A = — 



6A»* 



This being resolved after the manner of an equation of the second 
degree, gives 



=.*j 



3A» — 2a« 



12 A« 



If the parallelopiped become a cube, then a = A, and we 
have 

I7 ; that is, the two densities are 0,79 and 0,21 nearly. Between 
these limits there can be no stability ; but above 0,79 or below 0,21 
the equilibrium becomes more and more permanent. Hence a cube 
of beach will float erect in water, while one of fir or cork will over- 
set ; yet all these three cubes will stand firmly when placed upon 
the surface of mercury. We restrict ourselves, in this illustration, 
CO cubes, because we cannot apply the remark to parallelepipeds 
generally. A stable equilibrium depends, as will be inferred from 
what has been said, not only upon the relative densities of the 
solid and fluid, but also upon the proportion between the hor- 
izontal and vertical dimensions of the solid. In order to ascer- 
tain this proportion in the case of parallelepipeds, and on the 
supposition of a density equal to half that of the fluid, we have only 
to put equal to zero the radical part of the above general fohnula, 
and we shall have 







3«> = 


;2o»} 


accordingly 










i = ih 


and - : 
a 


= 4 ne 


Whence^ apfHroximatively, 


, 




Mxh. 


42 







330 UydroHatics. 

12 A = 10 a, 

or 

A : a : : 10 : 12, 

that is, a parallelopiped of half the density of the fluid, and having 
its height to one side of a square base, as 10 to 12, would float 
indifierendy. 

446. But if the relative density of the parallelopiped were 
either greater or less than ^, its equilibrium would become stable. 
Thus, if we suppose a equal to |^, we shall have the distance 
of the metacentre above the centre of buoyancy, as foBows^ 
namely, 

^^ = 4"*= 12^n^ = ^* = ''' '"^ 

and for the distance of the centre of gravity above the centre of 
buoyancy, 

BG = ^"^^^ = I A = I 10 = 3,3 inches; 

80 that the centre of gravity is about 0,3 of an inch below the mela- 
oentre. Therefore the equilibrium would be stable. 

In like manner, if we substitute f instead of | in tbe above 
equations, or, which is the same thing, take half of each d tbe 
above results, we shall have ^ of 0,3, or 0,15 of an inch, for the 
distance of the centre of gravity below the metacentre. 

447. These principles are well illustrated by tbe masses of 
ice which appear on tbe rivers of the colder climates at tbe 
opening of spring. Being ordinarily much broader than they 
are thick, they have a stable equilibrium in their natural positioo 
with their broad surface horizontal. But when by strikiog 
against each other, or by passing over a fall, they are thrown up 
sidewise, their equilibrium becomes unstable, and they soon re- 
turn to their former position. Moreover a piece of ice of a 
cubical form will still preserve its balance, since its specific grav- 
ity does not come within tbe limits already pointed out, of an unsta- 
ble equilibrium.* 



* The specific gravity of ice is 0,92, or, compared with sea-water 
as unity, 0,89. 
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The ice-bergs that float from the polar seas down into warm- 
er regions, are gradually dissolved, not only by the sun's rays, but 
also by the ctfrrents of warm air and warm water to which they are 
exposed. But these causes operate more powerfully on the sides 
than upon the top and bottom, and their horizontal dimensions are 
thus reduced faster than their vertical, whereby they become unsta- 
ble, and are overturned. Being still subject to the same kind of 
influence, they are liable to repeated and frequent changes of posi- 
tion before they are completely wasted. 

448. To investigate generally the conditions of equilibrium of 
a floating body, let H^^UF represent a vertical section, the point 6 Fig. 218. 
of the principal axis ANF being the centre of gravity of the 
whole, and the point B the centre of buoyancy. The solid being 
inclined a little, the water-line HNI shifts to H'NIj and the centre 
of buoyancy B to B\ From what has been said, it will be per- 
ceived that the area of HFI is to the sum of the two triangles 
NIFj HNH'y zs NP is to BB' ; thatis, 446. 

area HFI : NI x O :: \ NIi BB', 

m 

but the triangles INl'y BMB\ being similar, 

D : NI :: BB' : BM, 

therefore, by multiplying the terms in order, and suppressing the 
common factor in each of the ratios, we have 



area HFI : JVT : : | JVT : BM, 

or, calling the area HFI, or, and the length of the water-line, HNIj Oy 

a : (ia)« :: * a : BM = j^. 

Accordingly, the equilibrium will be stable when the cube of the 
length of the water-line Nl, divided by 12 times the area of the 
section, exceeds the interval BG between the centre of gravity 
and that of buoyancy. If this quotient be just equal to JBff, the 
equilibrium will be that of indifference ; and lastly, when this quo- 
tient is less than .BG, the equilibrium will be unstable, and the body 
will be liable upon a slight inclination to overset. 
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Whatever be the figure of the section HF^ its area and coa- 
•equently the centre of gravity and that of buoyancy may k 
found to any required degree of exactness by the method of 
article 114. 

Although the above formula has reference only to a angie 
lamma, and to motion in the plane of this lamina, it is still ap- 
plicable to any solid whose parallel sections are equal and am- 
ilar, for in this case the whole may be considered with respect 
to motion in a parallel plane, as concentrated in ihe middle sec- 
don or lamina represented by HFi; and with respect to modoB 
in a vertical plane perpendicular to the lamina, by supposing t 
corresponding section, and putting a' equal to ihe area of this 
section, and a' equal to the length of Uie water-line, we shall 
have the same formula to express the conditions of equilibriaio ss 
before. 

When the sections or lamins are unequal, we find the heigh 

of die metacenUre of each lamina, and multiply it by the bulk <rf 

this lamina, and then divide the sum of the products, or moments 

of the several laminae, by the sum of the lamins for the heigbt of 

76. the common metacentre. 

449. In the case of a merchant ship, it will furnish a tolerable 
approximation to take the section near the prow where the gith is 
commonly the largest. The transverse section of the hull of a 
ship is not materially different from the form of a paralx^. 
Therefore, on this supposition, the height of the metacentre aboTe 
Tig. 219. ihe centre of buoyancy, or BM^ is equal to the cube of HI, the 
Cal. 94. length of the water-line, divided by twelve times the area of HFL 
But die area HFI is equal to | HI X NF. Hence, 

T,M. HI HI HI m 



l2o^ l2xiHIX NF'^ SNF'T' 2 NF 



* Where great accuracy is required, the following formula maj 
be used ; namely. 
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that is, BM is eqaal to half the parameter of the parabola. B Ttig. 

being the centre of gravity of the parabola HFI, its height is ^ 

readily found to be | NF. Therefore for the whole height of the 107. 
metacentre above the keel, we have 

yiyy, NI _ 6NF + SNI 
* ^ '^ 2NF^ 10 NF ' 

Such is the height of the metacentre above the keel, on the 
supposition that the vertical sections are all equal and phrabolic, 
^hich is nearly the case with respect to long track-boats. But 
the figure of the keel in most vessels, fitted for sailing, approach- 
es to a semi-ellipse, which is likewise the general form of a hori- 
zontal section. Owing to these modifications, the metacentre is 
found to be depressed about one fourth part, and consequently its 
height above the centre of buoyancy will be 



3 



HI SNI 



^ "^ SNF^ 8 NF* 

In a ship, for example, whose water-line is 40 feet, and the depth of 
its immersed portion 15 feet, we shall have for the height of the 
metacentre above the centre of buoyancy, 

3J20)«_ 1300-10 feet 
8 X 16 "" ^^^ — 

But the centre of gravity of the immersed part is | 1 5 or 6 feet 
below the water-line. Hence the metacentre is 4 feet above 
the water-line. The ship will therefore float securely so long 
as the general centre of gravity is kept under that limit. In 



in whichjiVJ represents the sum of the cubes of the perpendicu- 
lars RQ, ON^ d&c.^ of figure 50, these perpendiculars being taken 
at equal distances and so near to each other that the included 
portions gf the curve ON, OK^ &c.^ may be considered as straight 
lines, the common distance being denoted by e, and the bulk of 
the immersed part of the vessel by 6. The investigation of this 
formula is very simple, and is omitted here merely on account of 
its length. See Bezout's Mecanique, art. 369. 
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loaded vessels, the centre of gravity has commonly been found to 
be higher than the centre of buoyancy, by about the eighth pait 
of the extreme breadth. Accordingly, in the present instance, 
the centre of gravity of the whole mass would still be one 
foot below the surface of the water, or five feet lower than the 
metacentre, which would be amply sufficient for the stability of the 
ship. 

450. Such is the position of the metacentre in the vertical 
plane at right angles to the longitudinal axis, and which reg- 
ulates the rolling of a vessel from side to side. But there b 
another similar point in the plane of the masts and keel, which 
determines the pitching^ or the movement of alternate rising and 
sinking of the prow. The height of this metacentre is derived 
from the same formula, by substituting only the length, for the 
breadth of the vessel. Thus, let the keel measure 180 feet, and 
we have 



3JM! = 202i feet. 



6.15 

With such a strong tendency to stability, therefore, in the directioB 
of its course, a ship can scarcely ever founder in consequefx» of 
pitching at sea. 

The formula now given for computing the height of the me- 
tacentre above the centre of buoyancy, may, with some modifi- 
cation, be deemed sufficiently accurate in practice. It is best 
adapted, however, for cutters or frigates, and will require to be 
somewhat diminished in the case of merchant vessels. IVIr. At- 
wood performed a laborious calculation on the hull of the Coff- 
nells, a ship built for the service of the East India Company, 
having divided it into 34 transverse sections, of five feet interval. 
The result was, that the metacentre stood only 4 feet 3 inches 
above the centre of buoyancy. But that ship, being designed 
chiefly for burthen, appears from the drawings to have been 
constructed after a very heavy model, its vertical sections ap- 
proaching much nearer to rectangles than parabolas. To suit it, 
the formula above given would have required to be reduced two 



NI 

thirds, or to Tjjp' Now the breadth of the principal section was 



Equilibrium of Floating Bodies. 335 

43 feet and two inches, and its depth 22 feet 9 inches. Whence 
^ Qi =6,1 feet, differing little from the conclusion of a stricter 
but veiy tedious process. 

451. Since the height of the metacentre is inversely as the 
draught of a vessel, and direcdy as the square of its breadth,, its 
stability depends mainly on its spreading shape. This property 
is an essential condition in the construction of life-boats. But 
the lowering even, of the centre of gravity has been found to he 
sometimes insufficient to procure stability to new ships, which, 
after various ineffectual attempts, were rendered serviceable, by 
applying a sheathing of light wood along the outside, and thus 
widening the plane of floating. 

452. It is not very difficult to determine the centre of buoy- 
ancy, by gauging the immersed part of the hull. A. cubic foot 
of sea-water weighs 64^^* avoirdupois, and 35 feet, therefore, make 
a ton. The load of the vessel corresponding to every draught of 
water may be hence computed. 

453. The height of the metacentre above the centre of grav-F»g«**<^ 
ity in a loaded vessel, may by determined by simple observation. 

Let a long, stiff, and light beam be projected transversely from 
the middle of the deck, and a heavy weight suspended from its 
remote end, inclining the ship to a certain angle, which is easily 
measured. Thus, if JVL represent this lever, q the weight at- 
tached, M the metacentre, and GMQ^ the inclination produced, 
G being the centre of gravity, and GR a perpendicular drawn from 
It to the vertical L q, the power of the weight q to incline the 
vessel will be expressed by ^ X GR ; but p denoting the endre 
weight of the vessel, the effort exerted at the metacentre to keep 
the mast erect, will be represented by 

p X GQ, or p X GM X sm GMq. 

Wherefore 

q X GR=p X GMx sin GMq, 

and consequently the elevation GM above the centre of gravity 

a GR 

is expressed by - . - — q^q' Now GR may, without any sen- 
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sible error, be assumed as equal to the length UV of the beam 
from the middle of the deck. Supposing the height of the ne- 
tacentre to be 3 feet lOj^ inches above the centre of gravitji i 
weight equal to the two hundredth part of the burthen or ton- 
nage of the ship, and acting on a lever of 50 feet in length, would 
occasion an inclinauon of five degrees. If the experiment were 
performed in a wet-dock, or on a smooth calm sea, such a small 
angle could be measured with sufficient accuracy. In calculating 
the effect of this disturbing influence, it is easy to perceive that 
half the weight of the beam should be added to q. A triffiog 
correction may be likewise made, for assuming GR as equal to 
JV!L ; by first diminishing JNTL, by its product into the versed sine 
of the inclination, and next augmenting it, by the product of GJif 
into the sine of that angle. 

A similar method might be adopted to discover the he^ 
of the longitudinal metacentre of the ship, above the commoQ 
centre of gravity. But, acting in this direction, a greater bad 
will be required to produce a sensible depression. Let such a 
load be carried to the prow of the vessel, and again transferred 
to the stern. The intermediate place of the centre of gravity 
is hence determined, for its distances from these opposite pomes 
of pressure must evidently be inversely as the correspondii^ an- 
gles of inclination. The small change of the centre of gn^vitj 
occasioned by the interchange of these loads, may likewise be 
computed. Finally, therefore, the product of either load into its 
distance from the centre of gravity, being divided by the prodod 
of the whole burthen of the ship into the sine of the iaclinatioD, 
will give the height of the metacentre of the longitudinal section on 
which depends the motion of pitching. 
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454. The most curious natural phenomena are those 
make us acquainted with Ae intimate consdtutioD of bodies 
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and the reciprocal action which their particles exert upon 
each other. We come now to consider a class of these phenom- 
ena of considerable extent and variety, and which are the more 
deserving of attention, as they are susceptible of a rigorous 
calculation. 

If a disk of glass, marble, or metal, Szc., be suspended to the 
scale of a balance, and counterpoised by an equal weight in the 
opposite scale, upon being made to touch the surface of a liquid 
capable of moistening it, it will be found to adhere with a certain 
fdrce, and to require an additional weight in the opposite scale of 
the balance to detach it. This adhesion is not produced by the 
pressure of the air, for it takes place equally well in a vacuum. 
We infer, therefore, that it is the particles of the solid which attach 
themselves to the particles of the fluid by virtue of a force of af 
finity. But there is to be inferred also a similar action between 
the particles of the fluid itself. Indeed when the disk is capable 
of being moistened by the liquid, as is the case when glass is 
used with water or alcohol, the disk, upon being withdrawn 
brings with it a small liquid film, or lamina, which adheres to it* 
It is not then, strictly speaking, the solid which is detached from 
the liquid, it is this small lamina which is separated from 
the particles immediately below it. Now the force employed 
thus to detach it, is incomparably more considerable than the 
proper weight of this lamina ; consequently the excess of force 
proves the existence of an internal adhesion in the liquid which 
would keep the small lamina united to the rest of the liquid mass 
independently of gravity. 

According to the notions which we have formed of the re- 
ciprocal action of the particles of bodies upon each other, 
the force in question seems to be of the same nature and to 
have a sensible eflfect only at very small distances. This is 
moreover proved by experiment. Whatever be the thickness 
of the disk, so long as the form and substance are the same, the 
force required to detach it from a given liquid, is also the same. 
Accordingly, beyond a certain thickness, probably less than any 
within the reach of human art to attain, any augmentation has 
no efiect capable of being appreciated. Whence it will be seen 
that this action is not capable of producing sensible eflbcts, ex- 

Meek. 43 
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cept at distances extremely small. But as a further proof, k 
may be mendoned that all disks of the same size, whaterer be 
the substancei provided it is capable of being moistened bjthe 
liquid, require precisely the same force to detach them; so tbu 
in these cases the thin film of water, which attaches itself to tbeir 
surfaces, places these surfaces and the rest of the fluid at ioter- 
vals sufficiently great to prevent any sensible action taking phce ; 
and the force required to detach all disks of the same size, what- 
ever be the substance, is precisely the same, since it is that 
which is necessary to detach the liquid from itself. 

455. Phenomena arising from the same cause, bat diftrio; 
F%.S2l.ia appeftrance, are also observed when tubes of a small ixw 
are immersed in a liquid. If the liquid is of a nature to moisteo 
the tube, it will be found to ascend into the interior, and to mais- 
tain itself above the natural level. When glass tubes, for exsoh 
pie, of a fine bore are immersed endwise in water or alcohol, this 
elevation of the fluid will take place ; and in these cases, tbe 
upper extremity of the column is concave. But if the liquid is 
not of a nature to moisten the tube, as is the case with memny, 
melted lead, be., used with glass taken in its ordinary state, the 
liquid in the tube will be depressed instead of being eferated, 
and the upper extremity of the column will be convex. Id all 
these cases the elevation or depression is the more coosiderable 
acoordmg as the diameter of the bore is less. Such are the 
phenomena which are called capillary from the circumstaoce of 
the fineness of the bore of the tube. 

* 

The phenomena being the same in a vacuum as in d)e open 
air, they are not connected with the pressure of the atmospbeie.' 

— -~~^ — • ' 

* In the discussion formerly maintained upon this subject, i 
perplexing fact was stated ; namely, that if a glass tube consistio; 
of two cylinders of different bores, joined endwise, be immersed 
ID water, the larger end being downward, so as to cause the fluid 
to rise into the smaller part of the tube, the column sustained vill 
be of the same length as in a tube whose bore is throughout o^^ 
same size with this smaller. The experiment is now found not to 
succeed in a vacuum. The peculiarity of the phenomenon; tbeiO' 
fore, must depend upon the pressure of the atmosphere. 
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But they depend, like the preceding, upon the attraction exerted 
by the tube upon the liquid and hj the liquid upon itself; ao that 
when the thickness of the tube is made to vary, the bore remaining 
unchanged, the elevations and depressions of the liquid remain 
the same, which proves that beyond a certain thickness, proba- 
bly too small for us to attain, any additional matter that may 
be accumulated will have no appreciable effect. It folkws from 
this law, that when tubes of the same diameter are com- 
pletely moistened throughout by the liquid, the elevation or depres- 
sion will be the same in all, whatever the substance of the 
tube, which shows that the thin film attached to the interior 
surface, removes by its interposition the rest of the liquid mass 
so as to render the attraction of the tube insensible ; consequently 
the elevatbn is the same in all tubes of the same bore, 
because it is equal to that which would proceed from a tube of the 
same diameter formed of the liquid itself,* 

456. Setting out from the results furnished by the calculus, 
we are able to give a satisfactory explanation of the phenomena 
of capillary tubes. Beginning with the case in which the fluid is 
elevated above the natural level, and which requires the upper 
extremity of the fluid column to be concave, we suppose an 
infinitely small filament of fluid extending from the lowest point Fif, 
of the meniscus along the axis of the tube, and then returning 
in any mantier through the mass of the liquid to the free surface. 
The fluid being in a stale of equilibrium, this filament will be in 



* The diameter of the bore of a tube is found by first weighing 
the tube empty, and then afler haying introduced a certain quantity 
of mercury, weighing it again. The excess of the latter weight 
above the former will be the weight of the column of mercury. By 
calling this weight to, the length of the column /, and the radius of 
the bore r, n being the ratio of the circumference of a circle to its Geom. 
diameter, we shall, have for the bulk of mercury contained in the^'* 
tube n r3 /. If to' be the weight of a cubic inch of mercury at the 
temperature assumed in the experiment, and r and / be also ex- 
pressed in inches, or parts of an inch, to* n^ I will be the weight 
of the column in question ; whence 



«/ 9r r" 2 =z tr, and r 



= 1^^ 
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a state of equilibrium. But it is pressed downward at the two 
extremities with unequal forces. The force exerted at the iree 
surface is the action of a body terminated by a plane surface ; 
the other in the interior of the tube is the action of the same 
body terminated by a concave surface, or one in which there 
is a contrary attraction upward, tlie litde annulus cut off bj a 
. horizontal plane passing through the lowest point of the meniscos, 
and which is supported by the attraction of the glass, exerting 
an upward force. It is necessary, therefore, in order that an 
equilibrium may take place that the fluid should rise in the tube 
till the weight of the column thus elevated above the natural 
level should compensate for this difference in the downward 
pressures exerted at the two extremities of the filament. This 
difference is in the inverse ratio of the diameter of the tube ; the 
height of the small column must accordingly be in the same caiio; 
and this is conformable to the results of our observation. 

457. The heights to which water and alcohol ascend in ca- 
pillary tubes were observed by M. Gay Lussac with the greatest 
care. The following are a few of his results. 

Water. 



Diaoieter of Uie tube. 


Hei|;ht to the lowest point 
of the concavity. 


Teapoitace. 


(1.) 1^9441* 


23,1634 


47,5° Fah. 


(2.) 1,90381 


15,5861 


47,5°. 


Alcohol, 


(specific gravity being 0,81961 


•) 


DiaaMtnof the tube. 


Height to the lowest point 
of the concavity. 


Temperatme. 


(1.) 1,29444 


9,18235 


47,50 


(2.) 1,90381 


6,08397 


47,50. 



M. Gay Lussac measured also the ascent of water between two 
plates of glass ground perfectly plane, and placed exactly par- 

* The measures of M. Gay Lussa6 are given in millimetres or 
0,039371 of an inch. The results in which we are principaUj 
concerned, are reduced to English inches. 
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allel to each other. The result of his observatioDs was as fol- Fifl^.224. 
lows. 

Distance of the plates. Heigfat to the lowest point Temperature. 

of the concaWtj. 

1,069 13,574 62^. 

458. Let AB be a vertical tube whose sides are perpendicular Fig.222. 
to its base, and which is immersed in a fluid that rises in \he inte- 
rior of the tube above its natural level. A thin film of fluid is 
first raised by the action of the sides of the tube ; this film raises 
a second film, and this second a third, till the weight of the vol- 
ume of fluid raised exactly balances all the forces by which it 
is actuated. Hence it is obvious, that the elevation of the col- 
umn is produced by the attraction of the tube for the fluid, 
and the attraction of the fluid for itself. Let us suppose that the 
inner surface of the tube AB is prolonged^ ^, and after bend- 
ing itself horizontally in the direction flEJjL^; iihat it assumes a 
vertical direction DC*^ and let us suppojse the sides of this tube 
to be formed of a film of ice, or to be £|o extremely thin, as not 
to have any action on the fluid which it (jontains, and not to pre- 
vent the reciprocal action which takes^ place between the parti- 
cles of the first tube AB and the paflicles of the fluid. Now, 
since the fluid in the tubes AE^ CDy is in equilibrium, it is ob- 
vious, that the excess of pressure of the fluid in AE is destroy- 
ed by the vertical attraction of the tube and of the fluid upon 
the fluid contained in AB. In analysing these diflTerent attrac- 
tions, Laplace considers first those which take place under the 
(be AB. The fluid column BE is attracted, (1.) by itself; 
^) by the fluid surrounding the tube BE. But these two attrac- 
)ns are destroyed by tbe similar attraction experienced by the fluid 
[ntained in the branch DC, so that they may be entirely neg- 
l«ed. The fluid in BE is also attracted vertically upward by 
thB fluid in AB; but this attraction is destroyed by the attraction 
whCh the fluid in BE exerts in turn upon that in AB^ so that 
thes balanced attractions may likewise be neglected. The fluid 
in jte is likewise atu*acted vertically upwards by the tube ABj 
with Mforce which we shall call q, and which contributes to destroy 
the ^eess of pressure exerted upon it by the column BF, raised 
in the Vibe above its natural level. 
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Now the fluid in the lower part of the rouod tube M is it- 
tracted, (1.) by itself; but the reciprocal attractions of t bodj jo 
not commuDicate to it any motion, if it is solid, and we may, wiib- 
out disturbing the equillbriuin, conceive the fluid in AB from 
(2.) The fluid in the lower part of AB is attracted by the fluid 
within the tube BE } but as the fluid of the tube BE is attnct- 
ed upwards by the same force, these two actions may be neg- 
lected a^ balancing each other. (3.) The fluid in the lower pan 
of AB is attracted by the fluid which surrounds the ideal tube 
BEf and the resuh of this attraction is a vertical force icUdj 
downwards, which we may call — j^, the contrary sign b^ 
applied, as the force is here opposite to the other force ;. As 
it is highly probable that the attractive forces exerted by the 
glass and the water vary according to the same fuDctioQ of tie 
distance, so as to diflfer only in their magnitude, we may empb^ 
the constant coefficients p, //, as measures of their iDteosify, so 
that the forces q^ — jr', will be proportional to j7, p^ ; for the is- 
tenor surface of the fluid which surrounds the tube BE, h tk 
same as the interior surface of the tube AB* Consequently, the 
two masses, namely, the glass in .AiB, and the fluid aroaod^^ 
difier only in their thickness ; but as the attraction of both these 
masses is insensible at sensible distances, the difl^rence of their 
thicknesses, provided their thicknesses are sensible, will produce 
no difierence in the attractions. (4.) The fluid in the tube iB is 
also acted upon by another force, namely, by the sides of the 
tube AB in which it is enclosed. If we conceive the column fi 
divided into an infinite number of elementary vertical cdoiDi^ 
and if, at the upper extremity of one of these columns, we draw a 
horizontal plane, the portion of the tube comprehended betweeo 
this plane and the level surface £Cof the fluid, will not produce 
any vertical force upon the column ; consequently, the only ^ 
tive vertical force is that which is produced by the ring of the 
05. tube immediately above the horizontal plane* Now the vertical 
attraction of this part of the tube upon BEj will be equal to that 
of the entire tube upon the column BE, which is equal in diam- 
eter, and similarly placed. This new force will therefore w 
represented by -|- ?• In combining these difierent forces, it b 
manifest that the fluid column BF is attracted upwards by the 
two forces +9, -f-{, and downwards by the force --!'> 
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consequenllyy the force with which it is elevated will be 2 9 — ^. 
If we represent the bulk of the column BF by i, its density 
by A, and the force of gravity by g, then g Ab will represent 
the weight of the elevated column; but, as this weight is in 
equilibrium with the forces by which it is raised, we shall have 
the following equation ; 

g Ah :=i2 q — j'. . 

If the force 2 g is less than ^, then b will be negative, and the 
fluid will be depressed in the tube ; but as long rs 2q is greater 
than j^, b will be positive, and the fluid will rise above its natural 
level. 

Since the attractive forces, both of the glass and fluid, are 
insensible at sensible distances, the surface of the tube AB will act 
sensibly only on the film of fluid immediately in contact with 
it. We may therefore neglect the consideration of the curvature, 
and consider the inner surface as developed upon a plane. The 
force q will therefore be proportional to the width of this plane, 
or, which is the same thing, to the interior circumference of the 
tube. Calling c, therefore, the circumference of the tube, we 
shall have q sz p c^ p being a constant quantity representing 
the force of attraction of the tube AB for the fluid, in the 
case where the attractions of difierent bodies are expressed 
by the same function of the distance. In every case, however, 
p expresses a quantity dependent on the attraction of the matter 
of the tube, and independent of its figure and magnitude. In 
like manner we shall have q* =z p' c; p' expressing the same 
thing with regard to the attraction of the fluid for itself, that j9 
expresses with regard to the atUraction of the tube for the fluid. 
By substituting these values of q^ 9^, in the preceding equation^ 
we shall have 

^/V(=2pc-— 2/c=:c(2p — y) (i.) 

If we now substitute, in this general formula, the value of c in 
terms of the radius, if it is a capillary tube, or in terms of the sides, 
if the section is a rectangle,, and the value of b in terms of the radius 
and altitude of the fluid column, we shall obtain an equation by 
which the heights of ascent may be calculated for tubes of all 
diameters, when the height, bebnging to any given diameter, has 
been ascertained by direct experiment. 
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Id the case of a cylindrical tube, let n represent the ntk) 
of the circumference to the diameter, k the height of the fluid 
column reckoned from the lowest point of the meniscus, hf the 
mean height to which the fluid rises, or the height at which the 
fluid would stand if the meniscus were to settle down and assume 
a level surface ; then we have n b? for the solid contents of a 
Geom. cylinder of the same height and radius as the meniscus ; and as 
the meniscus, added to the solid contents of a hemisphere of 
the same radius, must be equal to n r', (or in other words, the 
cylinder n B^ diminished by the hemisphere | n r^, is equal to 

the mensicus,) we have « r' 5 — , or -=-, for the soEd coo- 

tents of the meniscus. But since -^ = « a* x o» it foDosR 
that the meniscus -o— is equal to a cylinder whose base is 

n R^, and altitude o* Hence, we have hf =z h -{- ^; or, which is 

the same thing, the mean altitude h' is always equal to the altitude 
h of the lower point of the concavity of the meniscus, increased 
by one third of the radius, or one sixth of the diameter of die 
capillary tube. Now, since the contour c of the tube = 2 9 s, 
and since the bulk b of water raised is equal lo hf X i^ R^ we 
have, by substituting these values in the general formula (i.) 

g A A' ^ r' = 2 « R (2p — pO (n.) 

and, dividing hy nB. and g a, we obtain, 

A.H = 2?A:^, and A' = 2 ^^^ x ^ (m.) 

In applying this formula to M, Gay Lussac's experiments, we have 

2 ^y^ = R A' = 0,647205 X (23,1634 + 0,215735) 

= 15,131 L, or 0,023454 of an inch for the first experiment; and, 
since the heights are inversely as the radii or diameters, 0,023454 or 
its double 0,046908 is a constant quantity. In order to find the 
height of the fluid in the second tube by means of this constant 
quantity, we have 



and 
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R = -L^?L = 0,961905, 






from which if we subtract ooe sixth of the diameter, or 0,3173, 
we ha7e 15,5783 for the altitude h of the lowest point of the con- 
cavity of the meniscus, which differs only 0,0078. or 0,0003 of an 
inch from 15,5861, the observed altitude. 

If we apply the same formula to M. (ray Lussac's experiments 
on alcohol, we shall find for the constant quantity 

2 ^^~y = 6,0825, 

as deduced from the first experiment, and h =r 6,0725, which dif- 
fers only 0,01147, or 0,00045 of an inch from 6,08397, the ob- 
served altitude. 

From these examples, it will be seen that the mean altitudes, 
or the values of h% are reciprocally proportional to the diameters 
of the tubes very nearly ; [and that in accurate experiments, the 
correction made by the addition of the sixth part of the diame- 
ter of the tub^ is indispensably requisite. 

459. If the section of the bore in which the fluid ascends is a^*^^*' 
rectangle, whose greater side is a, and smaller side ^, the base 
of the elevated column will be a dj and its perimeter 2 0-^-2 3. 
Then the meniscus will be equal to the small rectangular prism, 
whose base is a ^ and height i dy minus the semicylinder whose 
radius is ^ ^ and length a; accordingly, we have for the solidity of 
the meniscus, 



that is, 



"2 8~" "" "2" V ~iy 

»'=*+i('-f> 



Hence, if in the general (i.) equation we substitute for c its equal 
Meeh. 44 
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and fbr b its equal a d hfj we shall have 

gAA'aa = (2p — pO X (2a + 2^); 
and| dividing by a and by g A, we have 



and 



♦*' = «"-t^x('+-0' 



.=./:£liO±0. 



In applying this formula to the elevation of water between tvo 
glass platesi the side a is very great compared with d, and there- 
fore the quantity -^ being almost insensible, may be safely neglected. 
Hence the formula becomes 

By comparing this formula with the formula (m*) it is evident 
that water will rise to the same height between glass plates^ as in 
a tubCi provided the distance d between*^ the two plates b equal 
to B, or half the diameter of the tube ; in other words, that, when 
the distance between the plates is equal to the diameter ^of the 
tube, the elevation in the former case is half that in the latter. 
This result was obtained by Newton, and has been confirmed by 
the experiments of succeeding philosophers. 

As the constant quantity 2 ^ ~^ is the same as that al- 
ready found for capillary tubes, we may take its value, namely, 
15,1311, and substitute it in the preceding equation ; we shall then 
have 



and since 



* = »'-T('-f). 
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subtracdog 

|(l^j) = 0,1147. 

I 

from h or 14,1544, we have 

h =s 14,0397, 

which differs 0,4657 of a millimetre, or 0,0183 of an mch, from 4B7. 
13,574, the observed altitude. 

460. If the plates are inclined to each other at a small angle,' 

the line of meeting being vertical, the water will rise between Fig.tta. 

them to different heights according to the general law above 

enunciated ; that is, the distances at £, G, being £JV, 61, we 
shall have 

GH : LM :: LJV: GI:: MO : HK. 
But, by similar triangles, 

MO : HE :: FM : FH, 

s 

whence 

GH : LM :: FM : FH, 

that is, the heights at different points of the curve ELGB are 
inversely as the distances from the line of meedng EF of the 
plates. Therefore, since the reladon of the lines FJtf, FHf &c., 
to the lines ZJIf, GHj Sic., is the same as that of the abscissas to 
the ordinates in the common hyperbola, the surface of the fluid be- 
tween the plates answers to this curve. 

461. If the reladve attracdon of the parts of the fluid for itself, 
(in the case of tubes for example) and for the substance of the Fi^. 
tube, be such that the surface of the fluid column in the tube be- 
conaes convex, instead of being concave, the effect is precisely the 
reverse of that above considered ; that is, when an equilibrium oc- 
curs, the filament occupying the axis of the tube and rising without 
the tube to the free surface, will have its extremity F depressed ; 
since, instead of an excess of upward attracdon proceeding from a 
sustained annulus, situated above a horizontal plape passing through 
the extremity F, there will be a deficiency of upward attracdon 
equal to the effect of this same annulus. Accordingly, the de- 
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pressions will, like the elevations, be inversely as tbe diameten of 
the tubes, and the whole theory above given, with this single modifi- 
cation, is strictly applicable. Between plates also, and betweeo 
concentric tubes, a depression will take place corresponding to the 
elevation in the case where the upper surface is concave. 

It is to be observed, however, that the [deficiency of attrac- 
tion in the c&se of mercury used in connection with glass, takeo 
in its ordinary state, is to be ascribed to a want of contact be- 
tween the fluid and the substance of the tube or plate, arisng 
from a film of moisture which ordinarily attaches itself to glass, 
and which being completely removed, mercury is found to pre- 
sent a concave surface like water, and consequently to rise in a 
tube and between plates above its natural level.* Indeed water 
may be made to exhibit the same apparent anomaly, by haviog the 
surface of the glass, whether tube or plate, smeared widi a thb 
coat of tallow or wax. 

V 

462. The peculiar character of this theory consists m this, 
that it makes every thing depend upon the form of the surface. 
The nature of the solid body and that of the fluid determioe am- 
ply the direction of the first elements, where the fluid touches the 
solid, for it is at this point only that their mutual attractioo is 
sensibly exerted. These directions being given, they become 
the same always for tbe same fluid and the same solid substance, 
whatever be the figure of the body itself which is composed of 
this substance. But beyond the first elements and beyond the 
sphere of action of the solid, the direction of the elements and 
the form of the surface are determined simply by the action of the 
fluid upon itself. 

We have seen that the elevation of a liquid between paraM 
plates, is half of that which takes place in tubes whose diameter is 

— ~— ■ — • .— .^„^— ^_^_ . ■ - . , ^^^__^ ^ 

* Barometer tubes properly cleansed and freed firom bamiditj, 
by having the mercury repeatedly boiled in them, will exempiifj 
the truth of this remark. Moreover, with the knowledge of this 
fact, we can readily satisfy ourselves by simple inspection, whether 
the requisite attention was paid to this particular in the constrao- 
tion of the instrument. 
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equal to the distance of the plates. The cause which determmes 
this ratio is to be fouud in the above theory. For, in the case 
of tubes, the action of the concave or convex surface upon 
the elevated or depressed column is half of the action of two 
spheres which have for radii the greatest and least radii of the 
osculating circles to the i surface at the lowest point The tube 
being flattened in any direction, the radius of the corresponding 
curvature augments, and finally becomes infinite, when the flat- 
tened sides of the tube become parallel plane surfaces. The 
first part of the attraction of the surface being inversely as this 
radius, will become zero, and there will remain only the term 
depending on the other osculating radius, and the attractive force 
is accordingly reduced one half. Such is the simple and rigor- 
ous result furnished by the theory of Laplace. 

463. This theory serves to explam also, and with the same 
simplicity, all other capillary phenomena. Thus, the ascent of 
water between concentric tubes, and in conical tubes ; the curva- 
ture which water assumes when adhering to a glass plate; the 
spherical form observed in the drops of liquids ; the motion of a 
drop which takes place between plates having a small inclination 
to each other and to the horizon ; the force which causes drops 
floating on the surface of a liquid to unite ; the adhesion of plates 
to the surface of a liquid, which is in many cases so great as to 
require a considerable weight to separate them ; — these efiects, so 
various, are all deduced from the same formula, not in a vague 
and conjectural way, but with numerical exactness. 



On the apparent Attraction and Repulsion observed in Bodies 
floating near each other on the Surface of Fluids. 

464. (1.) If two light bodies, capable of being wetted, be 
placed at the distance of one inch from each other on the surface 
of a basin of water, they will float at rest, and without approach- 
ing each other. But if they be placed at the distance of only 
a small part of an inch, as two or three tenths, they wiU ru^ Fig. 3961 
together with an accelerated motion. 



350 HydroHaties. 

Fig.227. (2.) If tbe two bodies are of such a nature as uot to saSex the 
fluid to adbere to them, as is the case with balls of iron used in 
connection with mercury, the same phenomena will be observed. 

Fig.228. (3.) But if one of the bodies is susceptible of an adhedon of 
the fluid, and the other not, as two balls of cork, for example, 
' one of which has been carbonized by the flame of a lamp ; tbe 
effect will be the reverse of that above stated ; that is, the bodies 
will seem to repel each other, when brought very near together, 
and with forces similar to those with which in the former ease 
they tended to unite. 

Moreover, a single ball will approach to, or recede from, tbe 
side of tbe vessel, as it would approach to or recede from anoAer 
ball, according as the substance of the vessel and that of the 
ball are similar or dissimilar as to their disposition to cause an 
adhesion of the fluid. 

465. In these experiments the approach and recessioD of 
the floating bodies are not the eflfect of a real attraction or repul- 
sion between the bodies ; for, if the bodies, instead of being plac- 
ed upon the surface of a liquid, be suspended by long, slender 
threads, nothing of the kind is to be perceived. We must tbere- 
fore look for some other cause to which to refer these appearan- 
ces. 

Fig.229. If two plates of glass ABj CD^ be suspended in water paral- 
lel to each other, and at such a distance, that the point H, where 
the two curves of elevated fluid meet, shall be on a level wttii 
the common surface, the plates will remain in equilibrium. But 
on being brought so near to each other, that the point H shall 
be above the common level of the surface, the mass of fluid thus 
raised will have the eSect of a chain attached at its extremities 
to the plates, in drawing the plates toward each other. Tbe 
approach of tlie balls to each other under similiar circumstances, 
' is to be referred to the same cause. 

When the point H is below the general level, on account of 
a want of adhesion in the parts of the fluid to the plates, tbe 
pressure of the plates inward toward each other not being coun- 
terbalanced by the pressure in the opposite direction, they most 
'approach each other, and with a greater or less force, acoordii^ 
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to the depressi6Q of the point H^ or the nearness of the plates to 
each other. This aflbrds an explanation of the second case above 
stated. 

4 

If one of the floating bodies, as A^ for example, is susceptible Fig. ttS. 
of being wetted, while the other B is not, the fluid will rise around A 
and be depressed around B. Accordingly, when the balls are near 
to each other, the depression around B will not be symmetrical, and 
the body being thud placed as it were upon an inclined plane, its 
equilibrium will be destroyed, and it will move oflf from the other * 
body in the direction of the least pressure. 

These phenomena, of which we have given only a familiar 
explanation, are all comprehended in Laplace's theory of ca- 
pillary attraction ; and the attractive and repulsive forces are capa- 
ble, on that theory, of being subjected to a rigorous calculation. 



Cf the Barometer. 

466. If we take a glass tube thirty-three or thirty-four inches 
in length, closed at one extremity and open at the other, and 
having filled it with mercury, place the finger over the open ex- 
tremity and thus immerse it in a basin of the same liquid with- 
out suflfering the air to enter the tube, the mercury will settle 
down in the tube, leaving a vacuum above it, till its weight is 
exactly counterbalanced by the pressure of the atmosphere, ex- 
erted upon the surface of the mercury in the basin. This instru- 
ment is called a barometer.* The perpendicular height at which 
the mercury is ordinarily maintained at the level of the sea, is very 
nearly thirty inches. 

From what has been said of the manner in which the pres- 
sure of fluids is propagated, it will be perceived that it is imma- 
terial what be the extent of surface in the basin, or whether the 
atmospheric pressure be applied at the top, or, by means of a 
flexible bag containing the liquid, at the bottom and sides. If 
instead of entering a basin the tube turn up at |the bottom, as in 
figure 230, so as to admit the air at C, the perpendicular elevation 



See note on the constraction and history of the barometer. 



J 
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abore a horizontal line coinciding widi the sorfaoe at £ or F, 
will be the measure of the atmospheric pressure. This eleva- 
tioD| rooreoTer, is independent of the form of the tube and the 
particular quantity of mercury contained in it. On the soppo- 

Fig.S3i.sition, however, that the base of the tube is an inch square, the 

pressure is equal to that of a parallelepiped of mercury 20 inches 

in length, or, which amounts to the same thing, to the w^^t of 

410. 30 cubic inches of mercury. Now 30 cubic inches of water is 

, equal to SO X 252,525 grains, or 15,78 troy ounces. Whence 
SO cubic inches of mercury is equal to 15,78 X 13,57 or 214,1S 
troy ounces; that is, to 234,7 ounces avoirdupois, or to 14,7^ 
We infer, therefore, that the pressure of the atmosphere amoiiots 
Co nearly 15'^* upon every square inch of surface, or to aboK 
one ton upon every square foot. A common sized man expoKs 
a surface of 10 or 1 1 feet, and is consequently subjected to a pres- 
sure of as many tons' weight. The entire surface of the eaitfa 
being estimated at 5575680000000000 feet, this number wiO ei- 
press the weight nearly of the whole atmosphere in tons, a certni 
deduction being made for the space occupied by mountains and de- 
vated regions. This prei^sure bemg exerted upon the sui&oe of 
the ocean, fishes are exposed to it in addition to the weight of Aeir 
natural element But the proportion 

I : 13,57 : : 30 : 407,1, 

gives 407,1 inches, or 34 feet nearly, for the length of a cohm 
of water equivalent to that of 30 inches of mercury or the pres- 
sure of the atmosphere.* Accordingly for every 34 feet depA 
a pressure is exerted of a ton upon every foot of surface, over 
and above that 'arising from the atmosphere. Now fishes are 
sometimes caught at the depth of 2600 or 2700 feet, where die 
pressure of the water amounts to nearly 80 atmospheres or 80 
tons upon a square foot ; yet these fishes are not injured by such 
ail immense weight, or sensibly impeded in their motions. The 
reason is, that they are filled with fluids, which from their im- 
penetrability oppose a suflicient resistance to this pressure, and 
thus preserve the most delicate membranes from being ruptured. 

* The mean pressure of the atmosphere is more acciiratelj 
estimated at 29,0SS English inches. 
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With regard to the facilitjr and rapidity of their motions, as the 
iDCumbent weight acts equally in all directions, it neutralizes 
itself, by aiding just as much as it obstructs their effi>rts to move 
and turn themselves. The case is precisely similar with respect 
to land animals. The vessels of the animal, together with the 
bones, are filled with aif or some other fluid capable of support- 
ing any weight, and whose elasticity being equal to that from 
without, proves an exact counterbalance to it. 

467. In the barometer there is an equilibrium between the 
pressure of the mercury and that of the atmosphere* Nqw we 
have seen that when two fluids thus counterbalance each other, 
the altitudes must be inversely as the specific gravities. Accord-* 4ii» 
ingly as the specific gravity of mercury is to that of air at the 
surface of tbe earth as 13,57 to 0,00122, we shall have 

0,00122 : 13,57 : : 30 : ^^f^^^ = 333688* 

We infer, therefore, that tbe height of the atmosphere, on the 
supposition of a uniform density throughout, is 333688 inchesi 
or a little more than 5 miles. But the air being eminently elas^ 
tic, the lower strata are compressed by the incumbent weight of 
those above, so that the density becomes less and less continu-^ 
ally as we ascend. Let the weight of the column of mercury 
which measures the pressure of the atmosphere, exerted upon a 
unit of surface, be denoted by g Ah, g being the force of gravity, 
A the density of the mercury, and h the perpendicular height of 
tbe column above the level of the surface in the basin, and let 
the weight of the atmosphere upon the same surface be denoted 
by Wf we shall have 

g Ah =: w. 

As we ascend into the atmosphere, the weight w and the height 
h diminish continuaUy, and these diminutions depend upon the 
elevation attained, and the law according to which the densities 
of the atmospheric strata decrease. If this law were known, it 
might be made use of for the purpose of determining the differ^ 
ence b the altitudes of two points above a common level, as the 
sea, or any assumed level. But in order to discover this law, it 
Mech. 45 
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is necessary to recur to certain experiments relating to the den- 
sity of the air under different pressures and at different tempe- 
ratures. 

so. 468. Take a recurved glass tube JlBC^ open at the extremitj 
A and closed at tbe other extremity C *; pour into it a quaodtf 
of mercury just suiGcient to fill the bended part up to tbe boti- 
zontal line DE^ so that the air confined in the shorter brancfa 
CE may be neither more nor less pressed than that contained 
in the longer branch AD, which communicates with tbe atmo- 
sphere. The mercury being at the same height, therefore, ii 
each branch, and the communication with the external air beii^ 
cut off, if we introduce, by means of a fine tunnel, more mercury, 
we shall observe this liquid to stand higher in the branch BA 
than in the other, whereby the air in EC will be condensed, 
the compressing force being equal to the difference of the tvo 
columns. If the space £C, supposed, for example, to be 4 iocb- 
es, were reduced one half or to F, by the pressure of a ooluoin 
of mercury extending to H, drawing the horizontal line FG^ ire 
should find the difference OH of the two columns exactly equal 
to the height of the barometer at the time of the observauon ; so 
that the air contained in the space CF would be pressed by tbe 
weight of the atmosphere incumbent upon H and by tbe weight 
of another atmosphere represented by the column GH. A double 
pressure, therefore, reduces the bulk one half. If we continue 
to add to the weight by pouring in more mercury till die 
confined air is condensed to F or to one third of the original 
space, we shall find the additional quandty necessary to thb 
effect the same as before, that is, the column Gff will be 
equivalent to two atmospheres. Thus a triple pressure reduces 
the bulk of the confined air to one third the space. We might 
continue to increase tbe weight, and we should in every instance 
6btain results agreeable to the same general law. 

So, on the other hand, by diminishing the natural pressure 
exerted upon any portion of air, we shall still find tbe bulk in- 
versely proportional to the pressure. Let the tube ABC be 
supposed to have a bore not exceeding one tenth of an inch. 
A drop of mercury being introduced at the bend A^ if the whole 
apparatus be placed under the receiver of an air-pump, and die 
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air be exhausted from the longer branch, till the pressure is re* 
duced successively one half, two thirds, <&c,, the portion of air 
confined by the drop of mercury will expend, driving the drop 
before it, and will occupy successively, double, triple, &c., of its 
original bulk. We infer, therefore, universally, that the space 
occupied by any given portion of air is reciprocally proportional to 
the pressure. 

In order that this law may hold true, however, in the strictest 
sense, it is to be remarked that the air must be perfectly dry ; 
for the small quantity of aqueous vapor, which is ordinarily found 
mixed with the atmosphere, is not condensed by pressure accord- 
ing to the same law, as will be shown hereafter. 

The instrument represented by figure 230, is called a manome- 
ter. It is used for the purpose of measuring the elastic force of other 
gases besides the atmosphere ; and they are all found to be con- 
densed and expanded according to the above law. This impor- 
tant property was discovered by Mariotte, and is frequently referred 
to under the name of the law of Mariotte* 

469. Recurring to the first experiment above described, the 
pressure exerted upon the portion JSC of confined air, when the 
recurved part of the tube is just filled with mercury, is that of 
the atmosphere, or g ^h. But this pressure is resisted and 
counterbalanced by the elasticity of the confined air, which by 
supposition is of the same density with that immediately sur- 
rounding the apparatus. We may take g" A A, therefore, as the 
measure of the elastic force of the air in question* This force 
.remains the same so long as the air continues of the same density 
and the same temperature. If a manometer be removed from 
one place to another, care being taken not to change the state of 
the confined air, the product g Ah which represents the elasdc 
force does not undergo any change. But if the gravity g varies 
as we remove from one place to another, the height h of the 
mercury will also vary in the inverse proportion to g*, the density 
A of the fluid being supposed to remain the same. It will henee 
be perceived that the variations in the heights of the mercury in 
the manometer are capable of rendering sensible the variadons 
of gravity, and may even be employed in determining the augmen- 
tations or diminutions of this force ariang from changes of distance 
with reiq)ect to the centre of *the earth* 
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470. Let us now suppose tbat, the weight of the atmoqpheie 
remaining the same, the temperature of the confined air is rais- 
ed ; as this air expands, its bulk will be increased, and its density 
diminished. Now we know by the careful experiments of M. Gnj 
Lussac and others, (1.) That all the gases dilate uniibrmlj, 
at least from 32^ to 212^, or from the freezing to the boiling point 
of water. (2.) That the dilatation arising from the same increase 
of heat is precisely the same for all the gases, vapors, and 
mixtures of gases and vapors. (3.) That the bulk of confined 
gas, at the temperature of 32^, being considered as unity, iHs 
common dilatation is 0,375, (or a little more than one third,) 
tor 180^, the difference between the boiling and freezing points 
of water ; which gives •fV/ = tK ^^ 0,00208 for the augmeo- 
tation of bulk answering to P of Fahrenheit. Accordingly, we 
shall have for the bulk or space occupied by the portion of zv 
in question 1 -|* 0,00208 n at the temperature denoted by n, the 
number of degrees above or below 32, the latter being considered 
as negative. This bulk or volume may be reduced to its original 
limits, by bringing the temperature back to 32^, or by increasing 
or diminishing the weight which compresses it, without altei^ 
ing the temperature. It would only be necessary, in this latter 
^ case, to add to or take from the weight iv a portion equal to 
11^(0,00208) n, that is, to substitute for w the weight 

w (1 + 0,00208 n), 

which is the measure of the elastic force of the confined air re- 
duced to its original density. Hence, the bulk and density re- 
maining the same^ the elastic force varies with the temperaturtj and 
in the same ratio. 

If the elastic force is proportional to the density when the 
temperature is the same, and varies with the temperature when 
the density is the same, it will be easy to deduce the value of 
this force in terms of the two elements, on the supposition that 
they bodi vary together. Thus, putting A for the density of the 
air in question, and n for the number of degrees which marks the 
temperature, and p for its elastic force or pressure exerted upon 
the unit of surface, a being the ratio of the elastic force to the 
density at the temperature of 32^, we shall have 
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i> = a A (1 + 0,00208 n). (i.) 

The coefScient a is constant for the same elastic fluid, but is dif- 
ferent in different fluids, and requires to be determined in each 
particular case. 

471. In applying the. results above stated to the mass of air 
which composes the atmosphere, we take into consideration only 
a single vertical column of air, supposed to rest upon the surface 
of the earth and to extend indefinitely upward. We may con- 
ceive of the surrounding mass or atmosphere as congealed or ren- 
dered solid. If it were previously in a state of equilibrium, this 
state will not be disturbed by such a supposition; so that the 
column in question will still be in equilibrium as before. Now 
the force which acts upon the particles of air is gravity, which 
may, without sensible error, be regarded as exerting itself in 
the direction of the aerial column throughout its whole extent, 
or at least as far as it is necessary to take any account of it. Ac- 
cordingly, it is necessary, in order to an equilibrium, that the den- 
sity, the pressure, and the temperature should be considered as 
uniform throughout a horizontal stratum of infinitely small thick- 
ness. The column being composed of an infinite number of 
these strata or lamina, let h be the height or distance from the 
surface of the earth of one of these strata, A the density of this 
stratum, t its temperature, g' its gravity, p its elastic force, a its 
base, and d A its thickness. We shall have a p for the pressure 
exerted upon the inferior base, and a(p — dp) for the pressure 
upon the superior base ; the difference — a dp must be equal to 
the weight a ^gf dh o{ this stratum. Hence, by suppressbg 
the common factor a, we have the equation 

— dp => A^ d A, 

or, substituting for a its value - ,, r^ — r deduced from equation 

(i.), the fraction 0,00206 being for the sake of brevity represented 
bye. 






Whence 



358 HjfdroitaHci. 

dp _ -g'dh 



p a(l+e»)* 

Nothing can be lorerred from this equation until the value of n 
is given in terms of A. Now we know that the temperature de- 
creases as we ascend from the surface of the earth, but the hw 
of this decrease has not been determined in a manner ahogetber 
satbfactory. Fortunately, this law has little influence upon osa 
results in the calculation of heights by the barometer, on ac- 
count of the smallness of the coefficient e ; and we may, in ques- 
tions of this kind, consider the temperature as constant, provided 
we take for n, in each particular case, the mean of the tempen- 
tures observed at the two extreme points of the height A to be 
determined. Moreover, r being the radius of the earth, andj* 
the gravity at the surface, we have, at the distance r -|- it fiom 
the centre, 

^=: ^^\ 
« (a -(. A)«' 

since this force varies in the inverse ratio of the square of the 
distance* The preceding equation becomes, by this suhsthu- 
tion, 

dp — g R^ dh 

IT "" « (1 + « «) (» + *)*' 

Whence, by integrating on the supposition that n is coosnnt, we 
have 

Caliiim being equal to 0,434295, hg. denotes the common logarithm of 
p. To determine the constant C, let tsr be the value of p ansver- 
ing to A = ; and we shall have 

log. Iff = .?*f^ . -f C. 
° a (1 -|- e ») ' 

Consequently, by subtracting the preceding equation from diis, 
we obtain 

log. - = -TTi \ r-i- ("•) 

° p a(l -f- cft) R -f- A ^ ^ 

This equation, taken in connection with equation (i.), gives the 
values of p and A in terms of A. Thus we have equations coo- 
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tainiog the laws of the density and elasdc force of the air which 
belong to a state of equilibrium in the atmosphere. 

472. To make use of equation (ii.) for the purpose of measur- 
ing heights by means of the barometer, let us suppose the barome- 
tric altitude at the surface of the earth and at the height h to be 
known by actual observation, and let them be denoted respectively 
by Wf v/f the corresponding temperatures of the mercurial columns 
being represented by t, t'. The expansion of mercury being tttt 
or 0,0001025, that is, 0,0001 nearly, for each degree of Fahrenheit's 
scale, if d be the density corresponding to the temperature t of the 
mercury at the first station, 

D (1 + 0,0001) (t — t') 

will be the density which answers to the temperature of the mer- 
cury at the second station. Accordingly we have 

= D g t0, and p = D ^ ti/ (1 + 0,0001) (t — j'). 

The correction for the upper barometric column on account of 
difference of temperature being made agreeably to this formula, we 
may consider u/ as representing the length of this column thus 
corrected. Whence, dividing the first of the above equations by 
the second, we have 

p "" ^ - S^ ^ i?— ' ^"'•-> 
substituting for g^ its value / t i\ft » and consequently, 

•og- y = Jog- J + ^ '^6- (A + i)' ("'•) 



since 



!i±ff = (^y = (. + ly. 

Let T, T^, be the temperatures respectively of the air at the 
surface of the earth and at the height A ; t, t', will generally 
difier fit>m t, i', the temperatures of the mercury in the barome*- 
ter, since the latter is not ordinarily allowed sufficient time to 
acquire the temperature of the surrounding air. t, i/| are to 
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be taken by means of a thermometer suspended in the lir, 
while T, jfy are supposed to be indicated by a thermometer al- 

tached to the barometer. We take n = ~L 32. Moreover, 

the coefficient ^1^ ^^ 0,00208, representing the elastic force, re- 
quires to be increased somewhat for the purpose of taking ac- 
count, as far as can be done, of the quantity of water in a slate 
of vapor which is at all times mixed with the air in a greats 
or less quantity. Indeed, under the ordinary pressure of the ai- 
mosphere, the density of aqueous vapor is to that of air, as 10 
to 14 ; consequently, the atmosphere is so much the lighter accord- 
ing as it is composed in a greater degree of this vapor. Now it 
contains so much the more vapor according as its temperature is 
more raised, whereby, when the air is dilated by heat, its wei^ 
must be diminished in a higher ratio than that of its augroentatioo 
of bulk. We increase the coefficient 0,00208 therefore to 0,00223 
or j}^, which has been found by actual trial to give the most cor- 
rect results. We have, accordingly, 

fi n = 0,00223 (^-^^ — 32o\ 

We now substitute in equation (ii.) for e n the above valoe, 
and for log. - the value found in equation (m*)} ^^^ ^^^ shaA ob- 
tain 

^ *^ 0(1 + 0,00223^—^-- — 32°)) "+ 

Whence 

*\ " (* + ^'^^^ (^ - ^*°)) (* +*) 
A = log.-, + 21og.(l + -) ^-2 ll. 

«,-£_(! 4. 0,00223 (I+l'-39o))log.^ + 21og.(l+J)(l-fJ)(,v.) 



a 



The best means of determining the coefficient — of tfais 
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fonDuIa, is to oiake use of a height (or rather a number of 
height8)i well known bj actual measureineot, or by trigonomet<- 
rical operations. We then substitute for A this known value^ 
and for tr, u/, t, t', the lengths of the barometrical columns, and 
the temperature of the air at the two stations respectively, and 
for R the mean radius of the earth, namely 3481280 fathoms. We 

shall thus have an equation from which the value of is read- 

ily deduced once for all. Taking the mean result of a great 
number of observations conducted with the greatest care, by M. 

diamond, we find — , for the latitude 45^, * equal to 1 8336 t 

metres, or 10026 English fathoms. This is on the supposition 
oi* a temperature of 32^, and agreeably to what has been said, it 
m&'y be increased or diminished by adding or subtracting ^ij 
or a 0,00223 part for each degree above or below 32^. We 
can therefore reduce it to 10000, instead of 10026, by supposing 
the temperature somewhat lower. Thus, since 26 is 0,0026 of 
10000 

0,00223 : 0,0026 : : 1° : 1^,16. 

If, therefore, we subtract 1^,16 from 32^, we shall have 30^,84 
or 31^ nearly, for the temperature at which the constant coeffi- 
cient is 10000 fathoms. 

473. Since this coefficient contains g, it must vary with g, 
that is, with the latitude. Now, according to the law of the va- 



* This coefficient was actually determined for the latitude of 
about 43^. Bui the correction for small distances in latitude is so 
inconsiderable^ that it maybe regarded as nothing. Moreover, 
the coefficient, if corrected at all, would require to be diminished, 
and it is thought on the whole less liable to error by excess than by 
deficiency. 

f The coefficient deduced theoretically from the relative densi- 
ties of mercury and air, as determined by Blot and Arago, allow- 
%D€% being made for humidity, is 18334,1 metres, differing less 
than 2 metres, that is, less than 2 X 39,371 inches, from the above. 

JMmA. 46 
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riatioD of gravity in different latitudes, if g represent the vdoe 
of this force in the latitude of 45^, and g' that of any other h^ 
tude Lf we shall have 

g' =g{l— 0,002837 cos 2 L). * 

At 45^, therefore, where cos 2 L = 0, ^ =: ^, or the correctioD, 
is ; and for higher latitudes the correction is — y or sub(racd?e, 
and for bwer latitudes it is -f- or additive. Whence, generallj, 

-^ = 10000^«»- (1 + 0,002837 cos. 2 L) 

mg \ I > I 

By means of this value of , substituted in equation (i?.j 

III g 

* The value of g' in different latitudes depends upon the pir- 
ticular figure of the terrestrial spheroid, the determination of wbkh 
belongs to astronomy. We will merely observe in this place, that i 
comparison of articles 346, 347, conducts us directly to the eqaaUOD 

■^ = — 
g a' 

a, a', being the lengths of the pendulum corresponding to tbe parts 
of the earth in which the intensities of gravity are g, g'y respective- 
ly. Now it is found that the general expression for the length of 
the seconds pendulum, the day being divided into 100000 seconds, is 

metre. metre. 

d = 0,739502 + 0,004208 (sin L)K 

Hence, since 

(sin £)« = J (1 — COB 2 i), and (sin 45<>)« = J, 

Trig. ao. we shall have 

^'^"^" £. = H — 0,789602 + 0,002104 

d g' '^ 0,739502 + 0,004208 (sin Xr)* ' 

1 

" 1 — 0,002837 cos 2 jL ^ 

therefore, 

g' = g(\— 0,002837 cos 2 X). 

In the original memoir of M. Ramond, the coefficient stood 
0,002845, and it was thus copied by Laplace and others. It iras 
afterward corrected by M. Oltmanus, and the error acknowledged 
by the author in a separate edition of the memoir. 
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we shall be able to determine the height h in any part of the 
earth, when to, «/, t, t', corresponding to the extreme points of A, 
are known ; or we may retain the coefficient 10000 unaltered, 
and apply the correction to the result, according to the following 
table ; 



Latitude. 


Correction. 


Qo 


-{- j|7 of the approximate height 


6o 


• +rh 


IQo 


+ rh 


16° 


• +xh 


20O 


+ xh 


250 


. +TiTr 


30O 


+ ih 


350 


• + T^ 


40O 


T IflW 


450 


. +0 


6O0 


— Tirsj^ 


550 


• — TTTJT 


6O0 


— -rii 


650 


• -T*Tr 


70° 


— zflT 


750 


• — zhr 


80° 


-^h 


860 


• — ii» 


90° 


. —a. 



474. As the fraction - is always very small, we shall have 

very nearly the value of h, independently of the term containing 
this fraction ; by substituting the approximate value thus obtained 

for A, in the fraction -, we shall have very nearly the correction 

R 

due to the variation of gravity at different elevations in the same 
latitude ; and by substituting the value of h thus corrected in the 

fraction - we can approximate the true height still more nearly. 

But this second substitution is altogether superfluous in the cases 
which ordinarily occur. Indeed, except where h is very great, 

we may neglect - entirely, and the general formula then becomes 

R 
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A = ^ (l + 0.00223 (^) - 32°) bg. J. 

Il will be perceived that — may require some modificatioo, 

10 order that the formula in this state should adapt itself to ob- 
served heights or known values of h ; and indeed the observa- 
tions of M. Ramond give, for the value of the coefficient to be 

employed in this formula, = 18393 metres or 10031 (adi- 

oms, exceeding the former by 5 fathoms. Accordiagly the de- 
pression of the temperature bebw 32^, required in order Id 
change this to the more convenient form of 10000, will be ibund 
to be 1^,45 ; retaining the coefficient 10000, therefore, we have 
only to suppose the temperature 32° — 1^,46 or 30^,55, As 
this differs less than half a degree from 31°, and as we can sel- 
dom be certain of the temperature of the air to a greater d^ree 
of accuracy, we may still use the same formula without any oiba 

change than the omission of the term depending on - . We bare 

hence a very simple, convenient^ and» for common cases, suffidendj 
exact formula, namely, 

h = 10000 (1 + 0,00223 (^^^) — 31°) (log. ii^— log. a/). 

This being adapted to the latitude of 45°, when tbe barooie- 
trical observations relate to a place on a parallel considerabbf 
distant either north or south, it will be seen directly by the fore- 
going table when it is necessary to apply a correcdon for diSkt- 
ence of latitude, and what this correction is. It will be reed- 
lected that the lengths of the barometric columns tr, v/, which 
represent the weights of the atmosphere respectively at tbe two 
stations, are supposed to be reduced to the same temperature. 
The upper column to' is usually the coldest, and consequently 
too short. Now, according to the rate of expansion or contrac- 
tion already menticmed, as 1 inch is shortened 0,0001 for each 
degree,, 9 column of 25 inches will be shortened 0,0025 of aa 
inch for each degree of depressbn, and consequ^tly 0»01 foe 
every — 4° ; and each portion of 8,5 inches will be sbort^ied 
one tenth part of this, or 0,001 for the same anx)unt of depres- 
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sion or -—4^. Id common chamber barometers, the lengths 
of the columns are read off to a 0|01 of an inch, and in the best 
to the jl^ or 0,001 of an inch. 

The best time for taking observations with the barometer for 
the purpose of calculating heights is during settled weather and 
at mid-day. Observations taken in the morning or evening are 
much more liable to be erroneous on account of ascending and 
descending currents of air which take place at these Umes. 
Moreover a course of continued observations is more likely to 
lead to accurate results than single observations. In the calcula- 
tion of very small heights near the level of the ocean, it is common 
where great accuracy is not required, to dispense with the formula 
and adopt the following rule, namely, at 0,1 inch is to the difference 
in the barometric columns^ so is 87 feet to the approximate difference 
qf levd required; which is to be corrected, if necessary, for (he 
difference irom SP of the mean temperature of the air at the two 
stations. 

Thus, under a pressure of 30 inches of mercury at the tem- 
perature of 50^, 0,1 of an inch of mercury answers to 87 feet of 
atmosphere. It will be seen moreover, that, as 0,1 of an inch 
of mercuiy is equivalent to 87 feet of air, 0,01 of an inch answers to 
8,7 feet ; 0,001 of an incb to 0,87 feet ; and ji^ of an inch to 1,74. 
Hence in a good mountain barometer, graduated to 500dths of aa 
inch, there will be a sensible difference in the pressure of the air 
arising from a change of altitude of less than two feet, or two 
thirds the length of the instrument. 

Formula (iv.) is essentially the same with that given by Laplace 
in the 10th book of the Mecanique Cileste^ but simplified after the 
example of Poisson, and reduced to English measures. The 
following example will serve to illustrate every part of this formula* 

At the lower of two stations, the mercury in the barometer 
was observed to be 29,4 inches, and its temperature 50^, that of 
the air being 45^ ; and at the upper station, the height of the ba- 
rometer was 25,19, its temperature 46^, and that of the air 39^, 
the latitude of the place being 30^. 

In this case, we have 
T — I'sSe*^— 46^ = 4«;lil_31« = ^*^^^ — 31«=:11«»; 
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and 



Whence 






cos 2 L = cos 2 X 30° = cos 60^ = 

= 29,4 log. . . 1,46835 

= 25,2003 log. • . 1,40141 



1 



669,4 



IP 
0,00223 . 

1st correction 



log.. . 2,82569 
log.. • 1,04139 
log.. . 3,34830 



16,42 log.. . 1,21538 



J 0,002837 . 



2d correction 



685,82 log.. . 2,83621 
log.. • 3,15168 



0,97 log.. . 1,98789 



B = 3481280 



686,79 log.. . 2,83682 
log.. . 6,54174 



0,0002 



log.. . 4,29508 



A + -^ A + ^^ = 1,0004 . . 2 log... 0,00034 

3d correction ^ ', ■ ^ ^, 

690,19 fathoms. 

Laplace's formula, applied to the same example, gives 688,97 
fathoms, differing from the above only 1,22 fathoms; whereas, by 
Sir George Shuckburgh's method, in which no account is taken oi 
the variation of gravity, either for difference of latitude or di^reoce 
of elevation in the same latitude, the result is 685,125. This cor- 
responds with the approximate height derived from the first correc- 
tion in the above example. 

475. We have already mentioned, that, unless very particu- 
lar precautions are taken, mercury is depressed in glass tabes, 
and that this depression is inversely proportional to the diaiD&' 
ter of the tube. It is always indicated, moreover, when it tai^^ 
place by the upper surface being convex. It is not necessary 
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to have regard to this ciroumstaDce id the calculation of heights by 
the barometer, where the two observations are taken with the same 
instrument, since the difference in the length of the barometric 
columns would be the same, whether they were corrected or not.* 
But in order that observations by different instruments, liable to 
different capillary effects, may be strictly compared with each other, 
a correction should be applied, which may be readily done by 
means of the following table. 



Interior diameter of the 


Depreeeion 


tube in English inches. 


of the Mercury. 


0,6 


0,005 


0,5 


0,007 


0,4 


0,015 


0,35 


0,025 


0,3 


0,036 


0,25 


0,050 


0,2 


0,067 


0,15 


0,092 


0,1 


0,140 



* Also in a syphon barometer, or one in which the tube, instead 
of entering a basin, turns up at the bottom and continues of the 
same bore, as in figures 230, 232, since the capillary effect is the 
same in both branches, the observed altitude reckoned from the 
surface in the shorter branch, would not be affected by the correc- 
tion. 
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HYDRODYNAMICS. 



Of the Discharge of Fluids through Apertures in the Bottom and 

Sides of Vessels. 

476. If a fluid be made to pass through a canal or tube of 
variable bore, kept constantly full, and the velocity be the same 
in every part of the same section, since for any given time the 
same quantity of fluid must pass through every section, this quanti^ 
must be equal to the area of the section multiplied by the veloci- 
ty, a, a , being the areas of two sections, and v, t/, the velocities 
at these sections, we shall have 

a v = 0^ t/, 
and hence 

a I a : : f/ I Vf 

that is, the velocities in different sections are inversely as the areas of 
the sections. 

The case here supposed is purely theoretical, and can never 
occur in practice, since on account of friction, the velocity is 
always greatest at the surface in a canal, and at the axis in a 
tube. 

477. Let MNOP represent a vessel filled with a fluid up toFig. tss. 
GH, CD an aperture, very small compared with the bottom 

MPy CIKD the column of fluid direcdy above the aperture, and 
CABD the lowest lamina or stratum of this fluid, immediately 
contiguous to the aperture. Also let v denote the velocity ac- 
quired by a heavy body in falling freely through JBD, the height 
of the stratum, and u the velocity which the same stratum would 
Meeh. 47 
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acquire in falling through the same space by the pressure of the 
column CIKD. If we suppose the lowest stratum ACDB.m 
fall as a heavy body through the height BD, the moving force 
will be its own weight. But if we suppose it to be urged by its 
own weight, together with the pressure of the incumbent coluom 
of fluid CIKD, through the same space, the velocity in the former 
case will be to that in the latter, as the moving forces and the times 
in which they act, the mass moved being the same in both casK, 
17. But the moving forces are to each other, as the heights BD, KD, 
and the times in which they act, the space being the same, ire 
inversely as the velocities. Accordingly, 

BD KD 

i; : tt : : : • 



264. 



Whence 



tf^ : u^ :: BD : ED, 



or 



V : u :: ^BD : n^KD. ' 



Now V is the velocity which a heavy body would actually ac- 
quire in falling through the space BD, and as the velocities, 
other things being the same, are as the square roots of the spa- 
968. ces, u the velocity of the issuing fluid is that which a heavy body 
would acquire in falling through KD, the height of the fluid abore 
the orifice. Therefore, iht velocity with which a fluid is discharg- 
ed from the bottom of a vessel is equal to that acquired by a heavy 
body in falling through a space equal to the height of the fluid abatt 
the orifice. Also if a pipe A^B'OD' be inserted borizoDtally, 
or inclined in any way to the horizon, it may be sbowD, io 
like manner, since the pressure of fluids is equal in all directions, 
that the fluid will be discharged with the same velocity as be- 
fore. It will accordingly ascend to the level of the fluid in the 
vessel, all obstructions being removed ; and it is found in fact, 
under the moat favorable circumstances, nearly to reach this 
point. It follows, moreover, from what is above laid down, that 
if apertures be made at diflTerent distances s, ^, s", below the 
surface, the velocities at these points, and consequently the 
qotauties of fluid discharged at these points, from apertures of 



Diidutrge of Itmdt tknmgh Apertures* 971 

the same size, in the same time9_tbe^es8el beiog kept filled to 
the same level, will be as \/<, \/s', j^sf'. The actual velocity at 
the distance s below the surface of the fluid in the vessel will be 

J^2g8y and the quantity Q discharged in the time f, through an ^^^ 
aperture whose area is a, is as follows, namely, 



478. What is above said of the velocity of a fluid discharged 
from jets or apertures, is true only of the middle filament of 
particles issuing through the centre of the aperture, which are 
supposed to experience no retardation, and which, in fact, suflfer 
no other retardation than what arises from the resistance of the 
air, and their mutual adhesion and attrition against each other. 
But those which issue near the edges of the aperture sufler a 
much greater re^stance, and are accordingly much more retarded. 
Hence it follows that the mean velocity of the whole cdumn 
of discharged fluid will be considerably less than that indicated by 
the above theory. 

479. Sir Isaac Newton discovered a contraction in the vein of 
discharged fluid, and found that at a distance from the orifice of 
about a diameter of this orifice, tlie section of the vein or stream 
was diminished nearly in the ratio of y^2 to v^l. Hence he 
concluded that the velocity of the fluid after passing the aperture 
was increased in this proportion, the same quantity passing through 
a narrower space in the same time. 

According to some very accurate experiments of Bossut, the 
actual discharge through a hole made in the side or bottom of the 
vessel, is to the theoretical as 1 to 0,62, or nearly as 8 to 5. The 
theoretical discharge must, therefore, be diminished in this ratio to 
obtain the actual discharge. 

If the water issues, not through an aperture in the side or 
bottom of the vessel, but through a *pipe from 1 to 2 inches in 
length, inserted in the aperture, the contraction of the vein is pre- 
vented, and the actual discharge becomes to the theoretical, as 8 to 
10, or as 4 to 5. In this way, therefore, the discharge is increased 
nearly in the ratio of 4 to 3. 
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The theoretical discharge, the discharge through an additioDal 
tube, and that through a simple perforation in the side, are as the 
numbers 16, 13, and 10 nearly. 

480. When an upright cylinder or prismatic vessel is sufier- 
ed gradually to discbarge itself, the velocity of the descending 
surface of the fluid is to the velocity at the orifice, as the area 
of the latter is to that of the former, and this is a constant ratio ; 
consequently the velocity of the descending surface varies as the 
velocity at the orifice, or as ^s ; that is, the velocity of the 
descending surface varies as the square root of the space to be 
described by it ; so that this corresponds etactly to the case of 
a body projected perpendictilarly upward ; whence, as the re- 
<^* tarding force is constant in the instance just referred to, it must 
be constant also in the case before us. Therefore, when a ve$9d 
of the above description is suffered to discharge itself , the velocity cf 
the descending surface and that of the discharged fluid toiU be tmi- 
formly retarded. 

Suppose a body, urged by a constant force, as that of gravity, 
to describe a space, as 1 rod, for instance, in the first second ; 
S67. the spaces being as the squares of the times, it will descnT^ 4 
rods in two seconds, 9 rods in 3 seconds, and so on ; and the 
spaces described in the first second, second second, &c., w31 
evidently be the difl!erences of these, namely, I — 0, 4 — 1, 
d — 4, 16 — 9, be., that is, the series of odd numbers, 1, 3, 5, 7, 
9, &c. Accordingly, these numbers, taken in the inverse order, 
represent the spaces described in equal times by a body uniform- 
ly retarded ; they represent, moreover, as will be seen from what 
is above proved, the quantities of fluid discharged in equal times 
from an aperture in the bottom of a prismatic vessel. Hence, 
if it were proposed to construct a clepsydra^ or water-clock, by 
means of a prismatic or cylindrical vessel, having an aperture 
Fis.234.in the bottom, let the height DB of a vessel which would be 
completely exhausted in a given time, as 12 hours, be divided 
from the top downward into portions represented by the numbers 
23, 21, 19, &c., down to 1, which will require the height DB to 
be divided into 144 equal parts, and these portions 23, 21, &c., 
will be the spaces through which the upper surface will descend 
in each successive hour of the exhaustion. 



Discharge of Ihidi through Apertures. S73 

481. If 0? denote the space throagh which the upper surface 
A descends in the time t, the velocity of the discharged fluid, 
represented by v^2 g(9 — x\ will vary continually, but may be 
considered as constant during the indefinitely small time d t; so 
that in this time there will escape through the orifice, a prism 
of the fluid having the area a of this orifice for its base, and 
y 2 g {js — x) for its altitude. Thus the quantity discharged dur- 
ing the instant d i is v d t \/2 ir (« — x). But during the same time 
the upper surface has descended through the space d a?, and the 
vessel has lost a prism or cylinder of the fluid, whose base is a, and 
altitude d a?, and whose bulk or volume is a. d x^ whence 

Ad X := a d t V^ g(' — *)> 
and 

d t = ,^^^ . (I.) 

As the area ▲ will be given in functions of a?, by the form of the 
vessel, the second member of this equation may be considered as 
containing only the variable quantity x, and it will be easy in most 
cases, by simply integrating, to discover the successive depressions 
of the surface, and the discharges of the fluid, from any vessel of a 
known form. 

• 

482. Let the vessel, for example, be an upright prism or cylin- 
der ; A in this case will be constant, and we shall have 

a\/2g %f s/s—x crv2g 

Now when the time t is 0, the depression of the upper surface 
A is also } thus we have at the same time a? z= 0, and ^ = ; 
this condition determines the constant quantity C to be 

2 a ,- 

s=- V*> 

Gx/2g^ 

and gives for the time of depressing the upper surface through the 
space X, as follows, 
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. _ 2 a . I 2 A ,_ ' 2 A . ^ J . 

To GdcI the time of completely emptying the vessel, we hare 
only to make a? = «, in which case the preceding expressioD wiD 
become 






But from what is above shown, we have Q or a ^ = cr < \/2^j, 
from which we obtain 



i^ ^' 




2g3 ^\2^ ^^\g' 



o \/2g 

By comparing this result with the preceding, it will be seen that 
when a vessd is suffered to exhaust itself ^ the time employed it 
just double that required to discharge the same quantity tdien the 
vessd is kept JulL The same conclusion might indeed be drawn 
from articles 266, 270. 

483. Let the vessel be any solid generated by the revolution of 

a curve. The axis being vertical, a will be the area of a circle 

which has for its radius the ordinate y of the generating curve, that 

is, if n == 3,14159 &c., a zn n i^. Substituting this value for a in 

u«Hom. ^jjg equation (i.) of article 481, we have 



G«om. 




^ V2 g fj V « — X 



s/2g J v^i 

In any particular examples, it will be necessary to put for y 
^ its value deduced, in terms of a?, from the equation of the generat- 
. ing curve. 

484. Let ABCD be the vertical side of a vessel, EFGH a 

Tig 8S6. rectangular notch in it, and let ILil be a rectangular paraUelo- 

gram whose breadth it is infinitely small compared with £6. 

The velocity with which the fluid would escape at GH, is to the 

velocity with which it would escape from IL i /, as j^EG to V^> 



^- } 



d 7 » L J ' V /^ V ' l/''l 
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and the quantities of fluid discharged in a given time through ^^* 
indefinitely small parallelograms at these depths are in the same 
ratio. But the parabolic curve jEI£H being drawn, having EO 
for its axis, we have 

EG : EI:: GH : IK; 

and consequently, Trig.i76. 

\^EG : \^'Ei : : GH : IK; 

whence the quantities discharged through indefinitely small par- 
liUelograms at the depths JSG, Ely are to each other as the ordi- 
nates GHj IKj and the sum of all the quantities discharged 
through all the parallelograms of which the rectangle £FCrH is 
composed, is to the sum of all the quantities dischai^ed through 
as many parallelograms at the depth EG^ as the sum of all the 
elements UCk i of the parabola, to the sum of all the correspond- 
ing elements IL li of the rectangle ; that is, as the area of the 
parabola EKHG to -the area of the rectangle EFGH ; in other 
words, the quantity running through the notch EFGH is to the 
quantity running through an equal horizontal area at the depth 
£0, as EKHG to EGHF, that is, as 2 to 3, Therefore the Cai. 94. 
mean velocity of the fluid in the notch is equal to two thirds of that 
at the greatest depth GH, 

485. If a small aperture be made in the side of a vessel keptFig.236. 
filled to the same height, the fluid will spout out horizontally with 
the velocity acquired by a heavy body in falling freely through the 
height of the fluid above the aperture, and this velocity combin- 477. 
ed with the perpendicular velocity arising from the action of 
gravity, will cause each particle, and consequently the whole jet 
to describe a parabola. Now the velocity with which the fluid 808. 
is expelled from any aperture, as 6, is such as would, if uniform- 
ly preserved, carry a particle through a space equal to 2 BO ^^• 
in the time of its natural descent through BG ; accordingly, if the 
direction of the aperture be horizontal, the action of gravity 
being at right angles to it will cause the particle to descend 
through the height GD in the same time that would be required 
in case of a natural descent through GD, if no other force were 
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£67. exerted upon the particle. Hence the squares of the times beii; 
as the spaces, or the times simply as the square roots of the spaces, 
j^BG is to ^OD as the time employed in describing jBCf to the 
time required to reach the hori2x>ntal plane DF» But in the time 
employed in describing BG, the particle would be carried uniforoh 
ly and horizontally by the velocity thus acquired, through a space 
equal to 2 BG; therefore, to find the amplitude or horizootal 
range DE of the jet, we have the proportion 

Oeom. ,.,« ,- ^ ^^ r>Ti 2 BG 

tl5. 



V50 : \/'GD :: 2BG : DE = 



^/BG 
= 2 s/B6'GD = 2 GH. 

As the same reasoning may be used with respect to any other 
point in BD^ if upon the height of the fluid BD as a dxameUr wt 
describe a semicircle BKD, the horizontal distance to which thejbdi 
will spout from any- point will he twice the ordinate of the drdi 
drawn through this pointy the distance being measured on the plane of 
the bottom of the vessel. 

486. It will hence be perceived, that if apertures be made at 
equal distances 6, Lj from the top and bottom of the vessel, 
the horizontal distances DE to which the fluid will spout from 
these apertures will be equal; and that the point J, bisecung 
the altitude, is that from which the fluid will spout to the greatest 
distance, this distance DF being equal to twice the radius of the 
semicircle or to the altitude BD of the fluid. 

487. If the fluid issue obliquely instead of horizontally, the 
curve described will still be parabolic, and the horizontal range, 
&c, of the jet may be calculated as in the case of other projectiles. 

Fis.287. Let the aperture C be inclined, for example, upward at differeDt 

angles. CB will be equal to 5, the space through which a bodj 

must fall to acquire the velocity of projection, and equal to the dis- 

477. tance CF, CjP, of the foci of the several parabolas, traced by 

particles issuing with diflTerent angles of elevation. Hence BE 

Trig.lTS. is the directrix to these parabolas, and the circle described from 
the centre C, and with the radius BC\ will pass through the sev- 
eral foci JP, JP, &c. Let C£, for instance, be the direction of 
the jet, and draw CF making the angle ECF equal to BCE; let 
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faU the « perpendicular FH^ and take HG equal to HCy the dis- 
tance CG will be the horizontal range of the jet. But 

CG = 2 CH = 2 CF X cos FCH =2CB X ^n2ECF. 

Therefore, when the angle of elevation is 45^, the focus of the par- 
abola falls on the horizontal line at F'f and the range CK is then 
the greatest possible, being double the altitude CB» 



Of the Motion of Gases. 

488. To determine with what velocity the air or any other gas 
will rush into a void space, when urged by its own weight, we pro- 
ceed according to a method analogous to that by which the motion 
of liquids is determined. When the moving force and the mass or 
matter to be moved vary in the same proportion, the velocity will 

continue the same, since v = ^. 

m 

Thus, if there be similar vessels of air and water, extending 
to the top of the atmosphere, on the supposition of a uniform 
density throughout, they will be discharged through equal and 
similar apertures with the same velocity ; for in whatever pro- 
portion the quantity of matter moving through the aperture be 
varied by a change of density, the pressure which forces it out 
acting in circumstances perfectly similar will vary in the same 
proportion. Hence it follows that the air rushes into a void vnth 
the velocity which a heavy body would acquire by falling from the 
top of the atmosphere f this fluid being supposed to be of a uniform 
density throughout. 

The height of a uniformly dense or homogeneous atmosphere 
being 27807 feet, according to article 467, and g = 32,2, we 
shall have for the velocity in question 

V = V^yA = ^2 X 32,2 X 27807 = 1338. 277. 

489. But as the space into which the air rushes becomes more 
and more filled with air, the velocity must be diminished contin- 
ually. Indeed whatever be the density of this rarer air, its elas- 
ticity, varying with its density, will balance a proportional part 

Meeh. 48 
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of the pressure of the atmosphere, and it is the excess of thb 
pressure oolj which constitutes the moving force, the matter to 
be moved being the same as before. Let d be the natural dea- 
sity of the atmosphere, and A the density of that which opposes 
itself to the motion in question. Let p be the pressure of the 
atmosphere, or the force which impels it into a void, and v the 
force with which this rarer air would rush into a void ; from the 
proportion 



PA 
: : p : 9 = *^, 



D 



we shall have, for the moving force sought, p — ^ — . Again, let 

« be the velocity of air rushing into a void under the pressure j?, 
and ti the velocity of air under the same pressure rushing into 
rarefied air of the density A, Since the pressures are as the heights 
producing them, the fluid being supposed of a uniform densly 
throughout, we shaU have 

whence ti := v X I i .^ ~, no allowance being made for the 

inertia of the rarer air, which being displaced must oppose a certain 
resistance. 

490. Let it be proposed to determine the time t in seconds ia 
which the air will flow into a given exhausted vessel, until the air 
shall have acquired in the vessel a certain density a. 

Suppose h the height due to the velocity v, h the bidk or 
capacity of the vessel, and a the area of the aperture, the meas- 
ure in each case being in feet. Since the quantity of air neces- 
sary to fill the vessel will depend upon the size of the vessel, and 
also upon the density of the air, b A will represent this quantity, 
the differential of which \sh d ^. The velocity of influx at the 
first instant ia v == ^^gh ; and when the air in the vessel has 
acquired the density A, that is, at the end of the time ^ the 
velocity is 



«* = V2^* ^ J^ — i orj2^Ax 



D — A 
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Hence the rate of iofluz, wfaicb may b^ measured by the iDfioiteljr 
small quantity of air passing the aperture during the instant i t with 
this velocity, will be denoted by 



4 



2 g* A X ^ X i>odi zzzadi ^2 g- d A (d — A). 



Putting these two values of the rate of influx equal to each otheri 
we have 



a d t j^2 gJ}h{D — A) = & il A, 
and 



Hence, by integrating, we obtain 

t = — 1== X Vd — A + c. 

f a ^/2^ n A 

To find the constant C, it will be observed, that when < = 0, 
A = 0, and j^i> — A = y^D. We have, therefore, for the cor- 
rected integral 

491. When d = A, the motion ceases, and the value of t^ or 
the time of completely Glling the vessel, becomes 

or J or =, nearly. 



a v/^ ^ D A a s/i g ^ ^ ^ \^A 

Suppose, for example, the capacity of the vessel to be 8 cubic 
feet, or nearly a wine hogshead, and that the aperture by which 
air of the ordinary density, or I, enters, is an inch square, or ^tt 
of a foot. In this case 4 j^h = 4 ^27807 a 668, nearly ; and 
hence 
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If the aperture be only yl^ ^^ & square inch, or the side rVf ^ 
time of completely filUng the vessel will be 172'^ nearly, or a 
little less than 3^ 

If the experimeut be made with an aperture cut in a thin plate, 
479. we shall find the time greater nearly in tlie ratio of 62 or 63 to 100, 
as we have already remarked with respect to water flowing through 
small orifices. 

492. We can find, in like manner, the time necessary for 
bringing the air in the vessel to any particular density, as | of 
that of air in its ordinary state* For the only variable part of 
the integral, above found, is \/d — ^, which in this case becomes 
y^l — I z= j^, and gives -v^d — v^d — a = J j hence, if the 
aperture were a square, each side being y^ of an inch, the lime 
sought would be i 172'', or 86'', nearly. 

493. If tlie air in the vessel be compressed by a weight 
acting on the movable cover AD^ the velocity of the expelled 

Fig.288.air may be determined thus. Let the additional pressure be 
denoted by g, and the density thence resulting by d' ; we shaU 
then have 

I? : p + J : : D : d', 



and 



p : p + ? — P • • ^ : d' — D, 



which gives 



d' — D 

? = P X — -— « 



Now, since the pressure which expels the air is the difference 
between the force which compresses the air in the vessel and that 
which Compresses the internal air, the expelling force is q; whence) 
the forces being as the quantities of motion, 



d' 



p : p X : : mv : nuj 



m, n, being the masses expelled, t; the velocity with which air 
rushes into a void, and u the velocity required. But the masses 
or number of particles which issue through the same orifice in 
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an iostant, are as the densities and velocities conjointly ; hence 

and consequently, 

P ; p X : : D tr : d' a^, 

which gives 

Moreover, from the proportion 

p : J? + J : : D : d', 

we obtain 



I ■ 



and 



Whence 



1^ = 5- 


(p+?) 

p 


D' — D=5 


p 


_ »(!»+?)- 


— Dp D J 


P 


P 


d' D _ p 


_ ? 


^ o (P + «) P.+ « 



Substituting this value of ^ — in the above expression for ti^ 

we have the following simple and convenient formula, namely, 



ti = t; I 



1_. 



\p + q 

494. We have taken no notice of the effect of the air's elasti- 
city upon the velocity of influx into a void. Let ABCD be a 
vessel containing air of any density d. This air is in a state of 
compression, and if the compressing force be removed it will ex- 
pand, andUts elasticity will diminish with the density. Now its 
elasticity, in whatever state, is measured by the force which 
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keeps it id that state ; and the force which keeps commoa mt a! 
its ordinary density is the pressure of the atmosphere, and equir- 
alent to that of a column of mercury 30 inches in height. If, 
therefore, we suppose this air, instead of being confined by the 
top of the vessel, to be pressed down by a movable piston car- 
r3riDg a cylinder of mercury of the same base and 30 inches 
high, its elasticity will balance this pressure just as it does the 
pressure of the atmosphere ; and since from its fluidity the pres- 
sure received on any one part is pix>pagated through every pait 
and in every direction, it will press on any small portion of the 
vessel by its elasticity, as when loaded with this column. Hoce, 
if this small portion of the vessel be removed leaving an opening 
into the void, the air will begin to flow out with the same velo- 
city as it would flow out when pressed by its own weight only, 
or with the velocity acquired by falling from the top of a ho- 
mogeneous atmosphere, or 1338 feet per second. But as soon 
as a portion of air had passed through the orifice, the density of 
that remaining in the vessel being reduced, its elasticity, aDd 
consequently the expelling force, is diminished. But the matter 
to be moved is diminished in the same proportion as the density, 
the capacity of the vessel remaining unchanged ; therefore, since 
the density and elasticity foUow the same law, the mass moFed 
will vary as the moving force, and the velocity will contioae ihe^ 
same from the beginning to the end of the. efflux. 

495. The velocity with which the air issues out of a vessel 
under the circumstances above supposed, being constant, we can 
readily compare the velocity given by the theory with tbat 
Rg. 239. found by experiment. Let .^ be a cask of known capacity m 
the top of which is an aperture a of a known area. The tube 
TB, recurved at jB, is soldered or screwed into the top of the 
cask. The aperture a is stopped while water is poured into the 
tube T till it is full, at which time a quantity of water will ha?e 
passed out at B condensing the air in the cask till its spring is 
equal to the weight of the water in the tube. At this time a 
cock placed over the tube T, sufficientiy large to supply water 
as fast as it can descend into the vessel t^, is to be opened to 
keep the tube constandy filled. For this purpose one person 
must constantly tend it, while another opens the aperture a, 
which needs only to be closed with the finger, the seconds being 
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« 

counted from the moment the finger is remeyed till the water 
flies out at a. Hence, knowing the capacity of the vessel and 
the area of the aperture, we obtain the velocity. If the tube TB 
X should be continued nearly to the bottom of A^ while A was filling 
with water, the length of the compressing column would be 
gradually diminished, and consequendy the pressure constandy 
changing. To avoid any irregularity from this cause the open 
end of the tube is placed as near the top of the cask as is consis- 
tent with a free passage for the water. 

The vessel was made to contain 16"** 6**** of water, from which 
its capacity is found to be 425,088 cubic inches. The area of 
the aperture a through which the water is discharged was 0,0046 
inches. 

(1.) The altitude of T above the cask being 30 inches, the 
time of expelling the air was found by several trials to be 33^^ 

(2.) The aldtude of T being 6 feet, the time of expelling the 
air was 21,3''. 

In the first experiment, 425,088, the capacity of the cask, being 
divided by 0,0046, the area of the aperture, gives 92410,4 inches 
for the length of the stream continued during 33''. Hence 

1Q V 'V\ ^^ 233,3 feet, the velocity per second. 

From the second experiment we deduce by a similar process^ 
361,6 for the velocity per second ; and to show the correspondence 
of this with the first, we use the propordon 

4,/2l : V6 : : 233,3 : 361,8, ^ 

dififering from the experimental result one fifth of a foot. 

496. To compare the velocity thus found by experiment with 
that assigned by theory, we use the proportion 

V6 : V34 : : 361,6 : 860,5, 

the velocity with which the atmosphere would begm to enter a 
void. Taking the result before found, namely, 1338, and multi- 
plying it by 0,63, agreeably to what is laid down in article 479, 
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we shall have 842,04, diflbring from the experimental reside dxnt 
yVpart. 

497. Let it be proposed to find the quantity of air expelled 
Fig. 238. into an infinite void from the aperture C of the vessel ABCJ) 
during any time t^ and the density of the remainmg air at the 
end of that time. 



The bulk expelled during the instant d t will beadt ^ 2ghi 

the velocity ^ 2g h being constant, and consequently the quaodtf 

will be oj}' dt j^ 2g k. The quantity at the beginning of tb; 
efflux is 6 D, i being as before the bulk of the vessel ; and when tbe 
air has acquired the density d', the quantity in the vessel is b i/, 
and the quantity expelled is & d — & d' ; consequently, the quao- 
tity discharged during the instant d t must be the differential of 
5 D — b B^, that is, — b d d^ Hence we have the equation 

aJ>^ dt ^2g h = — 6 rf d'. 



and 

bdp' _ b _ dD' 
a d' s/2gh "" a y/2gh 

the integral of which is 



dt=z -, — ^== = :;=== X -Tj 



h. log. denoting the hyperbolic or Naperian logarithm of d'. 
When ^ =1 0, B' is equal to d ; whence 

c r= .- — r h. log. D ; 

a s/2gh ^ ^ 

therefore, 

a\/2gh ° d' Sa^k ° d" 

tiearly. 

It IS obvious that no finite time will be sufficient for the ves- 
sel to empty itself; for, as d' must in this case be equal to zero, 

j^ will be infinite, and its logarithm will also be infinite ; so that 
t will be infinite. 
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496. It is by a train of reasoning precisely similar, that we 
ascertain the quantity of condensed air which will make its escape 
from a vessel into the atmosphere in a given time. Let A be the 
density of the condensed air, and h' the height of a homogeneous 
atmosphere corresponding to it ; also let d be the density of the 
atmosphere. The air, having for its density A, will obviously, when 
mixing with the atmosphere, have the same velocity as though it 
were rushing into a vacuum with the density A —. d. Now the 
height of a homogeneous fluid corresponding to this densi^ is found 
by the proportion 

Tm i» A— D 

A : A — D : : A' : a' . 



From the equation i; = ^^2 g Sy it will be seen that the vek>- 
cities acquired by falling from different heights are proportional 
to the square roots of these heights. ' If, therefore, v be taken to 
represent the velocity of common air rushing into a vacuum, and 

h the height of the corresponding homogeneous atmosphere, we 

A i> 

shall have, u being the velocity belonging to the height hf — -r — , 

I h : h' — ^^^ : : v* : tt^ = t^ -J- • — ^^1— ; 
A A A ' 

whence 



^ = ^ Jr- 



A— D 
> 



Moreover the proportion 

J} : A : : h : h\ 



gives 



A' _ A 



therefore 



Ia A — D |a — D 



Let A^ be the density of the condensed air after the time ^, ( 
being, as before, the bulk of the vessel, and a a section of the 
Mech. 49 
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aperture, we shall have 



and 



— bd^* —b^/i ^ dA 
at zn ■■ ' I =: '— X — — 



av A' y .-^ — 

Let v'a' — D = ap, then A' — d = ar*, and A' = a* + d, 
from which we have 

d A' z:z2xdXf 

and hence 

d A* 2xdx 2 dx 



A' ^A' — D («* + i>) « «« + v'Da 
Cal. lao. Now the integral of ^g , J^-^ is equal to -^ mukipBed hj an 

X 

arc whose tangent is -^, radius being I. 
Whence 



i — — ^ ^" X — j= X an arc whose tang, is - — ^= r ^' 

When 

t db 0, A' is equal to A, 

and 



26 ... I^ — D 

c = — X an arc whose tang, is^ . 

o V ° \ D 

Let the former arc be represented by a and the latter by a' ; we 
shall have 

< = ^ (a/ _ a). 

When the time is required in which the density of the air 
contained in the vessel shall be reduced to that of the externa] 
atmosphere ; as A^ = p, in this case, it follows that a = 0, 
and 

._ 2h€i 

Q V 
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To illustrate this by an example, let it be required to find 
the time in which air of double the atmospheric density, confined 
in a cubical vessel, each of whose sides is 12 feet, will expand into 
the atmosphere through an opening of one tenth of. an inch in dia- 
meter, so as to be reduced to the common density. The above 
formula gives, by substitution, 

^ = 0,007854 X 1838 ^ *" ^^ ^^^ ^^S- is 1, 

8 X 12^ X 100 ^ . ' . , 

= 0.7854 X 1338 ^ *° "" "'^ *^- "^ *' 

= 1338 = 258'' = 4' 18'^ 

499. Even although the density of the confined air were 
mfinitely greater than that of the atmosphere, the time in which it 
would be reduced would be a finite quantity. For A being infinite* 
ly greater than d, the 



lA — D 

is also infinite, and corresponds to an arc of 00^. Hence in thi^ 
case we have 

^ = — X 2 X 0,7854. 
a V 

The capacity of the vessel and the area of the aperture being the 
same as in the last example, we should have for the time in which 
this infinitely condensed air would be reduced to the same density 
with the atmosphere 

' = 0.0^^4^1838 X ^ X 0,7864 = 561" = 8' 36". 
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Of the ResUtance ofFluid^ to Bodies moviTtg in thesu 

« 
500. The force with which solid bodies moving in fluids, as 
water, air, &c., are impeded and retarded, is usually termed the 
resiitance of fluids ; and as all our machines move either in water 
or in air, or both, it becomes a matter of importance in the 
theory of mechanics to inquire into the nature of this kind of 
force. 

We know by experience that force roust be applied to a body 
in order that it may move through a fluid, such as air or water; 
and that a body projected with any velocity is gradually retard- 
ed in its motion, and generally brought to rest. We also know 
that a fluid in motion will hurry a solid body along with it, and 
that force is necessary to maintain the body in its place. And 
as our knowledge of nature teaches us that the mutual actioos 
of bodies are in every case equal and opposite, and that the ob- 
served change of motion is the only indication and measure of 
the changing force, we infer that the force which is necessary 
to keep a body immovable in a stream of water, flowing 
with a certain velocity, is the same with that which is requir- 
ed to move this body with an equal vehcitj through stagnant 
water. 

A body HI modoD appears to be resisted by a stagnant flmd, 
because it is a law of mechanical nature that force must be 
employed in order to put any body in motion. Now, the body 
cannot move forward without putting the contiguous fluid in 
motion, and force is to be used to produce this motion. 
In like manner, a quiescent body is impelled by a stream of 
fluid, because the motion of the contiguous fluid is diminished by 
this solid obstacle ; the resistance, therefore, or impulse, diflfers 
b no respect from the ordinary communication of modon among 
solid bodies, at least in its nature ; although it may be far more 
difficult to reduce the various circumstances attending it to accu- 
rate computation, or to obtain all the requisite data on which to 
found the calculation , 



\ 
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501. The resistance which a body suffers from the fluid 
medium through which it is impelled depends on the velocity, 
form, and magnitude of the body, and on the inertia and tenacity 
of the fluid. For fluids resist the motion of bodies through them, 
(1.) by the inerda of their particles ; (2.) by their tenacity, that is, 
the adhesion of those pardcles ; (3.) by the friction of the body 
against the particles of the fluid. In perfect fluids the two last 
causes of resistance are very inconsiderable, and therefore are 
not taken into the account; but the first is always very con- 
siderable, and obtains equally in the most perfect as in the most 
imperfect fluids. And that the resistance varies with the velo- 
city, shape, and magnitude of the moving body is sufficiently 
obvious. 

We must carefully distinguish between resistance and retard- 
ation; resistance is the quantity of motion^ retardation the quan- 
tity of velocity^ which is lost; therefore, the retardations are as 
ihe resistances applied to the quantities of matter ; and in the same 
body the resistance and retardation are proporUonal. 

602. To determine the force of fluids in motion^ or the resist- 
ance of fluids against bodies moving in 'them. 

(1.) In fluids uniformly tenacious, the resistance is as the 
velocity with which the body moves. For, since the cohesion of 
the particles of the fluid is always the same for the same space, 
whatever be the velocity, the resistance from this cohesion will 
be as the space described in a given time; that is, as the 
velocity. 

(2.) In a fluid whose particles move freely without disturb- 
ing each others' motions, and which flows in behind as fast as a 
plane body moves forward, so that the pressure on every part of the 
body is the same as if the body were at rest, the resistance will be 
as the density of the fluid. 

(3.) On the same hypothesis the resistance will be as the 
square of the velocity. For the resistance must vary as the number 
of particles which strike the plane in a given dme, multiplied into 
the force of each against the plane ; but both the number and the 
force is as the velocity, and consequendy the resistance is as the 
square of the velocity. 
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This proof supposes that after the body strikes a paitide, the 
action of that particle entirely ceases; whereas the particles, 
after they are struck, must necessarily diverge, and act upon the 
particles behind them ; thus causiug some difference between 
theory and experiment. This hypothesis, howeirer, on account of 
its simplicity, is generally retained, and corrected afterwards by 
deductions from actual experiments. 

This ratio of the square of the velocity may be otherwise 
derived, thus. 

It is 'evident, that the resistance to a plane, moving perpeo- 
dicularly through an infinite fluid, at rest, is equal to the pressure 
or force of the fluid on the plane at rest, the fluid moving 
with the same velocity, and in the contrary direction to that of 
the plane in the former case. But the force of the fluid m mo- 
tion must be equal to the weight or pressure vVhich generates 
that motion ; and which, it is known, is equal to the weight or 
pressure of a column of the fluid, whose base is equal to the 
plane, and its altitude equal to the height through which a body 
must fall by the force of gravity, to acquire the velocity of the 
fluid ; and that altitude is, for the sake of brevity, called the alti- 
tude due to the velocity. So that if a denote the surface of the 

plane, v the velocity, and s the specific gravity of the fluid ; diea 

98 
the altitude due to the velocity v being ^—j the whole reastaace 

or moving force m^ will be 

g being 32,2 feet. And hence, other things being the same, the 
resistance is as the square of the velocity. 

(4.) If the direction of the motion, instead of bemg perpendicu- 
lar to the plane, as above supposed, be inclined to it at any angle, 
then the resistance to the plane in the direction of the motion, as 
assigned above, will be diminished in the triplicate ratio of radius 
to the sine of the angle of inclination, or in the ratio of 1 tot', 
where i is the sitae of the inclination. 
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For AB being the direction of the plane, and bd that of the ^s* *^> 
motion, abd the angle whose sine is t; the number of particles 
or quantity of the fluid which strikes the plane will be diminish- 
ed in the ratio of 1 to t; and the force of each particle will 
likewise be diminished in the same ratio ; so that on both these 
accounts the resistance will be diminished in the ratio of 1 to t ^ ; 
that is, in the duplicate ratio of radius to the sine of abd. But 
further, it must be considered that this whole resistance is exerted 
in the direction be perpendicular to the plane ; and any force in 
a direction be is to its effect in a direction ae, parallel to bd, as ae 
to BE, or as 1 to i. Consequently, on all these accounts, the resist- 
ance in the direction of the motion is diminished in the ratio of 
1 to f^. And if this be compared with the result of the preced- 
ing step, we shall have for the whole resistance, or the moving 
force, on the plane, 



m = 



or 8 »^ f * 



2^ 



(5.) If w rept^sent the weight of the body whose plane sur- 
face cr is resisted by the absolute force i», then the retarding 
force 

-. m a sv^ i^ 

•^ "^ w *il g to * 

(6.) And if the body be a cylinder whose surface or end is 
<r, and diameter d, or radius R, moving m the direction of its 
axis; then, because « = 1, and a = nJi? = | tk d^, where 
n =: 3,141593, the resisting force m will be 

» 8 P^ P^ ff 8 R^P^ 

" ^g " ^g ' 
and the retarding force 

r> jy 8 D^p^ n s R^ t7^ 

•'"" 8gW ""' 2gtD ' 

(7.) This is the value of the reastance when the end of the 
cylinder is a plane perpendicular to its axis, or to the direction 
of the motion. But were its face a conical surface, or an elliptic 
section, or any other figure every where equally inclined to the 
axis, the sine of the inclination being t ; then the number of parti- 
cles of the fluid striking the surface being still the same, but the 
force of each, opposed to the direction of the motion, diminished 
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in the duplicate ratio of the radius to the sme of the iQcfinaDon, 
the resisting force m would be 

But if the body were terminated by an end or surface of any 
other form, as a spherical one, where every part of it has a di&reat 
inclination to the axis; then a further investigation becomes 
necessary. 

503. To determine the resistance of a fluid to any body movis^ 
in tV, having a curved end as a sphere^ a cylinder with a hemispkerir 
cal end J fyc. 

Fi;.24l. (^0 ^^ BEAD be a section through the axis ca of the solid, 
moving in the direction of that axis. To any point of the cunre 
draw the tangent eg, meeting the axis produced in g ; also draw 
the perpendicular ordinates ef, e /, indefinitely near to each 
other ; and draw a e parallel to cg. 

Putting OF =: cc, EF = y, be = 2r, » = sine of the angle 6, 
radius being 1 ; then 2 sr y is the circumference whose radius is ef, 
or the circumference described by the point e, in revolving aboot 
the axis ca ; and 2 9r y X £ e, or 2 jr y <2 2:, is the dLflS^rential of 
the surface, or it is the surface described by e e, in its revolutioD 
about CA ; hence 

-^ X^^ydz,or —^ — Xydz 

is the resistance on that ring, or the differential of the resistance 
to the body, whatever the figure of it may be ; the integral of 
which will be the resistance required. 

(2.) In the case of a spherical shape ; putting the radius ca 
or c B = R, we have 

/ / a „a\ . EF CF a; 
y ^ ^ '^ eg CB r' 

and y dz oxTLY X Ee=:cE X ae = R(2a;; 

therefore the general differential 

.i^ydz 



31 B w^ 



g 
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becomes 

. -^. Ba d? = ff- . tr dxi 

g B? g ^ ' 

the iDtegral of which, or ^ ^ «*, is the resistance to the spheri- 
cal surface generated by bjq. And when op or cf is ^ r or ca, 
it becomes — ^ for the resistance on the whole hemisphere ; 

which is also equal to ^^^^ , where d =: 2 b, the diameter. 

(3.) But the perpendicular resistance to the circle of the 
same diameter d or bd, by section 6 of the preceding problem, is 

It S O D 

— g ; which being double the former, shows that the resist^ 

ance to the sphere is just equal to half the direct resistance to a great 
circle of it^ or to a cylinder of the same diameter. 

(4.) Since | n d^ is the magnitude of the globe ; if s' denote 
its density or speci6c gravi^r, its weight w will be = ^ ir d^ s', and 
therefore the retarding force 

which is also equal to 



Hence 



and 



nBV^j}^ 
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which is the space that would be described by the globe while 
its whole motion is generated or destroyed by a constant force 
equal to the resistance, if no other force acted on the globe to 
continue its motion. And if the density of the fluid were equal 
to^that of the globe, the resisting force sufficient would be act- 
ing constantly on the globe without any other force, to generate 
or destroy the motion while describing the space 1 1>, or | of its 
diameter. 
Mech. 50 . 
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(5.) Hence the greatest velocity that a globe acquires m de* 
scending through a fluid, by means of its relative weight in the 
fluid, will be found by putting the resisting force equal to that 
weight. For, after the velocity has arrived at such a degree tki 
the resisting force is equal to the weight that urges it, it will increase 
DO longer, and the globe will afterwards continue to descend with 
that velocity uniformly. Now, s^ and s being the specifle gravities 
respectively of the globe and fluid, s^ — s will be the relatiTe 
gravity of tlie globe in the fluid, and therefore 

w = ^ « D^ (s' — s) 
is the weight by which it is urged ; also 

is die reirfstance ; consequently 

when the velocity becomes uniform ; from which equatkn is 
found 



=Jo 



for the above uniform motion or greatest velocity. 

By comparing this with the general equations, v = j^g <) ^ 
will be seen that the greatest velocity is that acquired by the 

accelerating force , in describbg the space ^ d, or that 

acquired by gravity in describing freely the space 



8'— 8 , 

. 4 D. 

8 ' 



If s' :::: 2 s, or the specific gravity of the globe be double that 

of the fluid, = 1 = the natural force of gravity ; and the 

globe will attain its greatest velocity in describing | d or f of /» 
diameter. It is further evident, that if the globe be very smal), 
it will soon attain its greatest velocity, whatever its deosrtf 
may be. 
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If a leaden ball, for example, one inch m diameter descend 
in water, and in air of the usual density at the earth's surface, the 
specific gravities of these bodies being 11,3, 1, 0,00122, respec- 

lively, since | of an inch is ^V? or 0,11, of a foot, becomes 

10,3 in the case of water, and 



11,3-0,00122 _ , 

pgj^ y^o nearly, 



in the case of air, we shaU have 



t; = V^2 X 32,2 X 0,11 X 10,3 = 8,64 

nearly, for the greatest velocity the ball can acquire per second in 
water; and 



y/2 X 32,2 X 0,11 X ^26 = 266 

nearly, for the greatest velocity in air. 

But if the globe were only one hundredth of an inch in diam- 
eter, the greatest velocities would be only tV ^^ ^^ above re- 
sults, or 0,86 of a foot in water, and 26,6 in air ; and if the ball 
were still further diminished, the greatest velocity would be di- 
minished also, in the subduplicate ratio of the diameter of the ball* 
This is well illustrated in the fall of ram. The different sized 
drops descend with different degrees of rapidity, but all so gently as 
to cause no injury. Were this fluid so constituted as to allow the 
drops to form in larger masses, or were the air much less dense, 
tender vegetables would suffer by the shock, as they sometimes do 
in fact by the more rapid descent of hail. 

604. It appears from the third step of the preceding article, 
that the resistance to the motion of a cylinder moving in the 
direction of its axis is double that of a globe of the same diame- 
ter ; and in experiments with bodies that move slowly, this will 
nearly hold true in water, but still more nearly in air ; because 
its particles move more freely than those of water, and less dis^ 
turb each others' motions ; but when the motion is more rapid, 
considerable aberrations will occur, both from the mutual dis- 
turbance of the particles, and from the fluid not flowing in so fast 
behind as the body moves forward } in the air also, a new cause 
of deviation will arise, from the condensation of the fluid before 
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the body. Sir Isaac Newton supposes, that in a cootmiioiis non- 
elastic fluid, infinitely compressed, the resistances of a ^b^e 
and cylinder of equal diameters are equal ; but this appears to 
be an error in theory as well as in fact. When the motion is 
slow in water, the fluid may be conceived to be nearly of the 
nature which Newton supposes ; yet the resistances are altDOS 
as coincident with theory as when the motion is in air ; thus 11 
Borda found the resistance of a sphere moving in water to be to 
that of its greatest circle as 1 to 2,508, and in air the reastances 
were as 1 to 2,45. The experiments of Dr* Hutton in air give 
the resistances at a mean as 1 Id 2^. 

The reason that experiment gives the ratio of the reastanccs 
greater than that of 2 to 1 seems to be this ; in theory it is sup- 
posed that the action of every particle of the fluid ceases the instant 
it makes its impact on the solid ; but this is not actually the case, as 
we have before observed ; and since the particles, after impact on 
the sphere, slide along the curved surface, and hence escape with 
more facility than along the face of the cylinder, the error wil 
be greater in the cylinder ; that is, the greater resistance wiD ex- 
ceed the theory more than the less. It is also to be observed, 
that the difierence between the resistances of the globe and cjl- 
inder in water is greater than in air ; and this is directly coDtraiy 
to what might bo inferred from Newton's reasoning, whidi sup- 
poses them equal in a continuous fluid, but in the ratio of 1 to 2 
m a rare fluid. 

505. To detennine the rdations of vdodty^ space^ and time, of a 
batt moving in a fluid in which it is projected vnth a given veloa^, 

hex u = the velocity of projection, s the space described 
in any time t, and v the velocity ^ac(^uired. Now, by step 4, arti- 

cle 503, the accelerating force /= y— ; where s' is the den- 

O g 8 D 

sity of the baU, s that of the fluid, and d the diameter of the 
^^* bdl. Therefore the general equation v dv = g fds becomes 

- _ 3 s r« , 



and hence 

9 Sa'D 



ds =z — c d *, 
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putting c for b— r-- The correct integral of this is log. u — log. r, 
or log. ~ r= c 5. Or putting e = 2,718281828, the nunaber whose 

V 

hyp. log. is 1, then - = e^, and the velocity 

r = - = w-. 

506. The velocity v at any time being the e~~^ part of the first 
velocity, the velocity lost in any time will be the 1 — e"** part, or 



6 



Cf — 1 



the — ^ — part of the first velocity, 



€"■ 



(1.) If a globe, for example, be projected with any velocity in 
a medium of the same density with itself, and it describe a space 
equal to 3 d or 3 of its diameters ; then « = 3 d, and 

_ 88 _ J^ 

^~8s'd "" 8d' 

therefore c 5 = f , and the velocity lost is 

g« — 1 _ 2,08 
e" ■" 3,08' 

or nearly | of the projectile velocity. 

(2.) If an iron ball of two inches diameter were projected with 
a velocity 'of 1200 feet per second ; to find the velocity lost after 
moving through any space, as 500 feet of air ; we should have 

D = /, = J, u = 1200, 8 = 500, s' = 71, s = 0,0012^ 

and therefore 

_ 3bs _ 3 . 0,0012 . 500 _ 3 . 12 . 500 . 3 . 6 _ 81 
^'""8 8'd'" 8.7J.| "" 8.22.10000 ""440* 

and 

1200 

V = ^y^ = 998 feet per second ; 

having lost 202 feet, or nearly \ of its first velocity. 



280. 
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(3.) If the earth revolved about the sun, in a medium as dense 
as the atmosphere near the earth's surface ; and it were required 
to find the quantity of motion lost in a year; since the earth's 
mean density is about 4|, and its distance from the sun L2000 of 
its diameters, we have 

24000 X 3,1416 = 76398 diameters = *, 

and 

_ 3 . 76398 . 12 . 2 _ ,^ -„q 
^ ' - 8 . 10000 . 9 - ^'^'^^^ ' 

^ 1 

hence — -^ — = -flfT P^^^ ^'^^ ^'^ ^^ ^^^ ^^ motion in the 

space of a year, and only the y j'|-y part remains. 
(4.) To find the time t ; we have 

V u u ' 

Now, to find the integral of this, put z = e^ ; then is c « = k^. z, 
and 

, dz J dz 

e as =: — , or o « := — : 
« ' cz ' 

consequently 

e^ d s z dz dz 



dtOT 



tl II tt c ' 



and hence 

t= — = — + c. 

But as t and s vanish together, and when « = 0, the quanti^ 

e^ 1 

— is equal to — ; 

therefore 

^ _ ^ —I _ J 2. = iYl 1^ 

tie cv cu c\v u/ 

the time sought ; where c = g-jrj' and o = — the velocity. 
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On the Theory of the Air-Pump ^ and Pumps for raising Water. 

507. The Air-Pump is a macbiae fitted to exhaust the air 
from a proper vessel, and thus to produce what is called a va- 
cuum ; it is one of the most useful of philosophical experiments. 
By means of it the chief propositions relative to the weight and 
elasticity of the air are proved experimentally, in a simple and 
satisfactory manner. 

EFGH represents a square table of wood, A, A two strong rig.244. 
barrels or tubes of brass, firmly retained in their position by the . 
cross-piece TT, which is pressed on them by screws O, O, fixed on 
the tops of the brass pillars N^ N. These barrels communicate 
with a cavity in the lower part D of the table. At the bottom 
within each barrel is fixed a. valve, opening upwards; and in 
each barrel a piston works, having a valve likewise opening up- 
wards. The pistons are moved by a cog-wheel in the piece TT, 
turned by the handle J?, of which wheel the teeth catch in the 
racks of the pistons C, C. PQ is a circular brass plate, having 
near its centre the orifice JT of a concealed pipe that communi- 
cates with the cavity at D ; at F^is a screw that closes the orifice 
of another pipe, and which is turned for the purpose of admitting 
the external air when required. LM is a glass vessel, from 
which the air is to be exhausted, and which has obtained the name 
of receiver^ because it receives or holds the subjects on which 
the experiments are to be made. This receiver is placed on the 
plate PQ, and is accurately fitted tq it by grinding, or by means 
of moistened or oiled leather. 

When the handle B is turned, one of the pistons is raised and 
the other depressed; consequently a void space is left between 
the raised piston and the lower valve in the corresponding barrel ; 
the air contained in the receiver LM communicating with the bar- 
rel by the orifice K immediately raises the lower valve by its 
spring, and expands into the void space ; and thus a part of the 
air in the receiver is extracted. The handle then, being turned 
the contrary way, raises the other piston, and performs the same 
operation in the barrel containing it ; while in the mean lime the 
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first mentioned piston being depressed, the air by its spring 
closes the lower valine, and raising the valine in the piston makes 
its escape. The motion of the handle being again reversed, the 
first barrel again exhausts, while the second discharges the air 
in its turn ; and thus during the whole time the pump is woiked, 
one barrel exhausts the aiiv from the receiver, while the other 
discharges it through the valve in its piston. Hence it is evi- 
dent, that the air can never be entirely exhausted ; for it is the 
elasticity of the air in the receiver that raises the valve, and 
forces it into the barrel * ; and each operation can only take away 
a certain part of the remaining air, which is in proportion to the 
quantity before the stroke, as the capacity of the barrel to the 
sum of the capacities of the barrel, receiver, and commuoicatiog 
pipe. 

508. Now if we suppose no vapor from moisture, .be., to 
rise in the receiver, the degree of exhaustion after any number 
of strokes of the piston may be determined by knowing the re- 
spective capacities of the barrel and of the receiver, including the 
pipe of communication, &c. For, as we have seen above, that 
every stroke diminishes the density in a constant proportion, 
namely, as much {ls the whole capacity exceeds that of the cylin- 
der or barrel ; the exhaustion will go on in a geometrical progressioD, 
the ratio of which is the same as that which the sum of the capaci- 
ties of the receiver and barrel bears to that of the receiver; and 
tliis ratio of exhaustion will continue until the elasticity of the inclu- 
ded air is so far diminished by its rarefaction as to render it loo 
feeble to push up the valve of the piston. 

Let then the capacity of the barrel, receiver, and pipe of 
communication together be expressed by b -{- r^ and that of the 



* Various contrivances have been adopted to facilitate the mo- 
tion of the valve, and thus to allow the air, when in a state of great 
rarefaction, to pass from the receiver into the barrels. Smeaton 
had recourse to a valve presenting a broad surface, and supported 
on thin bars. Others have proposed to raise the valve mechanically 
by connecting it with the piston in such a manner that the piston 
shall exert its action at the moment it reaches the top of the barrel. 
A method suggested itself to Dr. Prince much more perfect and 
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barrel alone by 6, and let i represeot the primitive densi^ of tbe 
air in the pump ; we shall have 

b -j- r : r : : I : . = the density after 1 stroke of the piston. 

r r^ 

6 -f- r : r : : , : ^^ = density after 2 strokes, 

r^ 1-3 

b + r : r : : ; ■ ^^ = density after three strokes ; 

and the nth power of the ratio , . 

f»% 
or y^-~ — — = D, the density after n strokes. 

From which we may easily find the density^ after any number 
of strokes of the piston necessary to rarefy the air a number cS 
times, or to give it a certain density d, the primitive density 
being 1. For the above equation, expressed logarithmically, is 

n X log. 5-X7= ^S*^9 

or 

» X (log. r — log. (5 + r)) = log. d ; 

more simple. It dispenses with the valve entirely by extending the 
barrel downward so as to admit of the piston's descending below the 
opening which communicates with the receiver, and thus allowing a 
free introduction of air into the barrel. The air in this case is ex- 
pelled through a valve at the top of the barrel, opening upward. 
There will still be a limit however to tbe ' exhaustion ; for the air 
cannot be forced through the valve at the top of the barrel, unless 
its elasticity, and consequently its density, produced by the motion 
of the piston, exceeds the density of tbe external air. To remove 
this difficulty Dr. Prince enclosed the valve in question in a vessel 
furnished with a small exhausting apparatus, by which the valve 
was relieved from the pressure of the atmosphere. This appendage 
is not necessary, except for purposes of very accurate exhaustion. 
Mech. 51 
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oHisequently 

log, p ^ 

** ■" log. r — log. (6 + ry 

in which expression d will be a fracuoo. If the number of times 
which the air is rarefied be expressed by n, an integer, the logar 
rithmic equation will be 

log. N 

log. (6 4" r) — log. r* 

A further reduction of the same theorem will furnish us with 
the proportion between the capacities of the receiver and barrel, 
when the air is rarefied to the density d' by a definite number of 
strokes n of the piston. For since 

if we take the nth root of both members of the equation we shaU 
have 

r _ • _ 

Thus, if d' be equal to tttttty ^^^ ^^^ number of strokes n = 1 f , 
wa shall find 



'-^ = log.i; 



so that r : 6 + r : : 1 : 3, and 6 : r : : 2 : 1. 



Pumps for Raising Water. 

609. The term pump is generally applied to a machine for 
raising water by means of the pressure of the atmosphere. Of 
pumps there are a great many different sorts ; we shall speak 
only of those in most common use, and shall give merely such 
a general description of their construction as will; enable the 
student to understand the principles on which their operatioD 
depends. 
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The pumps most generally used are, the suekbig pumpi the 
lifting pump J and the forcing pump ; these have some parts in 
common, and particularly the pistons and valves ; they ^ill there- 
fore be treated in a connected way. 

• The piston is a body ABCD of circular base, which may be f%- MS. 
moved through the interior part of the tube or body of the pump, 
filling it exactly as it moves along. The sucker or valve E is 
movable about a joint in such a manner as eidier to permit or to 
prevent the passage of the water, according as it presses upwards 
or downwards. In figures 245, 246, there are likewise valves in 
the pistons. FGHK is another tube joined to the body of the 
pump, and is generally called the pipe or sucking pipe ; its lower 
extremity is immersed in the water, of which we suppose RS to be 
the horizontal surface. 

510. The suckir^ pump is represented in figure 245* In this 
pump, if we suppose a power P applied to the handle of the piston 
so as to raise it from I to C, the air contained in the space 
DVKHGFC tends by its spring to occupy the space that the pis- 
ton leaves void ; it therefore forces up the valve £, and enters into 
the body of the pump, its elasticity diminishing in proportion as it 
fills a greater space. Hence it will exert on the surface GH of 
the water a less efibrt than is made by the exterior air in its 
natural state upon the surrounding parts of the same surface RG^ 
HS ; and the excess of pressure on the part of the exterior air 
will cause the water to rise in the upper pipe GK to a certain 
height HNj such that the weight of the column GN^ together with 
the spring of the superincumbent air shall just be a counterpoise 
to the pressure of the exterior air. At this time the valve E 
closes of itself; and ^ if the piston be lowered, the air contained 
between the piston and the base IV of the body of the pump, 
having its density augmented as the piston is lowered, will at 
length have its density, and consequently its elasticity, greater 
than that of the exterior air; this difference of elasticity will 
constitute a force sufficient to push the valve L of the piston 
upwards, and some air will escape till the exterior and interior 
air are reduced to the same density. The valve L then falls 
again; and if we again elevate the piston, the water will be 
raised higher in FGJBQT, for the same reason as before. Thus, 



404 

after a certain number of strokes of the piston, the water vi 
reach the body of the pump ; where beiog once entered, it wi 
be forced at each stroke of the piston through the spout X;k 
the water above the piston will then press upon the val?e and 
keep it shut while the piston is rising; so that a cylinder of water 
whose height is equal to the stroke 07^ of the piston (or Ae 
vertical distance through which it passes) will be raised hj each 
upward motion and forced through the aperture X, provided it is 
of an adequate magnitude. 

511. The l^ng pump is represented in figure 346. Its man- 
ner of operation is this; the piston PCD is here placed bebf 
the hori2sontal surface RS of the water, and when it is made to 
descend, it produces a vacuum between the valve E (wbicb is 
pushed down by the exterior air) and the base CD of the pistoo. 
The weight of the water, togedier with that of the exterior lir 
about R and 5, presses up the valve L, and the water passes ioU) 
the body of the pump ; and when the water ceases to enter, tlie 
weight of the valve L closes it. Then, if the piston be raised, it 
raises all the water above it, forces up the valve £, and iotro- 
duces the water into the part IVYK, When the piston is raised to 
its highest position, the valve E is made to close by the soper- 
incumbent water, and retains the fluid there until, bj a M 
stroke of the piston, more water is forced upwards tfaroo^ the 
valve £; that which was before in the upper part of the puinp 
being expelled through a proper orifice or spout in the ndgb* 
bourhood of 2^ in order to make way for a new supplj* ">1 
continuing the operation, water is delivered at every stroke of 
the piston. 

612. The ybrcing* pwmp unites in some measure the propcfWs 
of the other two. The piston ABCD^ which here has no vahe, 
being elevated, rarefies the air in the space DOHVOC, and tbe 
water rises towards f ; the ' subsequent descent of the pi^° 
forces some of the air in this space through the valve L]^^ 
next ascent of the piston closes the valve L, and raises' the trater 
in GK; and so on till the water passes through the valve E ^ 
enters the space DIO C. Then the piston being pushed down, 
closes the valve Ef and some of the condensed air is forced 
through the valve L. A further stroke raises more irater mlo 
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the space DOICj and expels more air through L. At length the 
water reaches JL, and the subsequent strokes raise it into the 
tube MO m n, whence it is carried off by a spout, as in the 
other pumps. Or, if this pump be closed at m n, excepting a 
narrow pipe PS, when the water is raised by the process 
just described to o r, above the bottom S of the tube, the elastic 
force of the compressed air in the space nr o m will compel the 
water to issue from the aperture P in a continued stream or jet, 
thus forming a fire engine or artificial fountain* 

« 

513. Let us now enquire into the fundamental properties of 
these machines. By means of the lifting pump, water may be 
efevated to any height we please, provided we employ a suffi- 
cient force. But the estimate of this force requires various con- 
siderations. We must have regard to the dimensions of the pis- 
ton, the barrel of the pump, the height to which the water is to 
be raised, and the velocity with which the water is to be moved, 
beside the effects of friction, be. At present, however, we shall 
not examine these particulars in all their extent; but shall 
confine ourselves to one of them. Now it is certain that the 
power necessary to raise the water to any proposed height, 
must at least be capable of sustaining in equilibrium the pres- 
sure expeftienced by the base of the piston when it is kept at 
rest, and the fluid has attained the required height. This pres- 
sure, then, we proceed to estimate. 

In general the power must be, at least, capable of sustaining 
the weight of a column of water which has for its base that of 
the piston, and for its altitude the distance between the surface 
RS of the water in the reservoir and the upper surface XT of that Fig. 246. 
in the pump. For when the base DC of the piston is below the 
surface RS of the water in the reservoir, it is manifest that the 
power has not to sustain the pressure of the water contained 
between RS and DC^ because this pressure is counterbalanced 
by that of the water surrounding the lower part of the pump, 
and which is transmitted by means of the inferior orifice of the 
pipe. The power, therefore, has only to sustain the pressure 
exerted upon the surface DC by the fluid comprehended between 
RS and XY ; which pressure is equal to the weight of a column 
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of water whose base is CD and altitude the vertical distaDce be- 
414. tween RS and XY. 

When the piston is above R' *y, the surface of the water in 
the reservoir, then it is evident the water contained between 
DC and R' S' does not press the piston downwards. But, as in 
this case it can only be sustained above R' S' by the pressure of 
the air upon the water surrounding the pump, and as this pres^ 
sure is only capable of sustaining in equilibrium the contrary 
pressure of the air upon the surface XT, it follows that the sur- 
face DC IS charged with a weight equivalent to the column which 
has DC for its base and CR^ for its altitude. And this pressure, 
joined to that which is exerted upon 17 C by the superincumbent 
fluid between DC and XY, makes the whole pressure upon the 
piston, as before, equal to that of a column of water whose base 
is DC, and height the distance between XY and R' S'. 

514. The sudcing pump requires in its theory the aid of other 
principles. We must enquire if under the proposed circumstan- 
ces the water can possibly be raised to the piston, and made to 
pass through the valve L ; for in some cases the water will never 
pass a certain altitude, how many strokes soever we give to the 
piston. To understand this, suppose that the water has been 
Fig. 245. actually raised to T, and that the situation of the piston in the 
figure is the lowest which can be given to it; and, for greater 
simplicity, suppose that the ppmp is of the same internal diame- 
ter throughout. It is obvious that the air comprised in the space 
CDTZ 19 of the same density and elasticity as the exterior air (at 
least leaving out of consideration the weight of the valve L, and 
the friction attending its motion ;) for if its spring were less, the 
water would rise higher than ZT, and if it were greater, it would 
raise the valve L, and mix with the exterior air till both became 
of the same density. Suppose now that the play of the piston, 
or the distance through which it is raised at each stroke, is DO ; 
then when the base CD is raised to OQ, the air which previously 
occupied the space CDTZ will tend to expand and fill the space 
^OTZ; and, if the water did not rise, would actually be so ex- 
panded. Its elastic force would then be less than that of the 
natural air, in the ratio of CDTZ to Q^OTZ, or of DT to OT. 
468. If, therefore, this elastic force, together with the weight of the col- 
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umQ of water whose height is ZR9 constitute a pressure equal to 
that of the atmosphere, or equal to the weight of a column of 
water of the same base, and at a mean 34 feet in height, there 
will be an equilibrium, and the water will not rise further ; if this 466. 
joint pressure is greater than that of 34 feet of water, the water 
cannot be retained so high ; but if it is less than a column of 34 
feet, the water will continue to rise in the pump. 

515. From these considerations we may readily investigate a 
general theorem. 

Let a be the altitude or vertical distance from the point O to 
the surface RS of the water in the reservoir, p = OD^ the play of 
the piston, and a? the distance OT; then we have DT = x — p, 
and STj the height of the point T, will be a — x. Since the air 
contained in CDTZ has the same density and elasticity as the 
exterior air, its force may be measured by a column of water of 
the same base ZT and 34 feet high ; and because when this air 
is so expanded as to fill the space Q^OTZy the elastic force will be 
less in the ratio of J? T to OT, we shall have (rejecting the base of 
the column, as equally affecting every part of the process) this latter 
force expressed by the fourth term of this proportion, 

X : X — p : : 34 : — (x — p). 

But the force which the water, comprehended between ZT and 
RSf exerts in opposition to the exterior pressure of the air, is 
measured by the height a — x; consequently, the elastic force 
of the air in the space Q^OTZ^ together with the weight of the 
water between ZTznd 725, will be expressed by 

X 

Now in order that the water may always rise, this joint pressure 
must be less than the weight of a column of water 34 feet high 
by some variable quantity, which we will call y ; so that the^ fol- 
lowing equation must always obtain, namely, 
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The value of x deduced from tbis equadou is ambigoous^ h&B% 
thus expressed ; 

0? = J a + i y =b V (( J a + i y)« — 34 p). 

Now, when the water ceases to rise, y vanishes, and die 
equation becomes a? = ^ a d= y^ (^ o^ — - 34 j?) ; of wlucb the 
two values are real, so long as i o' is greater than 34 p. Hence 
we conclude, that when one fourth of the square of the greaiett 
height of the piston above the surface of the water in the reservoir u 
greater than 34 times the play of the piston, there are always two 
points in the sucking pump where the water may stop in its motion; 
and the pump must be reputed bad when the lowest point to 
which the piston can be brought is found between these two 
points. 

But if 34 j9 be greater than i c^, the two values of or, when 
y is supposed = 0, become imaginary ; so that in a pump so 
constructed it is impossible that y should vanish; that is, the 
pressure of the exterior air always prevails, and the water b 
not arrested in its passage. Hence we conclude, secondly, that 
in order that the sucking pump may infallibly produce its effect, tie 
square of half the greatest delation of the piston above the mater in 
the reservoir must always be less than 34 times the play of the piston. 

516. This general rule may also be easily deduced geomet- 
Fig.246. rically ; suppose the valve £ to be placed at the surface RS of 
the water, the tube to be of a uniform bore, and TS to be die 
height of a column of water whose pressure is equal to that of 
the atmosphere; that is, YS = 34 feet. Let the water be 
raised by working to JV; then the weight of the column of water 
SJSr, together with the elasticity of the air above it, exactly balan- 
ces the pressure of the atmosphere TS. But the elasticity of the 
air in the space OJU, (QO being the highest and CD the lowest 

DN 

situation of the piston,) is proportional to TS . 77^-; and, con- 
sequently, in the case where the limit obtains, and the water rises no 

DN 

further, we shall have TS = NS + TS . g^. Transposing JVS, 

we have 
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ra — ^5 or Kv^ = rs . ^j 

whence 

ON iDN i; YS : YN-y 

or, 

OJV — DJV or DO : OJV : : FS— rJVorJVS: FS; 

GODsequentljr 

DO. rs=: ON.JN^. 

Hence we see, that if 05, the distance of the pston in its highest 
position from the water, and DO the length of the half-stroke, or 
the plaj of the piston, be given, there is a certain determinate 
height, as SATy to which the water can be raised by the difference 
of the pressures of the exterior and interior air ; for TS is to be 
considered as a constant quantity, and, of course, when DO is 
given, OJV • ^S is given likewise. To ensure, therefore, the de« 
livery of water by^ the pump, the stroke must be such that the 
rectangle DO . YS shall be greater than any rectangle that can 
be made of the parts of OS ; that is, greater than the square of 
\ OSj by a well-known theorem. 

Hence we deduce a practical maxim of the saaie import as 
the preceding, which is, that no sucking pump can raise water c^ 
fectually^ unless the play of the piston in feet be greater than the 
square of the greatest height of the piston^ divided by 136. 

517. Resuming the equation 

and finding thence the value of y, we have 

«* — a I + 34 jj 

y- X 

Now let AB represent the greatest height of the piston above the P3|^» 
surface of the water in the reservoir, and AD the play of the pis- 
Mech. 52 
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ton ; suppose the different portioos AP of the lioe AB to represent 
the successive values of x, and lay down upon the perpendicu- 
lars PM the values of y which correspond to these assumed values 
of :r ; so shall we have a curve MMC^ which, while | c^ is greater 
Fig.t48. than 34 p, will cut AB in two points /and P, in such a manner 
that the ordioates PM will lie on different sides of AB ; the ordi- 
nates which are on the right AB showing the positive values of y, 
and those which are on the left AB the negative values. We see, 
therefore, that so long as \ a^ is greater than 34 p, the pressure of 
the exterior air is strongest, until the water has attained the haght 
BF. At this point JP it will stop (the naotion acquired being left out 
of consideration,) because the value of yis = 0. But if the water 
by the motion it has acquired continues to rise till it reaches some 
point between J^ and If it will not stop there, but will descend, if the 
valve does not oppose its descending motion ; because the value of y, 
being there negative, indicates that the pressure of the exterior air is 
weaker than the united pressures of the water and the interior air. 
If the water reaches the point /, it will stop there, for the same 
reason that it would at the point I ; but if it rises above ^ 
there is then no reason to fear that it will descend ; for all the ordi- 
nates PM between /and A being positive, show that in that portkn 
of the pump the pressure of the exterior air exceeds the comlMDed 
effi>rts of the interior air and water. 

518. When, on the contrary, the value of |^ a' is less than that 
If .249. of 34 p, the curve will not intersect the axis AB ; all the ordinates 
are positive, and consequently the pressure of the exterior air is 
always the strongest. This conBrms and illustrates what has beeo 
laid down in article 515. 

If the sucking pump were to be placed so high above the 
usual surface of the earth (as at the top of a high mountain), or 
so low beneath it (as in a deep mine), that the pressure of the 
atmosphere would be sensibly different from the assumed mean 
pressure equivalent to 34 feet of water, we must then in all the 
preceding investigation change the co-efficient 34 to that which 
would express the height in feet of the corresponding column of 
water. And these equivalent columns may always be ascertain- 
ed by means of the height of the mercurial column in the barom- 
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eter ; the proporuon being this ; as 30 iDches, the mean altitude of 
the mei^urial column, is to 34 feet, the mean height of the column 
of water, so is any other mercurial column in inches to its corre- 
sponding column of water in feet. 

4 

519. In the preceding calculation the pump has been supposed 
of a uniform bore throughout ; when this is not the case the so- 
lution is rendered somewhat more complex, but not difficult. To 
calculate the effort of the interior air when the water has not 
reached the body of the pump, having only attained the height 
ZUV*, for example, we must use this proportion ; as the space Fig.a46. 
^OVJfMI : the space CDVNMl : : 34 feet : a fourth term, 
which being added to the weight of the column of water whose 
height is JVfl, ought again to be equal to 34 — y, as before. Be- 
sides, when the sucking pipe JPGr is of a smaller diameter than the 

body of the pump, if the conditions which we have before specified 
obtain, the pump cannot fail to produce the proper effect ; for 
the air is dilated with more facility in this latter case than when 
the whole is of the same diameter. We need only add on this 
point, that if the length of the stroke in a uniform pump, which 
is requisite to render the machine effectual, be greater than can 
conveniently be made, it may be diminished hy contracting the 
diameter of the sucking pipe in the tubduplicate ratio of the diminti^ 
turn of the length of the stroke. 

520. As to the effi>rt of which the power ought to be capable 
to sustain the water at a determinate height FH, it will be measured 
according to what we have said respecting the lifting pump by the 
weight of a column of water whose base is equal to CDy and height 
that of XT above RS'. Here, too, we leave out of considera- 
tion the friction and the weight of the piston. 

521. The velocity of the water flowing from the sucking 
pipe into the barrel should be equal to the velocity with which 
the piston moves. \ For if it be greater, less work will be done 
than the pump is competent to efiect ; and if it be less, a vacuum 
will be produced below the piston, which will therefore be moved 
upwards with great difficulty. 
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Of the Syphon. 

Fiff.S50. 523. Ir we introduce into a vessel of water or other fiqiiid, 
the shorter branch of a recurved tube D£F, called a JjpAps, and 
exhaust the air from this tube by the mouth or otherwise, the 
water will rise in the tube and flow out at F^ until the sor&oe of 
the fluid in the vessel shall have descended to the opeomg D of the 
syphon. 

The reason of this phenomenon i% that when the nonlained 
air is withdrawui the pressure of the interior air upon the sar&ce 
AB causes the fluid to rise into the syphon and to flow tfaroogii 
the branch EF. And although when the flowing has comroenced, 
the air presses the fluid at the point F with a force very netiif 
equal to that which is exerted upon the surface of the water is 
the vessel, still a transverse lamina at F is urged downward by tte 
entire column of water IF; this column must therefore desceod; 
but in descending it tends to form a vacuum at J, which cannot M 
of being filled by the action, always exerted, of the incumbeDtsir 
upon the surface of the fluid in the vessel. 

It will hence be seen that durmg the dischar^ thioo|^ the 
qrphon the air acts only with an efibrt proportional to the £&r- 
eiice of level IF between F and the surface of the wal^ m the 
vessel; so that the flowing will be so much the more rapid 
according to the difl&reoce of the two branches of the syphon; 
thus if F and D were on a level, no motion of the fluid would take 
place. We say generally, that the branch EF must be longer 
than the branch ED ; but in using this language it must be unde^ 
stood that the vertical height of E above F must be greater than 
diat of E above D. The absolute height is not concerned, DE may 
be rendered much longer than DF by being made crooked ; ao kng 
as the point D is higher than F, the fluid will pass until it arrives 
at D provided the height of E above D does not exceed 34 feet. 
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Cf the Steam-EngiM. 

523. The whole theory of the steam engine is founded upoo 
two principles, the developement of the elastic force of aqueous 
vapor by heat, aod the sudden precipitation of this vapor by 
cooling. On account of the extensive uses of this machine in the 
arts, we shall here treat of it at some length. 

Although it is generally 'sufficient in mechanics to create any 
one force or motion, m order to be able thence to deduce all 
sorts of motions, yet for the sake of distinctness we shall suppose 
that it is proposed, in the first place, to draw water from a mine 
by means of a sucking pump "P T. Here the point in question is Fig. 861. 
to raise the piston P'. For this purpose we attach the piston rod 
to a chain applied to one of the extremities A' of a bent lever 
moving about its centre C It is evident, that if we attach to the 
opposite arm of the lever a similar chain represented by AD^ we 
shaU only have to pull this chain, in order to raise the piston P\ 
and draw the water into the body of the pump by the external 
pressure of the atmosphere. This being done, the valves placed 
at the bottom of the pump will close ; and the apparatus being 
left to itself, if we suppose the weight of the piston P'^ together 
with that of the frame which supports it, to exceed the total 
weight of AD and P, it is evident that the piston P' will descend 
into the water by its own weight and cause the water to raise 
the valve opening through its centre; and having reached the 
bottom of the body of the pump^ will separate this water entirely 
firom the water below. Then by pulling anew the chain w2D, we 
shall raise this water with the piston, and at the same time draw 
more water into the body of the pump ; after which the piston 
will descend by its own weight in the same manner as beibre, 
and so on indefinitely. It remains then to give the requisite mo- 
tion to the chain AD. For this purpose we attach its lower ex- 
tremity D to another piston P, moving like the first in the body of 
the pump TT likewise cylindrical ; but suppose the bottom of 
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the body of the pump, instead of being immersed in wat», to 
communicate with an air pump hj means of which the air in it 
can be exhausted. It is manifest that after the exhaustion the 
pressure of the atmosphere upon the upper surface of the piston 
P will tend to make it descend ; and wiU, in fact, make it descend, 
if the whole effect of this pressure exceed the weight of the ps- 
ton P'f together with that of the ^^olumn of water to be raised. 
Now the piston F, having descended to the bottom of the bodj 
of the pump, let the air be admitted below ; then the pressure on 
the two surfaces will be equal ; and the excess of the weight of 
the piston P^ beginning to act, P will rise in the bore of the pump ; 
after which, if we make a new exhaustion under P» we shdl 
cause P to descend and P* to rise, and we can repeat these mo- 
tions at pleasure. 

But it will be seen that the air pump could hardly be em- 
ployed upon so large a scale. To supply its place we introduce 
steam into the body of the pump TT. The simplest method d 
doing this, and which, (although it has not hitherto been most 
generally employed,) is nevertheless attended with some peco- 
Fig. 151 liar advantages, is the following. Under the body of the pamp 
TT, let there be placed a boiler FF, filled in part with boi£ng 
water, the steam of which being equal or a very little superior in 
elasticity to the pressure of the atmosphere, may be introduced 
at pleasure into the cylinder TT by turning a stop-cock Rj which 
opens a communication between the pump and the boiler. Let 
there be likewise at the bottom of the cylinder a small lateral 
passage VS^ shut by a valve 5 opening outwards. Now the [ns- 
ton P being forced to the bottom or nearly to the bottom of the 
cyHnder TT^ and the space below being filled with air, turn the 
stop-cock R which communicates with the boiler. The steam 
will rush into the cylinder, and by its impulse, together with its 
elastic force, will in part expel the air remaining in the cylinder 
by forcing it to open the valve S. In this operation a great quan- 
tity of steam is suddenly condensed by the cold surface of the 
cylinder TT and that of the piston P, and being reduced to water, 
is made to pass out through a descending tube EGS', recurred at 
the lower end and terminated by a valve S', opening outwards. 
This condensation, and consequent loss of steam produced by 
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cooling, w31 continue until the piston and the portion of the cyl- 
inder situated between it and the boiler, are brought to the tem- 
perature of^ the steam itself. Then, the steam preserving its elas- 
tic form under the piston P, counterbalances entirely or pardy 
the pressure of the atmosphere upon its upper surface. The 
excess of weight in P', acting therefore without obstacle, causes 
A'P^ to descend and AP to ascend, which tends to produce in the 
cylinder a vacuum into which steam, rising from the boiler, con- 
tinues to enter, until the piston P, having reached its highest point, 
the cylinder is completely 611ed with steam. Having obtained 
this limit, the steam opens the valve S and escapes, at 6rst slowly 
and in the form of a cloud, on account of its mixing with the air 
and drops of water. According as the air is expelled this cur* 
rent becomes gradually sU'onger and more transparent. When 
the operator perceives that this point is attained, he turns back 
the stop-cock, and then the whole cavity of the pump remains 
filled with pure steam which only wants to be condensed by 
sudden cooling in order to leave a vacuum under the piston P. 
This condensation is effected by the introduction of cold water 
which is made to descend from an elevated reservoir Z through 
the tube ZR'I^ closed at R' by a stop-cock called the injection 
itop-cock. Upon turning this, the cold water thrown into the 
cylinder TT, precipitates entirely or partly the steam contained 
there and it flows out through the tube EOS' widi the water which 
results from this condensation ; then a vacuum being left under 
the piston P, the pressure of the atmosphere causes it to descend. 
This piston is again raised by the introduction of fresh steam; 
for if, as we have supposed, the water in the boiler is kept in a 
state of ebullition, the steam has an elastic force at least equal to 
that of the air, and consequently its introduction under the piston 
P is sufficient to counteract the pressure of the atmosphere ; so 
that the excess of weight in P' will raise P as before. But on 
the other hand, the steam, if heated too much, may by its elastic 
force cause the boiler to burst. To guard against this, we adapt 
to the top of the boiler a safety valve S''y which opens outwards 
with a known eflbrt. When the elastic force of the steam is 
equal or inferior to that of the external air, the vah'e remains 
closed ; but when it becomes equal to that of the atmosphere 
and the resistance of the valve together, the steam escapes and 
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DO explosion is to be feared* StiD, however, it is necessary tkot 
the boiler should be made stronger than this limit of iesistu»e 
supposes. For when the steam rushes iato the cold cjlinder 
and is coudeosed there, this precipitatioa is ao rapid that the 
Dew steam formed at the same time m the boiler is not always 
sufficiently instantaneous to supply its place. For a moooit a 
Tacuum is left in the boiler, and the pressure of the extnal 
air being no longer counterbalanced, the boiler may burst imranl 
if its sides are not sufficiently thick* This accident sometjines 
happens, but it may always be prevented by means of a second 
iofeijf vahe^ which opens inward whenever the external pressive 
becomes too great. 

From this explanation it would seem that when the engioe 
was once in operation nothing would remain in the piston or bodff 
of the pump but pure steam or a vacuum. But it must be re- 
marked that the injected water has also some air combined with 
it which escapes into the body of the pump ; since it is found there 
in a highly rarified state, being heated to a considerable d^ree bj 
the -great quantity of heat disengaged during the condensaiion. 
Happily this air, being in small quantity, and contained in a small 
space, is easily expelled through the valve S by the first effiit of 
the steam btroduced into the cylinder. 

524. The apparatus which we have described is not preosdy 
the one first invented. It appears that the original attempt was 
simply to employ the force of steam as a moving power. But the 
more ingenious discovery of the method of condensing the steam 
by cooling was not made until 1696 ; and the English attribute 
it to Capt. Savary, who published an account of it in a treatise 
entitled 7%e l^ner^s Friend. The mode of applying this prind- 
ple was still very imperfect. In 1705, Newcomen, another Eng- 
lishman, gave it the form which we have described, in which, under 
the name of the atmospherical engine^ it was a long time not unprofi- 
tably employed. 

Nevertheless, with the progress we have made in mechanics 
and the natural sciences, it is easy to perceive that this engine 
had many theoretical defects. It was a great imperfection that it 
required an intelligent person to watch it for the purpose of tam- 
ing the stop-cocks to introduce water and steam every time the 
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itself by means of tbe first moving power, witboot any 
aid. Another great incoDvenience was tbe introdocdon of 
into a cold cylinder; since a great loss was diereby 
and was repeated at each stroke of the piston, tbe cylinder 
continually cooled by the injected water necessary for the precip- 
itation. But these defects, which in the present state of the sen 
ences we are so prompt to observe, could not at first have been so 
easily detected. They were . perceived and corrected in 1764, by 
Watt, the disciple and friend of Black. Being then at Glasgow, 
where he was employed as a mathematical instrument maker, be 
was directed to repair a small model of Newcomen's engine, 
which belonged to the University in that city. In the course of 
his attempts to make its operation satisfactory, he observed that 
it consumed more coal in proportion to its size than the large 
engines. Being curious to ascertain the cause of this dif- 
ference, and wishing to remedy so great a defect. Watt made 
numerous experiments for the purpose of determining what sub- 
stance is the most suitable for the cylinders ; and what are the 
most proper means of creating a perfect vacuum; what is tbe 
temperature to which water rises in boiling, under difi[erent 
pressures; and what the quantity of water necessary to produce 
a given volume of steam, under the ordinary pressure of the at- 
mosphere. He determined also the precise quantity of coal 
necessary to convert a known weight of water into vapor, and 
the quantity of cold water required to precipitate a given weight 
of steam. These several points being once exactly ascertained, 
he was led to perceive the defects of Newcomen's engine, and 
to assign the cause of these defects. He saw that the steam 
could not be condensed so as to produce any thing like a va- 
cuum, unless the cylinder and the water it contained, as weH as 
that injected and that arising from the condensed steam, were 
cooled down at least to the temperature of about 33^, and that 
at a higher temperature the steam had still an elasticity strong 
enough to oppose a very perceptible resistance to the weight of 
the atmosphere. On the other hand, when it is proposed to at- 
tain more perfect degrees of exhaustion, the requisite quantity of 
injected water is augmented in a very rapid proportion; and 
hence results a great loss of steam, when the cylinder is again 
filled. These facts led Watt to conclude, that, in order to eftct 
Mech. 53 
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the most complete vacuum possible, with the least expense of 
steam, it was necessary that the cylinder should be kept conr 
staotly as hot as the steam itself, and that the injection of cold 
water should take place in a separate vessel which he called the 
conderuerj and whose communication with the cylinder was sud- 
denly opened at the moment of the injection. Indeed after what 
is now known respecting the equilibrium of fluids, it is manifest 
that, if the air be exhausted from the condenser, the steam from 
the cylinder will enter it, on account of its own elasticity, ihe 
instant a communication is opened; and an injection of wa- 
ter made at this instant, will precipitate not only the steam 
actually in the condenser hut also on the same principle, 
all the steam contained in the cylinder, which, rushing inu> 
the vacuum, continually formed by precipitation in the conden- 
aer, is converted almost instantaneously into water. It only 
remains, then, to remove this water and disengage the air, in 
order to preserve always a vacuum in the condenser. Wall 
constructed a pump in such a manner as to be moved by the 
engine itself and which played continually in a tube void of air, 
the lower part being immersed in the water of the condenser. 
Finally, the condition of keeping the cylinder hot could not be 
fulfilled while there was a free admission of atmospheric air to 
the interior of iis upper surface, which in the apparatus of New- 
comen, caused the piston to -descend ; especially, since in order 
to prevent the passage of the steam between the cylinder and 
piston, the latter was ordinarily covered with a stratum of cold 
water which kept the interior of the cylinder wet. Watt con- 
ceived the bold and ingenious idea of dispensing entirely with the 
pressure of the atmosphere, and making the piston descend by 
the force of steam alone, by introducing it alternately above and 
below, and causing at the same time a vacuum in each case in 
the manner already described. Then he enclosed the rod of 
his piston in a collar of leather to prevent all access of air to 
the interior of the cylinder; and employing steam of an elas- 
ticity equal or even a litde superior to the pressure of the at- 
mosphere, he obtained alternately above and below the piston a 
force equal, or a little superior, to the atmospheric pressure. He 
was then able, by substituting stiff rods for the chains AP, A'P*^ 
to produce a force in both directions ; whereas, in Newcomen^s 
engine, the time during which the piston was ascending in the cyl- 
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inder, was entirely lost so far as the steam was concerned, aoce 
it was raised simply by the excess of weight on the other arm of 
the large lever. Here was a saving both of time and expense ; 
for the piston was accelerated each way by steam, and the 
quantity of fuel employed to keep it hot, during its ascent, was 
not wasted. Watt took care, moreover, to surround the cylin- 
der with a case of wood, or some other substance which is a non- 
conductor of heat; into the interior of which, he also occa- 
sionally introduced the steam as a means of keeping it warm. 
He likewise used so much economy in the construction of the 
different parts of his engine, that he succeeded in saving two 
thirds of the steam employed by Newcomen. The steam- 
engine, thus improved, is represented in figure 253, the ex- 
planation of which will now be easily understood. FD is 
the boiler, in which the water is converted into steam by the 
heat of the furnace below. This boiler is sometimes made 
of copper, but more frequendy of iron. Its bottom is con- 
cave and the flame curls around it. Towards the top, it 
has a safety valve S'^ fitted] to resist a greater or less efiS>rt before 
opening, according to the degree of elastic force to be em- 
ployed. That the conversion of water into steam may be con- 
stant, it is necessary that the water in the boiler should be kept 
always at the same level, and consequently that it should be 
supplied as fast as it is evaporized. This is effected by a tube 
vVf which supplies the boiler from a small reservoir r, filled 
with water, already heated, which the pump 1 1 takes from the 
condenser and forces into the lateral pipe i' if. But in order 
to introduce this into the boiler only when it becomes necessary, 
the upper orifice of the tube i; t; is closed by a stopper, which is 
raised or lowered by means of a small lever a & ; and at the 
other arm h of the lever hangs a wire h m, drawn downwards by 
a weight m, which is so adjusted in the boiler as to keep on a 
level with the upper surface of the water. Then if the water 
falls below this level, the weight m, which it supports in part, will 
descend with it ; the lever turning will raise the stopper, and 
suffer the water to pass into the boiler ; but as soon as the level 
is reestablished, the lever a h will again become horizontal, and 
return the stopper to its place. From the top of the boiler pro* 
ceeds the steam tube W, which conveys the steam to the top of 
the cylinder TT^ by the valve S, and to the bottom, by the 



430 Hydrodynamics. 

valve S'. Tbe coimBunicatioa between S and S^ is efiected by 
means of a curved pipe, whose plane of curvature is perpendic- 
ular to the plane of projection in figure 253. One part only ci 
this pipe is represented in this figure ; in order that the two valves 
5^^ S^^', may be exhibited, of which we are presently to speak ; 
but tbe whole may be seen in figure 254, where it is presented in 
profile. The valves S'\ S'^'^ are those by which the steam of the 
cylinder is brought into communication with the condenser, on 
both sides of the piston ; and they are opened and closed at proper 
times by tbe engine itself, with the aid of two small prqecdoo^ 
l» 2, attached to the rod ^ t of the pump which serves to exhaust 
tbe condenser C This opening is effected a little before tbe 
piston has completed its vertical motion, and tbe commumcadoa 
is then established between the two surfaces, in order that the 
equality of pressure thence resulting may weaken the eSbn which 
would be made if it were exerted on one side only, and prevent the 
sudden jar which would follow from the piston's striking with i\s M 
force against tbe bottom of the cylinder. 

These are the principal conditions relating to the action of 
the steam^ but there are others which relate to the manner of 
directing this action. Indeed, a bare inspection of the figore 
will show that the rod of the great piston and that of the pump 
which exhausts the condenser, being both inflexible, cannot be 
attached immediately to the large lever AB ; for each point of 
•this lever, describing an arc of a circle about its centre of rota- 
tion, would tend to change the point of attachment fix>m a ve^ 
tical direction, and this effort would break the engine. It is on 
tbis account, that, in the engine of Newcomen, where tbe piston 
acted only in its descent, its communication with the large lever 
was made by a chain applied to the arc of a circle. But in the 
engine under consideration, the inflexibility of the rods requires 
some other mode of communication. Mr. Watt effected this by 
means of a particular assemblage of metallic bars, moving upon 
one another, and which compensate by their action, for the want 
of perfect verticality in tbe motion of the large lever. The figure 
represents also, several other useful appendages to the engine, 
such as flies to regulate its motion, and wheels to transmit it. 
There is also a very essential part designated by 6, and called 
ihe governor. It consists of a vertical rod which is kept contin- 



ually in rotation by the engine itself, and which carries at its 

summit a parallelogram formed of metallic plates, turning free- 
ly one upon the other, in such a manner that this parallelogram 
may open more or less in a horizontal direction, according as 
the plates diverge more or less from the axis. This diverg- 
ence is produced by the centrifugal force exerted by the axis 
in turning, under the influence of the engine, with greater or less 
rapidity ; which causes the upper vertex of the parallelogram 
to be depressed when the engine moves more rapidly, and ele- 
vated when it moves more moderately. In order to give great- 
er force to this ascending and descending motion, the extremi- 
ties of the plates are loaded with spheres of solid metal, and 
exert their power upon a lever, whose other branch communi- ^ 
cates with a plate placed traiisversely in the passage through 
which the steam passes from the boiler to the cylinder ; so that, 
when the engine works too slowly, the plate turns in such a 
manner as to give a freer passage to the steam ; and, on the 
other hand, if the engine moves too rapidly, the plate takes a 
position more nearly in a transverse direction, and diminishes 
the passage through which the steam has to pass. Thus the 
engine is made to govern and regulate itself, in such a manner 
as to preserve in its motions that uniformity which its purposes 
require. There are many other details which would furnish 
matter for curious speculation ; but these details, belonging to 
the mechanism, must be omitted here, to make room for some 
other particulars, no less important, relating to the principles of 
the machine. 

* 

525. The most essendal of these is the determination of the 
temperature, at which it is most advantageous to employ the 
steam. In fact, the higher the temperature is, the greater will 
be its elastic force, and consequently the greater will be its 
effect upon the surface of the piston, the vacuum being always 
on the other side. From the experiments of Southern, Clement, 
Desormes, and Despretz, it has been found that the total quantity 
of heat necessary to change the same mass from water to a state 
of vapor, is very nearly if not quite the same for all tempera- 
tures. According to this principle, then, it will not be necessary 
to consume more fuel in order to form a given weight of steam 
of a higher temperature and more elasdc, than is required 
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for die same weight at a lower temperature and less elaadc. 
But while the steam is raised to a higher temperature, it becomes 
also more dense ; so that considerably more weight is necessaiy 
to fill the same cylinder, than when its temperature is lower. 
This second circumstance, therefore, requires in the same ma- 
chine, a greater quantity of fuel, according as the temperature 
of the steam is increased ; so that it only remains to ascertun 
whether this increase of fuel is, or is not, compensated by a 
corresponding increase of elastic force. Now this point b eaa- 
ly decided, if we reflect that the vapor of water and that of 
other liquids, so long as they exist in a state of vapor, are sub- 
ject to the same physical laws of compression and dilatation, as 
' the permanent gases. Accordingly, let to represent the weight 
of a cubic inch of aqueous vapor, such as it would be, if it 
were capable of being reduced to the temperature of melting 
ice, and under a barometric pressure of 29,92 inches ; * and let 
«/ represent the weight of an equal volume of the same vapor, 
as it would really exist at another temperature ty and with the 
elastic force P, equal or inferior to the maximum den^ty be- 
longing to this temperature. If we put t^ = t — 32, or the 
number of degees distant from freezing, according to the laiFs o( 
470. the dilatation of the permanent gases, we shall have 

, _ w^F 

"■ 29,92 {I + r. 0,00208)' 

All the experiments of philosophers upon aqueous vapor, and 
those of Despretz upon the vapor of several other liquids, 
show that this formula is really applicable to them ; so that we 
may safely employ it for the purpose under consideration. Now 
calling & the quantity of heat necessary to convert 15,5 grains 
Troy f of water, in a liquid state, at 32^, into vapor, having the 
temperature f ; & u/ will be the absolute quantity of heat neces- 
sary to form the weight u/ of such a vapor ; and consequently 
282. if n be the number of cubic inches contained in the cylinder 
to be fiUed, the whole quanti^ of heat necessary for this purpose, 
will be 

c* n w F 
29,92 (1 -h «' . 0,00208) * 



• Or, more accurately, 15,444 grains, or one gramme, 
f Equal to 0,76 of a metre. 
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Having thus brought into an equation all the difierent ele- 
ments from which this expenditure of heat results, we are able 
to analyze the several effects produced by them. In the first 
place, according to the experiments of Clement, Southern, and 
Despretz, before mentioned, & is sensibly constant at all tempe- 
ratures at which we have yet been able fp make observations, 
and accordingly the expenditures will be always the same. As 
to the elastic force JP, we know that it augments according as. 
the temperature is raised. But it will be seen by the formula 
that the density v/, and consequently the expenditure of heat, 
increases in proportion to JP. Consequently if we take away the 
factor (1 -{- t' . 0,00208), arising from the dilatation produced by 
the increase of temperature, the expenditure necessary to pro- 
duce the force F will be exactly proportional to this force, and ^ 
we shall neither gain nor lose any thing by giving it a greater 
or less energy. But the influence of the factor (1 + i' > 0,00208,) 
which increases as the temperature is raised, diminishes the 
expenditure in question, in proportion as the temperature be- 
comes higher ; for if we operate, for instance, at 212^, this factor 
becomes 1,375 ; and if at 320^, it becomes 1,600 ; so that 
the relative expenditure in this last case, compared with that in 
the first, with the same elastic force, is nearly in the ratio of 
1375 to 1600, or nearly of 6 to 7. Such then is the saving of heat 
that may be made in the formation of steam in the extremes of 
temperature at which we have as yet operated. Accordingly if it 
were true that high-pressure engines have, over those of the ordi- 
nary kind, an advantage as great as has been alleged, it must be 
sought in something else beside the saving of fuel. But in order 
to judge correctly of these engines it is necessary to take into 
consideration another element, namely, the ulterior developement 
of elastic power, which the steam thus formed is capable of fur- 
nishing, when, after having been employed with its primitive 
energy in the first cylinder, it is made to pass into another larger 
cylinder where it dilates, undergoing a reduction of temperature 
at the same time, in such a manner as always to fill the space 
into which it is received, until at length it is condensed into water, 
when it no longer has an elastic force, either equal or inferior to 
the pressure of the atmosphere. It is manifest that this ulterior 
developement of force must, in order that the whole e&ct may 
be appreciated, be added to the mechanical power at the 
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comroencenieot ; aod it is no less evident that it criers a pecnlbr 
advantage to engines in which the steam, before being oondensed, 
is employed at a high temperature. Nevertheless, tbe mimeroas 
experiments which liave been made within a few years iqxn 
engines of this kind, some of which have been accoDpaoied 
with careful measuregients, have not seemed to confirm, so iDoch 
as might have been expected, the favorable view we have ^fen 
above ; and if they have taught us a real saving of foe], wfaeo 
considered with reference to the force actually devdoped, d» 
saving does not appear to exceed the narrow limits just assigned 
to the effect of the heat of dilatation. So small an advanta^ 
will be far from compensating for all the additional precautiQas 
required in such engines, the dangers incurred, and tbe numer- 
ous causes of waste to which they are liable. It is necessary, b 
the first place, to make the boilers, cylinder, be, very stroB^ 
that they may resbt the expansive force exerted by the steam. 
It is likewise necessary to give greater perfection to the pisioiB, 
and to apply more frequently some lubricating substance la 
preserve the contact. Repairs are in consequence often required, 
and the value of the engine is sensibly diminished on this accoooi. 

Attempts have been made to remove this great incooreoieqce 
by an expedient formerly employed to perfect the first ibrentioD 
of Savary. It is this ; the piston, instead of being in immedate 
contact with the aqueous vapor, which melts and dissolves (he 
grease with which it is impregnated, receives its motion throogb 
tbe intervention of a column of oil, or some other unctuous sab- 
stance not easily evaporated, on which the steam is made to act 
by pressure. For this purpose the cylinder in which the pstoo 
plays is enclosed in a larger cylinder with which it commooi- 
cates, and which contains the oil. The oil rising and faDiog 
continually in the interior cylinder' keeps it always lubricated. 
But although this ingenious arrangement may be someticnes 
adopted with advantage, it could not be used at high tempera- 
tures ; for, according to tbe judicious observation of Air. Watt, 
the oil would be decomposed by the dissolving power of die 
steam. 

It has likewise been proposed to construct high-pressure 
engines having a very great power with very little bulk, by em- 
ptying small boilers, made so strong as to resist the most 



powerful pressure, while they admit of being heated, as it wera, 
red hot; whereby steam would be obtained of an excessively 
high temperature, and which, developing itself by its expnnsive 
force in the great cylinder, would possess even after its dilata* 
tion an elastic force sufficiently energetic. A similar arrange* 
ment was likewise attempted formerly, in order to furnish steam 
for Savary's engine ; but it does not appear to have been found 
pro6table enough to be continued in use;* and after the calcula- 
tions we have made on ihe expenditure of heat employed in the 
formation of steam at every temperature, it seems improbable 
that a sufficient saving can be made in such engines to compen* 
sate for their inconveniences. Advantages of a different kind 
might be realized, if we could succeed in employing, without loss, 
some liquid different from water, having a much greater elastic 
force at the same temperature. 

One inevitable consequence of employing high temperatures 
is, that the loss of heat by radiation is much greater, and this 
makes an important item in calculating the results. To form 
an idea of the diminution of effect arising from these different 
circumstances, we are to remember that according to Lavoisier 
and Laplace, 1 gramme or 15,444 grains Troy of charcoal, devel- 
opes, in burning, 13038 degrees of heat by Fahrenheit's scale, or 
about 92^ on Wedgewood's. Now 15,444 grains of water at the 
temperature of 212^, by being converted into steam absorb 
1020,6^ by Fahrenheit; then 15,444 grains of charcoal would 
reduce to steam 200 grains of water, on the supposition that no heat 
is lost, and that the water is already brought to the temperature 
of 212^. But after a great number of experiments made upon the 
most perfect engines and the best constructed furnaces, Mr. Clem- 
ent found that 1544,4 grains of charcoal does not produce more 
than 6 or 7 times as much steam, and 1544,4 grains of the best 
fossil coal never produces more than 6 times as much steam ; 
whence it will be seen that nearly half the heat is lost by radia-> 
tion, and the conducting power of tbe boiler and the surrounding 
bodies. Tbe loss is witliout doubt still more considerable in en- 
gines of a high pressure. ^ 

526. When we know the elastic force of the steam introduced 
under the surface of the piston, it is easy to estimate the whole 
pressure resuhiog from it ; but in this esdmate it is necessary to 
MeA. 54 
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take account of the tensbn of the steam which remaios oo the 
other aide when the vacuum is not perfect. After aH, this esti- 
mate fails of giving the primitive energy of the power empioyedy 
and much less the part which remains to be disposed of after all the 
friction is overcome and the different parts of the machine are put 
in motion. This useful part of the force can be measured a poUe- 
riori by the effect which the whole engine produces. Ordina- 
rily we compare the effective power of an engine with that of a 
certain number of horses of a medium strength, and the force of 
the engine is estimated accordingly. By a great number of ex- 
periments of this kind Watt and Bolton supposed that a horse 
of ordinary strength, working 8 hours a day, would raise S200 lb. 
avoirdupois one foot per hour. Smeaton made the estimate 
3300, and Clement about 1300. If, therefore, we divide the 
number of pounds that a steam-engine will raise one foot (or, 
which is the same thing, the product of the number of pounds 
into the number of feet elevation), by the number representing a 
horse-power, the quotient will be the number of horses to which 
the engine is equivalent. There are engines of the power of 20, 
30, be., horses. The most powerful engine that has yet beeo 
constructed is that employed in the mines of ComwaU. It has the 
power of 1010 horses, and serves to drain by pumps a mine 590 
feet deep. It is evident, that the power in question is all that 
needs to be estimated ; for we can apply it to the raising of wa- 
ter, the turning of spindles, or to any other purpose that requires 
such a force. The transmission of the primitive motion can be 
effected by mechanical means and instruments of which we haFe 
already spoken, and which need not be again described. 
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I. 



Chi the Measure of Forces, 

The name of living forces has been applied to the forces of 
bodies in motion, and that of dedd forces to those, which, like a sim- 
ple pressure, suppose no actual motion in the operating cause. 

There was, for a considerable time, a difference of opinion among 
mathematicians in regard to the measure of Uving forces^ or the 
forces of bodies in motion. Some affirmed that these forces ought 
not "to be measured by the product of the mass into the velocitj, 
according to the rule that has been given, but by the product of the 
mass into the square of the velocity. As this difference in the 
estimate of forces may be deemed of great importance in mechanics, 
it will be proper to make a few remarks upon it. 

It is altogether unimportant whether we measure the force of 
bodies in motion by the product of the mass into the velocity simply, 
or by the product of the mass into the square of the velocity, pro- 
vided that in the two cases we assign different significations to the 
word force. When we assume as the measure of force, the product 
of the mass into the square of the velocity, we mean by the term 
force the number of obstacles which a moving body is capable of 
overcoming ; it is certain that the number of obstacles which mov- 
ing bodies of equal masses are capable of overcoming is proportional 
to the squares of the velocities. For example, if the body A has Fig. SSO. 
precisely the velocity necessary to close the spring ACB, an equal 
body M will require only double this velocity to dose four springs, 
each equal to ACB. For, in the first instant, for example, the body 
M advancing with a velocity double that of A, will doie the four 
springs, considered as one, twice as much as A would close its siiH 
gle spring ; each of the four springs then will be dosed only half 
as much as ACB, and consequently will have opposed during thia 
instant a resistance only half aa great as that of ACB ; all the foar 
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BpmgB, tlierefi>re, in being each reduced the same angolar qoaalkf 
as ACB 18 reduced, will oppose only doable the resistance. In the 
same manner it may be demonstrated that, in the succeeding in- 
stants, the resistance opposed by the four springs in being closed 
each 'the same angular quantity^ as that by which ACB is closed in 
one instant, is always to that opposed by the single spring ACB, in 
the same instant, in the ratio of the velocities belonging to the two 
bodies ; therefore a velocity double that required to close one spring 
is sufficient to close four springs. Thus the number of spnag^ 
dosed, which are 1 and 4, are as the squares of the velocities 1 and 
2 necessary to close them. 

We see then that the number of obstacles which bodies in mo- 
tion are capable of overcoming increases as to the squares of the 
velocities. But by the term foru ought we to understand the nm- 
ber of obstacles ? Is it not much more natural to consider it as de- 
noting the sum of the resistances opposed by these obstacles t For 
it is not merely the number, but the value of each obstacle whicfa 
destroys motion. Now in this case each instantaneous resistanoe 
being evidently proportional to the quantity of motion destroyed by it, 
(on which point all are agreed,) the sum of the resistances will be 
proportional to the quantity of motion destroyed. If then by force, 
we understand the sum, and not merely the number of the resistances 
which a moving body is capable of overcoming, the force is propor- 
tional to the quantity of motion. From this principle it has likewise 
been inferred that the number of resistances overcome aie as ^ 
squares of the velocities. The question then is in reality nothing 
more nor less than a question about terms, and reduces iteelf to find- 
ing the meaning of the word force. As to this point we are per- 
fectly at liberty ; provided we employ that which we take ibr the 
measure of force agreeably to the idea which we attach to the 
term force, we shall always arrive at the same resulte. We shall, 
therefore, continue to take for the measure of forces the product of 
the mass into the velocity ; and consequently by the force of a body 
we understand the sum total of the resistances necessary to exhaust 
ita motion. 

n. 

On the QmpressibUity of Water. 

The phenomenon of the transmission of sound through water and 
other liquids had tong indicated that they were capaUe of being 
compressed. Canton, an English philosopher, clearly deteeled dus 
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pfoperty by observing the volume occupied respectively by oil, 
water, and mercury, first plac^ in a vacuum, and afterwards ex- 
posed to the pressure of the atmosphere; bat the results which 
be obtained, though exact in themselves, were, however, liable 
to be affected by the accidental variations of form and tempera- 
ture to which the apparatus was subject. M. Oersted completely 
removed these difficulties by plunging the liquid to be compressed, 
together with the vessel containing it, into another liquid to which 
the pressure was applied, and through which it was made to pass to 
the interior liquid without changing the form of the vessel, since it 
acted equally within and without. M. Oersted found, likewise, that a 
pressure equal to the weight of the atmosphere produces in pure 
water a diminution of volume equal to 0,000045 of its original vol-* 
ume. The experiments of Canton gave 0,000044. M. Oersted found, 
by varying the pressure from -f of the weight of the atmosphere to 6 
atmospheres, a change of volume sensibly proportional to the pres- 
sure. Later experiments, made by Mr. Perkins, seem to show that 
this proportionality continues when the pressure amounts to 2000 
atmospheres. Before the water, however, is entirely freed from air, 
the diminution of volume, produced by the pressure, is at first some- 
what greater than the above ratio would indicate. 



HI. 



On the Condensation of Gases into Liquids* 

Ma. Fakaoay enclosed in glass tubes, bent and sealed, different 
chemical products which were capable of developing gases by their 
mutual combination. He introduced them into the tubes in such a 
manner that they remained separate in the different branches of 
each tube, and were not mixed until the tube had been sealed. All 
the gas developed in each tube was found to be confined to a fixed 
volume, to which it could be reduced only by the action of a con- 
siderable pressure ; this pressure causes it to liquify in the follow- 
ing cases. 1. Sulphurous acid produced by the action of sulphuric 
acid on mercury. 2. Sulphuretted hydrogen produced by the action 
of hydrochloric acid on the sulphuret of iron in fragments. 3. Car- 
bonic acid produced by the action of sulphuric acid on carbonate of 
ammonia. 4. Oxide of chlorine, produced by chlorate of potash 
and solphoric acid. 5. Ammonia disengaged firom the combination 
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of thifl mibftance with chloride of aUvery &o. In each cipi'iimfK 
the branch of the tabe containing the miztore waa wanned, while the 
other waa cooled with moistened paper. 



IV. 



On the Construction of Valves, 

A TALTE is a kind of lid or cover to a tube or yessel, so contrifed 
as to open one way by the impulse of any fluid against it, and to 
close^ when the motion of the fluid is in the opposite direction, like 
the clapper of a pair of bellows. In the air-pump this purpose is 
effected by means of a strip of leather, bladder, or oiled silk, 
stretched over a small perforation in the piston, and ordinarily in a 
607. plate at the bottom of the barrel. 

In common water-pumps the valve, or sucker^ as it is often called, 
is a thick piece of leather pressed down by a small wooden weigbt, 
and turning on the flexible leather as a hinge. It is represented tt 
E, figure 245, 6lc. In the best metallic pumps for raising water the 
valve consists of a metallic cone with a stem and knob, as represented 
at L in figure 247. The conical part is ground so as to fit accorateiy 
the rim of the opening in which it plays, and, unlike other valves, it 
is rendered tighter by use, and is less likely to be obstructed by for- 
eign substances contained in the water. 

Mr. Perkins invented a pump having a square bore, in which the 
valve consists of two triangular pieces of leather loaded with weights, 
and turning on a metallic hinge placed diagonally across the bore. 
Mr. Evans adapted a similar kind of valve to the common pump of t 
circular bore, the form of the valve being a semi-ellipse. The chief 
advantage of this construction is, that there is very little obstmctioo 
to the motion of the water, and consequently less loss of power, than 
in the common pump, where the space, left for the passage of the 
water, bears a less proportion to the whole bore. 
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V. 

On the History aiid Construction of the Barometer, 

The barometer takes its origiD from the experiment of Torri- 
celli, who in consequence of the suggestion of Galileo with regard 
to the ascent of water in pumps, proceeded in 1643 to make experi- 
ments with a tube filled with mercury, conjecturing that as this 
fluid was about thirteen times heavier than water, it would stand 
at only one thirteenth of the height to which water rises in pumps, 
or at about thirty inches. He, therefore, filled a glass tube about 
three feet long with mercury, and upon immersing the open end in 
a vessel of the same fluid, he found that the mercury descended in 
the tube, and stood at about twenty-nine and a half Roman inches^ 
and this vertical elevation was preserved, whether the tube was 
perpendicular or inclined to the horizon, according to the known 
laws of hydrostatical pressure. This celebrated experiment was 
repeated and diversified in several ways with tubes filled with 
other fluids, and the result was the same in all, allowance being 
made for difference of specific gravity, and thus the weight and 
pressure of the air were fully established. Such, however, was the 
force of prejudice that many refused to yield their assent till, at the 
suggestion of Pascal, the experiment was performed at different 
heights in the air with such results as lef\ no longer any doubt upon 
the subject. 

Great care is necessary in the construction of the barometer. 
The tube afler being cleansed as perfectly as possible, is to be grad- 
ually heated, and to be kept at a pretty high temperature for a con- 
siderable time, for the purpose of expelling all moisture that may 
be found adhering to it. The mercury is then to be introduced ; a 
small quantity only is first poured in by means of a fine funnel and 
thoroughly boiled in order to free it from air ; then another portion 
is added, and so on till the tube is filled. It is afterward to be care- 
folly inverted, and the open end immersed in a cistern of boiled 
mercury. 

The tube and cistern is enclosed in a metallic or wooden fi'ame- 
work, containing the graduations and some necessary appendages. As 
the mercury rises and falls in the tube by the fluctuations of the 
atmosphere, its surface varies also in the cistern. But the gradua- 
tion is intended to mark the exact length of the column, reckoned 
from this variable surface. . If a horizontal section of the tube and 
cistern have a constant ratio to each other throughout the extent 
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embraced bj these changefl, a correction coald be readUy applied. 
Sappoee, for instance, that a section of the cistern is one hmidred 
times that of the tube, or that their diameters are as 1 to 10, and 
that the surface of the mercury in the cistern coincides with the 
point from which the graduations commence when the mercury in 
the tube stands at thirty inches. The correction would be one bon- 
dreth part of the difference from 30 inches, and additive or sob- 
tractive, according as this difference was below or above 30. 

It is usual, however, in the best barometers to bring the snriace 
of the mercury in the cistern to the point from which the gradoa- 
Fig. 29X. tions commence by means of a screw F, acting on a flexible piece 
of leather which forms the bottom of the cistern. We are able to 
tell when the desired coincidence is effected by means of a mark on 
a piece of ivory floating on the mercury and sliding over a fixed 
object having a corresponding mark. Sometimes the cistern is of 
glass, and the point of commencement of the graduations is marked 
upon it, or (which is much better) is indicated by the contact of a 
fig. 291. sharp ivory pin P, inserted in the cap, and descending into the in- 
terior of the cistern. 

There are various kinds of portable barometers constructed for 
the purpose of measuring the heights of mountains. The latest and 
most convenient is represented in figure 232. It is of the syphon 
form, and was invented by Gay-Lussac. The barometer being GHed^ 
the extremity of the shorter branch Fis hermetically sealed. In 
this state the barometer is inaccessible to the external air, and con- 
sequently is incapable of indicating the changes of pressure in the 
atmosphere ; but to open the communication, we draw out, by means 
of a blow-pipe, a small portion of the glass near the middle of the 
shorter branch, on the inside, and form a fine capillary tube, which is 
sufficient to admit the air but does not allow the mercury to escape, 
on account of the force with which it repels it in virtue of its capil- 
lary action. The difference of level between the two extremities 
8f iV, of the column being observed, it is reversed, and a part of the 
mercury enters the longer branch CX^ and fills it, the rest falls into 
the shorter branch CY^ but cannot escape for the reason above men- 
tioned. It may then be carried in this position, being always open 
to the air, but not to the mercury. 

This barometer may be enclosed in a cane and transported with 
great ease and safety. A small thermometer is appended, as in 
other cases, for the purpose of measuring the temperature of the 
mercury. By contracting the tube near the two ends we prevent 
all danger of its breaking by any sudden motion in the colonrn of 
mercury. 
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By diwemng regularly the height of the harometer for a con- 
Biderable period in the same place, we find that it does not remain 
constantly the same. For some time after the instrument was in- 
dented, it was supposed that the mercury stood higher just before 
rain, and lower during fair weather. Reasons were assigned for this 
supposed fact. It was said, that when it is about to rain, the air is 
charged with water, and consequently that the weight of the atmo- 
sphere is more considerable ; and that, on the contrary, this weight 
mast be less in fair weather, because the air is then relieyed from 
a certain part of the moisture contained in it. Unfortunately for 
this hypothesis it has been found, more recently, that the quantity of 
water which the- air is capable of containing, increases with the 
temperature, so that in summer it contains, for the most part, more 
water than in winter, although there is less fair weather in winter 
than in summer. It appears also that the vapor of water is lighter 
than the same Tolume of air, when the same elastic force is exert- 
ed ; that is, if we substitute for a cubic foot of air, taken at a certain 
height in the atmosphere, a cubic foot of aqueous vapor, of the 
same temperature and elasticity, the vapor will weigh less than 
the air, and will consequently exert less pressure upon the barome- 
ter. We hence draw a conclusion the reverse of that which the 
first observers of the barometer undertook to maintain, namely, that 
the rise of the barometer indicates fair weather, and its fall, rain. 
This is in fact agreeable to observation in ordinary cases. But it 
must be confessed that the reason now given is but little better than 
that we have been combating. 

The variations of the barometer are different in different places. 
They are almost nothing upon the tops of high mountains, and be- 
tween the tropics; even in the temperate zones they are never 
very great in calm weather. But the barometer almost always de- 
scends rapidly before a violent storm, great changes taking place in 
a few hours. On this account the instrument is particularly useful 
at sea. 

By comparing observations made at different and remote places, 
we discover a remarkable correspondence, which shows a simulta- 
neousness in the motions of the atmospheric strata that would hardly 
have been expected. Still this correspondence is far from being 
perfect, especially as to the quantity of the change. 

By examining a long series of observations made in the same 

place, we shall perceive, amid all the accidental irregularities, that 

there is a general tendency, occurring periodically, to rise and fall 

at certain hours of the day. By a long series of observations, direct- 
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ed to this point, H. RajrmoDd disoovered, th»t m Fraaoetbe bavoK- 
ter attains its maximam eloFation aboat 9 o'clock A. M., after wki^ 
it deiceods till about 4 P. BI., when it is at its miDimuBi ; from ttii 
ttme it rises till near IIP. M., when it reaches its maxiaram agaia, 
after which it commences a downward motion till 4 A. If . ; and 
theace it begins to return to the state first mentioned. Tbis search 
is often deranged in European climates, where the atmosphere is so 
Tariable ; but under the tropics where the causes which act apoa 
the atmosphere are more constant, the periodical changes are rega- 
lar, and to such a degree that, according to Humboldt, one mj 
almost predict the hour of the change at any time from a single ol^ 
aervation ; and, what is very remarkable, these changes, accotdiiig 
to the same distinguished philosopher, are not affected by any at- 
mospherical circumstance; neither the wind, nor rain, nor fur 
weather, nor tempests, disturb the perfect regularity of these csciUa- 
tions. They are found to be the same in all weathers and at all sea- 
sons. For further particulars relative to the construction of the ba- 
rometer and the theory of its fluctuations, the student is referred to 
Daniell'i MeiMrological Essays. 



THE END. 



<^anmf>ridge ^at. Plul. 
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